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A LINEAR LIST MERGING ALGORITHM .

J. E, Hopcroft
Cornell University.
Ithaca, New York

J. D. Ullman : - :
Princeton University - -
Princeton,New Jersey ’ o

I. Introduction

The process of merging lists occurs frequently in computer
programming. The data structure used and the manner of'meroing
can have a substantial effect.on the running'time of a program.
Nevertheless, inefficient iist_merging algorithme are often used.
In this paper we present an algorithm for list merging which is
asymptotically faster than any pfeviously published algorithm. |
Consider the problem.of representing sets by a data'stfuc—
ture which:is_convenient both for merging sets and for determining -
which set contains a given,element. A binary tree structure allowe'

merging of sets in a fixed number of steps independent of the size

of the tree but could require time proportlonal to the 51ze of the
set to determine which set an element is 1n. For purposes of com= e
parison assume that 1n1t1ally there are n sete each containing -
exactly one item and that sets are merged in sonme order unt11 all
items are in one set. Then the binary tree structure_has a total
cost of n for the mergingroperations and a cost bounded by n
per’ lnqulry for determining which set contalns a given element
Methods based on maintaining balanced trees have a total
cost of nlogn for the merging operations and a oost bounded by .
logn for determining which set contains a given,element.‘sting

‘a linear array to indicate which set contains a given element makes’

*This research was supported by the National Science Foundation
Grants GJ-465 and GJ-3%96 and the Office of Naval Research Grant -

NO0014-67-A-0077-0021.



the latter task finrte,and by renamiﬁg the smaller of the two sets
in the merging procéss the total cest of merging in bounded by

nlogn, A more sophisticated version of the'linear array replaces
the set names in the array by pointers to header elements. This |

method due to Stearns and: Rosenkratz {3], uses

n log log ... log(n)
——
k
steps for the merging process and a fixed‘number.of steps inde;_
pendent of n for determining which set contains a given element.
Here k is a parameter of the method and can be any flxed integer,
The algorlthm presented here performs the merglng process in linear
time and can answer .n requests to determlne whlch set contains a
given element in time proportlonal to N Although the algorlthm

has- been used by others, thls is the flrst time the llnear nature f

oﬁ the algorlthm has been recogn;zed.

'II. The Problem : - 7 E

"Let us suppose'we are given a set of n elements,
él’.:“’ a_ s Initially, each a, is in a set named A/, From

time to time a merge request, MERGE(A,B,C) ; will be received.

-The'merge request is executed bj combining theAelements of sets

A and B into a single set namedVC.ﬁ Interspersed with ﬁhe merge

requests are interroqétion requesrs, -FIﬁD(ai) which are requests-
toedetermiﬁe the name of the eet‘ef'which- a; is currently a
member. 7 | - |
This procblem is an abstractlon of various practlcally
roceurrlng c0mputat10ns,_1nclud1ng the-lmplementatlon.of tab;e

machines [2,3]. We_shall‘diSCues.applications after giving.our-



algorithm.

III. The List Merging Algorithm

Sets are stored in tree form, with each vertex representing
cone of the elements of the'set, - Each tertex except the root has
'‘a pointer to its immediate ancestor,A The following information
is_attached to the root:

(1) an indication that the vertex is the root,

{2) the name of thé set, and |

(3) the_number of'ﬁembers of the set,

We further assume that there are indexable arrays ELEMENT
and NAME so that ELEMENT(l) is a p01nter to the vertex represent-
ing: a. and NAME(A) is a p01nter to the root of the: tree for set A..

To execute the 1nstruct10n MERGE(A B .C), we do the follow—
:ing: . |

(1) Find the roots of the trees for A and B, using the

.NAME array._ '

(2) Make the root of the tree with - the smaller number
of elements (resolve ties- arbltarlly) an immediate’
descendant of the other root.

(3) Give the remaining root the nahe 'C and set its
count of members equal to the sum of the two counts.

(4) Remove the pointers in NAME(A) ‘and NAME (B), and set
NAME(C) to point to the remalnlng root.

To execute the instruction FIND(a }, we do the follow1ng-
(1) Find the vertex for hai 'uSLng”the array‘ELEMENT.

(2) ' Follow the path from this vertex to the root., Make
each vertex along this path (except the root) ‘an
1mmed1ate descendant of the root. '

(3). Print the set name found at the root.



Examgle; Suppose we have objects -al} =err Agy and that the

first four instructions are MERGE(Azi—l’Azi'Azi)' for i =1,2,3,4.
Then the resulting structures are as shown in Figure 1, (We have
assumed that ties regarding the sizés of sets are broken in favor .
of the set containing the highest numbered element).  Let .us suppose
that the instructions MERGE(Az,A |

,A4), MERGE(AG,A AB) and

4 8
MERGE(A4, AS' AB) are executed. The resulit is one set, named AB’
whose structure is given in Figure 2.

A

[+)]

) - A A

&)
(=

Figure 2. Tree structure after final merge instruction.



 Suppose that the pext instruction is FIND{al). Then Ag

is-printed, and the vertices 1,2 and 4 are made direct descendants

of the root, (The latter is already suchf.- The resulting struc~

ture is illustrated in Figure 3.

Fig, 3. Tree structure after‘execﬁtion Of-FIND(al)-

=Analy'sisof the LietﬁMerging Algorithm .
We assume that the algorithm is implemented on a random

access computer, such as {1). It 1s elementary to observe

. f)'t

that such a machlne can execute any merge 1nstruct10n in a
-constant number of steps. Moreover, the number of steps needed
to execute an-ihterrogation instruction is proportional to

“the number of vertroes on the path from the-vertex in-questioh-
to the'root;. Sincé our:analysis deals with order of maénitude
calculations only, wefwill arbitrarily aesign.a cost of one
time unit,to-execute'a”merge and % time units to execute an

_ interrOgation'instrﬁction FIND(a.), if there are & vertices
" on the path from the vertex for a; to the‘root._

Let us now fix n, the number of elements. With fhie

fixed value of n ia'mlnd we may make the following definitions.



Let o =Xy, ..., X be a sequence of instructions. Define

T(a), the cost of executing a, to be the sum of the costs of

executing each of Xq4 ...,‘xm in turn. We call o normal

if all interrogatibn instructions follow (are to the right of)

all merge instructions. Let 2? » 0r 2, if o is understood,

be the cost of executing the ith intérrogation instruction in

the sequence a.

Lemma l: Let ¢ = Xyr eser By be a normal sequence of instruc-~

tions. Then T(o), the cost of executing o, is bounded by n{3m.

Proof: In a normal sequence of instructions, no vertex haé its
immediéte ancestor éhanged during an interrogation more than once.
On the‘o£her‘hand, each interrogation_insiruction of cost R
moves at least 2—21 vertices (all but the root and the vertex
preceeding tﬁe root on the path). Thus, if i ranges frdm 1
" up to the number of interrogation instructions, then ;(Ri-z)in.
Noting that there cannot be no more than m interrogaiion instruc-
‘tions, the totalzcoét of the interrogations izi is bounded by

n+2m. Since there are at most m merge instr¥ructions, the cost

of all instructions doegs not exceed n+3m.

- Lemma 2: . Let o = 31, ...,rkm.'be a normal sequence of instruc-
tions. Then 'zzi < 15m + 13n.

Proof: We say a vertex is of height h if the longest path
“from a 1eaf.to that #ertéx has length h. It is a simple con-
',sequence of the fact that the merger algorithm makes the root
~of the smaller tree a direcﬁ dééééndant of the root of the

:lérger, that any vertex of height 'h has at least .2h descend-



ants (which are ﬁot necessarily immediate descendants and include
the vertex.itself). To see this, assume the relationship for h,
then the only way for'a vertex to obtain height - h+l is_fér its
tree_to.be merged with a larger tree. Since the vertex wés of |
height h, it.ﬁust have been on a-tree with at ieast 2h vertices,
and hence thé largex tree must also have at least 2h vertices. X %
Thus the new tree will have at least 2P*1 vertices. : %

Form the above, we know that after the mergers in the se-~
quence o, there can be at most n/2h vertices of height h. We
observe that the square of the cost of the'izg interrogation can
be expressed as
i-1
2 o=a i 42) G, since the sumation is 2, (2,-1)/2.

3=0

Thus each ii‘ is bounded above by %, plus twice the sum of
the heights of the vertices on the path from the vertex interrc~
tatéd to the root. Since éli but the last two vertices on the
path are moved by the interrogation algorithm, Ri is bounded
above by 'szi plus twice the sum of the heights of ‘all vertices
moved in the iEE:exécution of the interrogation algorithm. (Note

‘that the last two terms in the summation contribute

2((8-1) + (2,-2)) < 42,).

et s

Summing over all interrogations, ;zi is bounded above by
5%, plus twice the summation over all interrogations of the sum
o; the heighté of all vertices moved in the interrogation.  Since
. no vertex is moved more than-onqe during the inte;rogations ?ki
,is bounded above by Sgli plus twice the sum over all heights;:L
h- of h times the nu;ber of -vertices 6f height h. That is,

—



By T

FIND(a;), 0, and § = o), FIND(a,), MERGE(A, B, C), a

‘Let the path from .a; to the root of B be b

10g2n

E 2?2 < 5% e, + 2 E L
i - 1 2h ,
i i . h=0 _
1ogzn ' _
Now é h mﬂﬁ i 4n, and by Lemma 1, £i < n + 3m.
-2 , E

i

Thus _é Ri < 5{n + 3m).+ 8n = l1bm + 13n;

i

' The next lemma considers the effect of interchanging the

order of a merge request and an interrogation.

Lemma 3: Let o, and -az be arbitrary sequences of instructions,
and define sequences- o and B by o = al,'MERGE(A, B, C),

5 Let

21 be the length of the path from a, to the root of the tree

for its set when the FIND(ai) instruction is executed in sequence

o, énd let £2' be the corresponding length for sequence B8,

Then one of the following holds:

(1) T(a) = T(B) and %, = &, , or

(2) T(B) X T(a}' + 2,72 and %, = &;-1
Proof: Assume without loss of generality that the set named B

is smaller than the set named A, Then if a, is not in set B

'immediately'after ¢xecuting:the sequence of instructions ml, then

Rl = 22 and T(o) = T(B). On the other hand assume a; is in B.

«v.y b, , where

bl- is a; and bz is the root of B.. If MERGE(A,B,C) is executed’
_ ' 2 - : : i



before FIND(ai) then the root of A becomes the ancestor of

bl, ... bkz_l.i'lf'instgad FIND(ai) is exeucted before MERGE(a,B,C),
then b., ..., bk -2 ‘are moved, so b2 becomes their immediate

' : 2 2
ancestor.

It is straightforward that in the latter case, the path
' from a; includes one less vertex, the root of A, than in the
former, so £, = %,-1. This decreases the cost by one. The only

other difference in T(a) and T(B) stems from the fact that in
B, the vertex' b22 may be‘visited L,-1 more times during in-
terrogations occurring subsequently in 8 (i.e., in a2). The |

first time a descendaht of each b;, 1 <1< 22-1, is interrogated

. in sequence B, b, will appear on the path to the root, while

2
in sequence . «, bg is skipped in each of these paths (see
_ 2 g _
Figure 4). However, for any J, the second time a descendant of

"bj is interrogated in

of the same vertex, whether the complete sequence is f or aq.

o bj is the immediate descendant

"'2 -

It thus follows that T(8) < T(a) + 1,
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@ - (1)

(iii) o R | (v

Fig. 4. (i) Tree aftet_merge in o, (ii) after FIND(ai) in o, -
(iid) after'FINDTai) in B, (iv) after MERGE in B.
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Theorem 1:. Let ¢ be a constant, c > 1. Then there exists

another constant ‘k ' Such that if # ' is any sequence of in-
structions on n objects, and the length of B does not ex- -

ceed cn, then T(R) < kcn.

Proof: Let o be the normalized sequence formed by moving all

interrogations in B to the right of all merges, while preserv-

LI

~ing the order of the merge instructions and the order of the in-

RN

terrogations. By Lemma 1, there is a constant cl' dependlng

only on ¢, such that T(a) < ¢o,n.

1 |
Now let us consider what-happens to the cost of the sequence,

as interrogations in . « are_mdved left over the mergers. By
Lemma 3, the changes in cost incurred by moving the ith interro-
gation from its p051t10n in o +to its position in f (after in-

terrogatlons 1 2,-..., i-1 have been moved to their p051tlons)

does _not exceed (2-3) + (2—4)+ ses + 1, where 2 is-'zia.
Thus, T(B) < T(a) +TE(2i ) ; where the sum is taken over aill . é

, - i ’ i
interrogations in a. By Lemma 2, there exists a constant Cor :

depending only on ¢, such that the summation is bounded above

by ¢ . Choosing kb = cl+c2f coﬁpletes the proof of the theorem.

v Appllcatlons

As mentioned, Theorem 1 applles to show that table ma-
chines [ 3] can be implemented in time proportional to the
length of Ehe input string.e,The elements of the sets are-fhe
various identifier& and the names of sets are paifs consisﬁing
of a property and a tablee
| Another problem to which:we address ourselves is one in

which merge instructions are of the form MERGE(ai,aj,A), meaning
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- "Merge the set containing a.. with the set containing a, and

call the result A." Interrogation instructions are as before,
We execute MERGE(ai,aj,A).by following the paths from the

vertices ai and -aj to their roots, and merge the tree struc-

. tures as previously. (We must be careful that we do not attempt .

to "merge" a set with itself). As we follow the paths from a;

and aj, we make all vertices encountered direct descendants
of the root of the tree named A,

We observe that the effect of the instruction MERGE(ai,aj,A)

is the same as the effect of executing the instructions
MERGE (B, C, A) FIND (a;) FIND(a)

by our original algorithm, where B:- and ‘'C are the names of

‘the sets containing'_ai ~and aj, respectively, before the merge.
‘Thus, the modified problem reguires time proportional to n in

. the sense of Theorem 1., .

In our final application we are given a seguence of in-
structions of the forms INSERT(i), for 1 < i < n and EXTRACT

(MINIMUM) . Consider a list which is initially empty. When an

_ instruction INSERT(i) is executed, the integer i is added to

to the list._'When the instruction EXTRACT(MINIMUM) is exeéuted,
the'Smallest.number'in theriisé_is assigned to MINIMUM and is
delefed frqm the-liét;r We assume the instruction INSERT(i)
éppears at most once.inﬁany'segﬁenCe of instructions, and that_at
no .time does the number of EXTRACT(MINIMUM) iﬁstrucfions exe-

cuted exceed the number of insert instructions executed.
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Note thgt és a speciél éase,we could sort k integers
from one to :n by exeéuting our insert instruction for each
integer, followed by k extract instructions.

It shouldﬂbé observed that the algorithm which we will
give is off-line, in £he sense that the entire séquence of in-
structions must be.present before-prbcessing can begin. In
contrast, the list @erging'algorithm is on-line, in the sense
that it can execute instruétions without knowing the subseqguent

instructions with which it will be presented.

Algorithm

D) -Let Tyr Ipr wees ik be the sequence of instructiohs'
to be executed. Note tha£' k < 2n. Let £ be thé number of
inseit instrucﬁions and let m be the number 6f EXTRACT (MINIMUM)
instructions, Constructré data.structure for the list mérging
algorithm with m+l free;. The ith tree is named 1 and con-
sists of the single element ai.'

(2) Construct and initialize the following arrays. A is an

array of length n giving for each i, 1 < i < n, the position, J,
of the instruction INSERT (i) in the sequénce. If the instructibn
INSERT (i) does not.exist,‘then A(i) = 0. B 1is an array of length
' m giviné for each i, .1 < i < m, the location of the ith EXRACT
(MINIMUM) instruction. C is an array of length k. C(i) con~

tains a pointer to the element a 1 in the data structure for

J+
the list merging algorithm if exactly j of S RERERY I; are
. EXTRACT (MINIMUM) instructions. |

(3) We will repeaﬁedly call upon the list merging algo-
rithm to manipulate thg'data structures. We do the following

for 1 =1, 2, ..., n in turn,

R




(1) If A(§)=0, meaning i is never imserted, do
nothing, Otherwise C(A(i)) contains a pointer
to an element on a tree in the data structure.
Execute a find instruction to obtain the name of
the tree, call it t. The inﬁeger t is the
extract instruction which will delete the integer i
(unless t=m+l, in which case i '~ is never extracted),

_ Record the integer i in the tth entry of a table

for output.

{ii) If t < m, C(B(t)) contains a pointer to an element

on a tree whose name, s, is the first Extract in-

t

legs than or equal to 1. Execute an instruction

struction after . I_ which does not print an integer

. MERGE (t,s,8).

Theorem 2: The algorithm is executed in time bounded by some

constant times n.

Proof: By Theorem 1, the total time in executing find and merge
instructions is bounded by a constant times n., Since the re-

maining computation is bounded by a constant times n, the total

execution time ig bounded by - n.

Theorem 3: fheralgorithm perfofms its task correctly.

2592£3‘ The key,éoiﬁt of the. proof is that one may prove)the'

.f following by induction on  i.

| After the"iﬁg iterapion of step (3), i >0, C(3)
points to the structure whose name is m, where the mth extract

. instruction is the leftmost extract instruction to the right of
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Ij which results in printing an integer exceeding i,

The induction proof is Eleméntary, aﬁd we omit details.

We note that in-a variation of this problem, we could use
instrﬁctigns £hat say "pfint‘all numbers less than or‘eqﬁal to
j in the list". We could then modify Step (3) of the algorithm:
as follows. Aftéf finding thé‘tree  t containing the element’
poinﬁéd to by VC(A(iS);'test to see if 1 is'iess than or equal
to that j éssociated'with 'tEE print instruction. If.so,-Skip
(4ii). Otherwise perform the merge and.return to step (4i) with
the same value of i. 'Sincé-at_most n mergers are performed,
‘the modified task céh:also bé performed in time bounded by a

constant times n..
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