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5.  Parallel resolution of the macro problem 
As it can be seen on figure 6, the 
chosen sub-structuration can lead 
to a very high number of sub-
structures, and thus to a very 
large macro-problem. We have 
thus chosen to solve this problem 
using a primal decomposition 
domain method for linear 
problems. This method, 
described in (Mandel [7]) 
consists in condensing the 
macro-problem on chosen super-interfaces (figure 5) and solving this problem in terms of macro displacements 
using a parallel projected preconditioned  conjugated gradient. A third-scale problem is naturally introduced 
when dealing with the rigid body modes of the super-substructures. 

 

6.  Conclusion 
The mixed multiscale domain decomposition method has been applied to the delamination of laminates. 
Specific tools to handle the associated difficulties (strong and localized non-linearities, large number of 
substructures) have been developed (local sub-iterations, domain decomposition solver for the macro problem). 
Current work deals with the treatment of instabilities and the control of the time discretization. 
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Abstract 
Multilevel finite element (FE) methods have gained importance for modeling heterogeneous materials as they 
offer the ability to model microgeometries in detail and permit incorporating nonlinear material behavior. In this 
study the tensile behavior of nanoclay reinforced bio-based polymer systems was evaluated using a multilevel 
FE approach. The macroscopic behavior is obtained from elements with numerically homogenized properties 
from representative volume elements with detailed modeling of the nanocomposite geometry (nanoclay 
distribution and morphology). Simulated stress-strain responses compared favorably with experimental data for 
varying concentrations of nanoclay in petro-based and bio-based polymer systems. 

1.  Introduction 
Modification of polymers at the nanoscale, by addition of nano-inclusions has been shown to enhance 
mechanical properties and provide multifunctionality to the resulting polymer nanocomposites (Le Baron et al. 
[2]). However, quantitative evaluation of the mechanisms leading to these property enhancements as well as 
those that limit the performance of polymer nanocomposites is still limited due to experimental limitations. 
Computational simulation seems to be a good way to fill this gap. However, the simulation aiming to determine 
overall macro-scale properties must be able to account for features of these materials at the nanoscale. 

Many analytical and numerical models are available to predict the effective/homogenized properties of 
heterogeneous multiscale systems. Nevertheless, the available homogenization theories have certain limitations, 
like assumptions in the link between micro and macro behavior, and are successful in cases of small 
deformations, and when the structure of the macroscopic constitutive equations are known a priori (Smit et al. 
[5]). To overcome such limitations, direct micro-macro methods, also known as multilevel, integrated, or 
simultaneous methods have been proposed and studied. These methods do not use a material model for the 
macrostructure, but rather estimate the relevant macroscopic stress-strain relationship by performing numerical 
homogenization on representative volume elements (RVEs) representing lower scale heterogeneities. The link 
between the macro and micro behavior is then obtained by volume averaging (Breuls et al. [1], Kouznetsova et 
al. [3], Smit et al. [5]). Thus, computational multi-level approaches using finite element (FE) procedures offer 
the ability to model micro- and nano-scale geometries in great detail and incorporate nonlinear material 
behavior with minimal assumptions of inter-particle behavior or macro-scale constitutive response. 

In the multilevel FE approach, a unique RVE is assigned to each macroscopic FE integration point. The 
macroscopic deformation gradient at the respective integration point is applied as appropriate boundary 
conditions to the associated RVE. The macroscopic stress tensor is obtained as an average of the resulting RVE 
stress field. The tangential stiffness matrix is also derived from the RVE using a computational homogenization 
procedure as presented by Breuls et al. [1]. This multilevel approach has been validated for a perforated sheet of 
hypoelastic material by Smit et al. [5], bending of porous aluminum by Kouznetsova et al. [3] and study of local 
tissue deformations by Breuls et al. [5]. In this study, the tensile behavior of nanoclay reinforced bio-based 
polymer systems is evaluated using this multi-level finite-element approach and its performance is compared 
with experimental data on clay/polymer nanocomposites. 
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2.  Multilevel FE Approach  
2.1  Materials 
The nanocomposite under consideration is an environmentally friendly material that aims at replacing parts of a 
petroleum based polymer (unsaturated polyester, UPE) with natural bio-resin (epoxidized linseed oil). The 
resulting bio-based resin system has been shown to attain increased toughness but its stiffness is reduced. The 
lost stiffness was improved by addition of nanoscale layered silicates (nanoclay), which are sheet-like layers 
approximately 1 nm thick and with aspect ratios of 50-1000. Depending on processing, the nanoclay in the 
nanocomposite exists as exfoliated (well separated), intercalated (stacks of layers with equal spacing) and a 
combination of both. The FE based RVE for microstructures in this study modeled these morphologies based on 
observations from transmission electron microscopy (TEM) images of manufactured nanocomposites, which 
indicated common occurence of three platelets stacked in an intercalated gallery. This morphology was thus 
used in the RVEs. Experimental data is based on a bio-based clay/polymer nanocomposites with 20% bio-resin 
and 2.5 wt.% nanoclay. Tensile tests were performed according to ASTM D638 standards.  

2.2  Macromesh, RVE (micromesh), Material Models & Periodic Boundary Conditions 

The tensile behavior of nanoclay reinforced bio-based polymer composite was simulated using the multilevel FE 
approach proposed by Smit et. al [5]. This approach can be applied to any number of macroscopic elements 
under arbitrary loads. Yet, for simplicity, in this study the macro mesh was assumed to represent a region within 
the gauge length of the tensile coupon with dimensions of 1 mm x 1 mm and hence assumed to be subjected to 
pure tension. This could then be modeled by a single plane strain quadrilateral element with four integration 
points. The RVE was selected such that it was large enough to represent the microstructure and taken to be 500 
nm x 250 nm. For a clay content of 2.5 wt.%, and exfoliated clay aspect ratios of 130, approximately 13 
particles were randomly dispersed in the RVE. The aspect ratio and morphology of the nanoclay particles were 
obtained from TEM imaging observations. The RVE mesh consisted of 62,500 elements. A custom Matlab® 
algorithm was used to randomly distribute the clay platelets and generate the input file for the RVE analyses 
using the general purpose FE program ABAQUS®. The macro FE analysis was performed by a custom FE code 
in Matlab® and the nanoscale RVE FE analysis was performed in ABAQUS®. A schematic of the implemented 
multilevel FE approach and an exfoliated RVE is shown in Figure 1a. Two types of nanoclay morphologies 
were studied: a) completely exfoliated and b) partially exfoliated (50%) and partially intercalated (50%) nano 
particles.  A unique RVE, with random clay distributions, was assigned to each macroscopic integration point, 
with the intent of better representing the actual microstructure. 

 

 

 

, ,
1,2,4

1    avg IP MACRO IP i i
i

f y
A

σ σ
=

= = ∑

4
, , ,:MACRO IP MACRO IP MACRO IPSσ ε∂ = ∂

0 0 0
1 2 3 1 2 3  , ,    , ,i MACROU U U U F I y y y⎡ ⎤= = −⎡ ⎤ ⎡ ⎤⎣ ⎦ ⎣ ⎦ ⎣ ⎦

1 2

4

, ,
1,2,4

1    avg IP MACRO IP i i
i

f y
A

σ σ
=

= = ∑

4
, , ,:MACRO IP MACRO IP MACRO IPSσ ε∂ = ∂

0 0 0
1 2 3 1 2 3  , ,    , ,i MACROU U U U F I y y y⎡ ⎤= = −⎡ ⎤ ⎡ ⎤⎣ ⎦ ⎣ ⎦ ⎣ ⎦

1 2

4

1 2

4

(b)(a) 

(c)

(d)

Figure 1: a) Flowchart of multilevel FE approach, RVE depicts exfoliated clay morphology, b) Intercalated 
RVE, c) zoom-in of intercalated gallery in the RVE, and d) TEM showing an intercalated gallery. 
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Tensile tests shows that neat UPE (no clay and no bio-resin) has essentially a linear elastic response. Addition of 
bio-resin makes the resulting bio-based polymer more ductile and non-linear, while addition of nanoclay makes 
the resulting nanocomposite stiffer and less ductile. Neat UPE was thus modeled as a linear elastic material (E = 
3.65 GPa, from tests). The neat bio-based polymer (UPE/EML blend without nanoclay) was modeled as a 
hyperelastic material using an Ogden strain energy potential with parameters determined from experimental 
data. The nanoclay sheets were modeled as a linear elastic material (E=170 GPa, from literature).  

A two-dimensional (2D) RVE was considered to define the local microstructure at specific macroscopic points. 
Periodic boundary constraints (PBCs) were assumed, indicating that the microstructure repeats itself around the 
macroscopic integration point; however, the microstructure can vary from one integration point to another 
(Breuls et al. [1]). Repetitive microstructural deformations also suggest that the macrostructural stresses at the 
integration point can be obtained by averaging the stress field of the microstructure associated to the respective 
integration point (Smit et al. [5], Breuls et al. [1]). For a 2D RVE, throughout the deformation processes, the 
PBCs indicate: a) shapes of any two opposite edges remain identical, and b) stress vectors on opposite edges are 
equal and opposite in direction to satisfy stress continuity.  

2.3  FE implementation and Coupling Micro and Macro Structures 
A a detailed derivation of the boundary conditions, coupling of micro-macro structures and the derivation of the 
numerically homogenized micro-level properties is provided by Smit et al. [5] and Breuls et al. [1] and only key 
relationships are highlighted next. At any macroscopic integration point, the local deformation gradient Fmacro is 
assumed equal to the RVE averaged deformation gradient FRVE: 
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where ( )yr
r

0∇  denotes the deformation tensor in at any point yo of the undeformed RVE. For a 2D RVE, finite 
element implementation the equation is re-written as: 
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where in, the ui is the deformations to be applied to the vertices of the RVE. The second assumption is that the 
macroscopic stress at a material integration point equals the volume average RVE stress. For a 2D RVE: 
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where the forces and deformation at RVE vertices are denoted by fi and yi, respectively, with subscripts “0” 
indicating undeformed configurations. 

Figure 1a schematically describes the implementation of the multilevel FE approach to simulate the behavior of 
clay/polymer nanocomposites. At each loading increment, the macroscopic FE problem is analyzed to obtain 
Fmacro at each integration point. For each macroscopic integration point an unique RVE is assigned and Fmacro,ip 
is applied to the corresponding RVE using nodal vertex displacements {ui}. These vertex displacements along 
with periodic boundary conditions complete the microstrucural model. The microstructure model is solved 
separately, in this case using the commercial FE package ABAQUS®. The average stresses and the tangential 
stiffness matrix (4Smacro) obtained from the RVE analyses are returned to the macro-FE analysis. The average 
stresses are used to calculate the internal forces. Macroscopic iteration using a Newton-Raphson algorithm 
continues until these internal foces are in balance with the applied forces. 

3.  Results and Discussion 
Tensile behavior of nanoclay reinforced, unsaturated polyester/linseed oil was predicted using the described 
multilevel FE approach. Figure 2 compares the simulated and experimental tensile stress-strain responses. A 
nomenclature of A (%)/B (%)/C (wt.%) is used to indicate the concentration of UPE/bio-resin/clay content. The 
high correlation between simulated and experimental responses for neat resins in Figure 2a simply shows that 
the assumptions of information transfer (deformation gradient and effective stiffness) between the micro and 
macro levels is adequate. For nanocomposites with 2.5 wt.% clay content (Figure 2b) the intercalated RVE 
analyses gave better predictions relative to exfoliated morphologies, as it better represents the actual 
microstructure. However, the experimental and simulated responses do not agree near ultimate. Examination of 
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the local stresses on the RVEs at the experimental failure loads shows that stresses at the ends of clay particles 
varied from 1.25 to 3.5 times the experimentally obtained polymer strength. Thus softening of the macro-level 
stress-strain curve is likely due to progressive micro cracking due to stress concentrations from the stiff 
nanoclay particles. This damage is not captured by the hyperelastic model used in the simulation and thus the 
discrepancy near ultimate response. This modeling limitation implies that the stress concentrations get averaged 
and thus the model prediction overshoots the experimental data at higher loads. Nonetheless, overall, the 
multilevel simulation agrees reasonably well with experimental data and improvement by incorporating failure 
models at the nano/microstructure level can be treated as direct extensions. 
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Figure 2: Tensile stress-strain response, a) Neat (no clay) resins, b) Nanocomposite with 2.5 wt.% clay. 

4.  Conclusion 
A multilevel finite element approach was implemented and evaluated for simulating the tensile behavior of 
clay/bio-based-polymer nanocomposites. The approach derives macro-scale constitutive relations from 
numerically homogenized micro/nano-scale behavior. The simulated response was in good agreement with 
experimental results and was able to capture nonlinear elastic response. The model can be improved by 
including failure and phase interaction simulation at the micro- and nano-scale level. The approach holds great 
promise in understanding the behavior of polymers reinforced with nano-particles for both mechanical and non-
mechanical loads and consequently improving their design. 
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Abstract 
In state–of–the–art timber engineering there is common use of multi–layered small and large 
dimension glued laminated beam structures with great variety of layout of the stacking 
sequence, including inter–laminar flexible interfaces if applicable. It is the purpose of the 
present paper to work–out and present the general solution for the geometrically and 
materially linear straight prismatic beam with rectangular cross–section under complex in–
plane deformation conditions, exhibiting arbitrary multi–layer geometrical structural layout in 
the vertical mid–plane, in the direction orthogonal to the straight horizontal beam axis. The 
generality of the approach lies in taking account of advanced thickness kinematics allowing 
for occurrence of arbitrary out–of–plane multi–degree–of–freedom cross–sectional 
deformations in the sense of cross–sectional warping, within the framework of the underlying 
2D – problem setting. One of the key points lies in the careful study and comparison of the 
possible through–the–thickness modeling strategies, e.g. choice of absolute global versus 
relative local degrees of freedom or, choice of pointwisely defined displacement degrees of 
freedom versus hierarchical deformation patterns extending over the whole cross–section (h–
refinement versus p–refinement in thickness direction). 

It turns out that a most compact and also technically relevant description and solution are 
obtained by separating the global Reissner – Mindlin beam deformation degrees of freedom 
from the relative warping degrees–of–freedom which are defined in axial direction, i.e. in an 
additive way with respect to the rigid–body–translated and rotated cross–sectional plane. The 
high–order system of governing ordinary linear differential equations including boundary 
conditions is established by starting from the principle of virtual work. Subsequently carrying 
out the integrations over the cross–section and then applying partial integration in beam–axis 
direction and the fundamental theorem of variational calculus yield the equilibrium 
differential equations which are, in a unique way, consistent with the assumed specific 
complex cross–sectional kinematics. The analytical solution of the high–order homogeneous 
system is established in two distinct steps. In the first step the so–called “free field” or “far 
field” global solution is obtained by discarding any warping boundary effects, leading to the 
conventional shear warping function and the related shear correction factor for comparison. In 
the second step the large complementary set of boundary solutions is obtained which exhibit 
pronounced exponential decay behaviour of the solution constituents. The study is concluded 
by a set of examples which show typical elastic load carrying features related to the effect of 
multi–layer warping constraints at the beam ends or at beam–to–beam transitions. 
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Abstract 
An anisotropic micro-mechanical model aimed at characterizing the response of composite material to creep is 
presented. The constitutive model of microconstituents is based on the Kachanov-Robotnov creep damage 
model for isotropic materials. Anisotropy of the model is introduced through homogenization which derives 
macroscopic properties from micro-mechanical properties of microconstituents. A reduced order micro-
mechanical model is formulated to substantially reduce (up to several orders of magnitude) the number of 
unknowns in the microscopic problem compared to the direct homogenization approach. The reduced order 
model is based on the reduced order homogenization with eigenstrains which describes the inelastic part of the 
microscopic displacement field by means of eigen-deformations. An adaptive algorithm has been devised to 
evaluate the time step needed to ensure solution accuracy. Numerical studies are presented to demonstrate the 
efficiency of the model.  

1.  Introduction 
Kachanov  [1] used continuum damage mechanics (CDM) model  to evaluate material degradation due to 

creep. Based on Kachanov's model Robotnov  [2] developed a creep model for uni-axial state of stress and 
Leckie and Hayhurst  [3], among others, extended the model to multiaxial case. Various variants of the 
Kachanov-Robotnov model have been widely used to analyze the response of structures made of isotropic 
materials (e.g. see  [4]). Here we proposed a general analysis and design framework for creep of heterogeneous 
solids. 

In the presented manuscript the material degradation of each constituent is modeled using an isotropic 
Kachanov-Robotnov model  [3]. The overall anisotropic macroscopic strain is obtained using reduced order 
homogenization developed by Oskay and Fish  [5] which generalizes the transformation field analysis to strong 
discontinuities and arbitrary distribution of eigen-strains. The method exploits an additive decomposition of 
strains into elastic and inelastic contributions and expresses the inelastic part in terms of eigen-deformations, 
which includes eigen-strains and eigen-separations. The resulting stress field is residual-free, i.e., it satisfies 
equilibrium equations in the unit cell problem for arbitrary eigen-deformation. The eigen-strains can be 
discretized in terms of small number of unknowns and thus reducing the computational cost significantly 
compared to the direct homogenization approach. 

Since creep is a time dependent process an adaptive time integration algorithm, which evaluates a nearly 
optimal time step size, is proposed to ensure solution accuracy. The suggested reduced order creep model has 
been seamlessly integrated in ABAQUS. Numerical studies of the heterogeneous model are conducted on 
several industrial applications.  

2. The damage creep model   
This section starts by describing an isotropic creep damage model of microconstituents, which is followed by an 
anisotropic macroscopic creep model obtained via reduced order homogenization and the adaptive time scheme. 
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2.1. The creep damage constitutive equations  
In the following we describe the phenomenological creep model of Kachanov  [1], which postulates the rate of 
creep strain and damage. For the uni-axial state of stress, Robotnov  [2] proposed the following expressions 
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where α, β, n, m, p and q are temperature dependent material parameters. For the multi-axial state of stress 
Leckie and Hayhurst  [3] proposed the following relations  
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where the subscripts ij denote spatial components; α, β, p, q and n are the material parameters, σr is the creep 
rupture stress, 

ijσ ∗  the deviatoric stress and S  is equivalent von Mises stress. Considering that the rupture stress 
is a function of the effective stress and the maximum principal stress, σ1, Eq. (2)b can be rewritten as:  

 ( )
( )( )

1 1

1 1

p

vm
qq

γσ γ σ
ω β

ω

⎡ ⎤+ −⎣ ⎦=
+ −

 (3) 

where γ is a material constant introduced to reflect the influence of the multi-axial stress states on the rupture. 
Eq. 3 was used by Becker et al.  [4].  
       The reduced order model or so-called spatial up-scaling is described in the next section. 

2.2. Spatial up-scaling  
The spatial up-scaling adopted in this paper is based on the mathematical homogenization theory with eigen-

deformations  [5] which has its roots in various eigen-strain-based formulations  [6] [7] [8]. In the mathematical 
homogenization theory with eigendeformations the unit cell is subdivided into phase and interface partitions. 
The kinematics of the unit cell is fully described in terms of these eigendeformations which are the unknowns in 
the unit cell problem. Thus, the computational complexity of the unit cell problem is significantly reduced in 
comparison to the direct computational homogenization approach where nodal values of the discretized unit cell 
displacement field are the unknowns in the unit cell problem. This reduction of the computational complexity is 
in particular pronounced for nonlinear problems such as creep where a unit cell has to be solved repeatedly at 
every Gauss point of the macro problem and at every load/time increment.  

The reduced order model is based on the approximation of the second term in the two-scale asymptotic 
expansion, 1

iu , which represents the unit cell displacement field within the unit cell as (see also  [5] [6] [7] [8]): 
 ( ) ( ) ( ) ( )1

kl ii iklu t H t tuε, , = , + , ,x y y x x y  (4) 
where, iklH  is a periodic function in the micro scale coordinate y; klε  the macroscopic strain vector, which is a 
function of the macro scale coordinate x, and iu  is the displacement induced by creep within the 
microconstituents and at their interfaces. Following  [5], iu  is expressed in terms of the eigenstrains, 

ijµ , and the 
eigenseparations, 

iδ , as:  
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where ph
iklh  and int

imh  are phase and interface damage influence functions, respectively (for more details see  [5]).  
The unit cell equilibrium equation is given by  
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where 
ijσ is stress and 

klµ is eigenstrain computed by time integration of  c
ijε   
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Following  [5], the partitioned fields are given as 
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and the overall constitutive relation is  
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where ( )γA , ( )ηγP and ( )γ
M are coefficient tensors pre-computed prior to nonlinear analysis   [5]. 

 
Figure 1: Microscale , mesoscale and macroscale models 

The spatial multiscale model is schematically shown in Figure 1. It features an intermediate (or meso) scale 
(Figure 1b) at the scale of the micro-phases and their interfaces. The link between the meso-scale and the micro-
scale is established at the pre-processing stage (i.e. prior to the macro-analysis). The meso-scale model is then 
linked (two-way coupled) with the macro-scale problem (Figure 1c) during the nonlinear solution process rather 
than with the micro-scale problem (Figure 1a) as in the direct homogenization method (e.g.  [9]). The accuracy 
of the model is controlled by increasing or decreasing the number of phase and/or interface partitions. While the 
computational cost is closely related to the number of partitions, i.e. each additional phase partition increases the 
number of unknowns by 6 while each additional interface partition increases the number of unknowns by 3.  

2.3. Adaptive integration scheme 
An adaptive scheme is developed where the initial time step is selected and subsequently adjusted to preserve 
desired solution accuracy. The value of creep damage parameter is selected to control the time step. 
Alternatively or in addition to, creep strain invariants could have been used for this purpose.  

The phase damage at time step t+∆t is computed as: 
 ( ) ( ) ( )m m m

t t t ttω ω ω+∆ = + ∆ ∆  (10) 
where ( )m

t tω +∆
 is the damage parameter at the end of the time step, ( )m

tω is the damage at the beginning of the time 
step, ( )m

tω∆  is the current damage increment related to the state of damage at the beginning of the time step. This 
value is compared to the value obtained in the following expression: 

 ( ) ( ) ( ) ( )

22
m m m m

t t t t tt

tω ω ω ω+∆ ∆
+

⎛ ⎞∆
= + ∆ + ∆⎜ ⎟

⎝ ⎠
 (11) 

where  ( )

2

m
tt

ω ∆
+

∆  is the damage increment related to the state of damage at the time t+∆t/2. In case the difference 

between the values obtained by eqs. (10) and (11) is larger then the user-defined tolerance, the time step is 
reduced by a factor of two. This process is repeated until convergence is achieved. 

3 Analysis of the industrial components 
The composite tailcone exhaust was chosen for demonstration of proposed multi-scale capabilities. The 
composite tailcone is subjected to pressure on its upper surface as shown in Figure 2a. The tailcone attachment 
is modelled using springs. To be noted are the four cut-outs in the tailcone that give rise to stress concentrations 
and damage initiation. Due to symmetry, only 1/8th of the component as shown in Figure 2b has been modelled. 
The microstructure is depicted in Figure 1a. The reduced order model consists of one matrix partition, one fibre 
partition and zero interface partitions. The rescaled material properties were selected as follows: Ef=410e3; νf= 
0.127; αf=5.623e-18; nf=5.911; βf=1.114e-15; qf=4.8; pf=5.416; Em=210e3; νm=0.127; αf=5.623e-18; nf=5.911; 
βf=1.114e-15; qf=4.8; pf=5.416; where subscripts m and f denote matrix and fiber materials respectively. The 
macroscopic finite element mesh consists of 3627 composite shell elements as shown in Figure 2b. Each 

(b)meso-scale  
(a)micro-scale  

(c)macro-scale  
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composite shell element consists of three layers with a total number of nine gauss points through the thickness. 
The top and bottom layers are reinforced in the peripheral direction while the middle layer has fibres aligned in 
the longitudinal direction. The distribution of the damage parameter is depicted in Figure 2b. The white colour 
represents elements were the damage exceeded the critical value. The red colour represents high damage 
parameter (but less than one) while the blue colour represents modest damage state. The damage initiated in the 
vicinity of the cut-outs and propagated along the attachments. The multiscale creep model was integrated in 
ABAQUS and ran for about 7 hours on a 32 bit Intel Pentium M 1400Hz single processor machine. 

 
Figure 2: The tail-cone exhaust and the damage distribution in the finite element model  

4. Conclusion 
An anisotropic multi-scale creep damage model for composite materials and structures was developed. The 
model is based on the reduced order homogenization with eigendeformations.  

The reduced order model substantially reduces the number of unknowns in the unit cell problem. The 
application of the reduced order model was found to be feasible on two problems of reasonable size utilizing a 
single processor machine. 

In our future work the model will calibrated to test data. A two-step calibration procedure consisting of 
calibration of elastic properties and calibration of damage model parameters to creep test data will be pursued. 
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2.2  Evaluation 

Evaluation of the proposed parametric optimization procedure was conducted through the optimization of two 
benchmark topology problems: the Messerschmitt-Bölkow-Blohm Beam (MBB-beam) and the 8-bar truss. The 
MBB-beam is a simply supported beam with an aspect ratio of 1/5 (Figure 2a) and the 8-bar truss is a short 
cantilevered beam with an aspect ratio of 5/8 (Figure 2b). Both problems are defined as having concentrated unit 
loads and with a unit Young’s modulus. 

The objective function for both problems was to minimize strain energy. Initial designs with pre-defined layouts 
were created and the radii of each void were identified as the parameters to control the design features or 
material layout. A single mass constraint defined in terms of maximum relative density (mass of cellular beam 
over mass of solid beam) of 0.65 for the MBB-beam and 0.70 for the 8-bar truss (Chellappa et al. [2]) was used.  

The design solutions obtained for the MBB-beam and the 8-bar truss are shown in Figure 2. The optimization 
problems were implemented using continuous and discrete variable sets and the difference in results was 
minimal. The obtained solutions compared qualitatively well to the optimal solutions generated by the 
numerical multiresolution approach. The relative density of the MBB-beam obtained using both approaches 
were identical. However, the parametric layout solutions had 5% and an 8% higher compliance and strain 
energy for the MBB-beam and 8-bar truss, respectively. The solutions were also compared with those obtained 
by the more traditional power-law topology optimization approach. While the layout by the power-law method 
was different (a truss-like continuum), the trend in the distribution of material was similar.  
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Figure 2: Procedure validation against benchmark topology problems; a) MBB beam; b) 8-bar truss. 

3.  Case Study and Experimental Evaluation 
3.1  Parametric Optimization of Continuous Panel Systems 

The optimal material layout of the transverse cross-section of a continuous panel system for maximum stiffness 
was sought using the proposed parametric approach. The panel system was that of a bridge deck with multiple 
supports spaced at 6 ft and designed to have a thickness of 6 in. (Figure 3a). Conservatively, the system was 
designed for the case of a wheel load (16 kips) at each span. Modeling was simplified into a single 
representative span with loading on an effective with along the length of the system (Figure 3a).  

Strain energy minimization was used as the objective function since the overall goal was to obtain the stiffest 
possible design. The radii of each void were defined as the controlling parameters and their size change 
essentially defined the material distribution within the domain. Unlike the validation problems, multiple design 
variables and constraints were implemented. Stress, strain, deflection, and mass constraints were prescribed. 
Deformation constraints followed bridge design guidelines while stress and strain constraints were based on 
experimental values for natural fiber polymer composites (Burgueño et al. [1]). System stress constraints were 
placed to avoid shear failures and a mass constraint equal to a maximum relative density of 0.7 was used. The 
optimal solution is shown in Figure 3a. It can be seen that material was placed in highly stressed regions, 
specifically in areas of high tension and compression so as to more efficiently transfer the applied loads to the 
support conditions. 

3.2  Experimental Evaluation 

The findings from the computational studies were used to assess the feasibility of natural fiber composites for 
load-bearing applications through small-scale (1/6 scale) component testing. An optimal and a non-optimal 
biocomposite panel system using industrial green hemp and unsaturated polyester resin (UPE) were built using 
the vacuum assisted resin transfer molding and tested under flexural demands. The non-optimal sample was a 

 3 
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base periodic cellular design and the optimal sample was incorporated the generated optimal hierarchical 
cellular solution. Flexural testing was performed in a way that replicated the loading conditions experienced by 
a continuous panel system. The load-displacement response at the center of the test unit mid-span is shown in 
Figure 3b. While the ultimate load capacity of both panels was similar (4% difference), their response was very 
different. The base non-optimal design was very flexible with large cell distortions while the response of the 
optimal design was essentially linear elastic exhibiting relatively small deformations (~200% smaller at failure). 
Specifically, with respect to the central load, the optimal panel system had an initial stiffness approximately 
41% larger than the base design and a 64% larger secant stiffness to maximum load. The two distinct branches 
in the response of the non-optimal design were a result of shear distortion of the periodic cells in the base 
design. This deformation mechanism was not present in the optimal design since, as in typical topology 
optimization solutions, the material is arranged along truss-like patterns that lead to axially dominated load 
transfer thus eliminating transverse shear flexibility. 
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Figure 3: Parametric optimization of cellular continuous panel; a) Case study and simplification to an effective 
panel segment for optimization; b) Experimental flexure tests on initial and optimal designs. 

4.  Conclusion 
The reported computational and experimental study demonstrated that a finite parametric approach to the 
optimization material distribution can lead to enhanced performance of structural components while permitting 
for ease of manufacturing. The technique was implemented using a parametric modeling approach that 
combined robust optimization algorithms with finite element analysis. Unlike traditional topology optimization, 
the presented approach leads to optimized material layouts while permitting the use of multiple objectives and 
constraints. The optimization procedure was validated using benchmark topology problems. A small-scale 
experimental program on biocomposite cellular plates validated the improved structural performance of the 
optimized solutions and the feasibility of fabricating the designs using vacuum assisted resin transfer molding. 
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Abstract 
The lack of the constraint between in-plane and out-plane lamination parameters has limited applications of the 
method using lamination parameters in optimum designs of laminated composites. This paper presents a 
numerical investigation aimed at developing a constraint between in-plane and out-of-plane lamination 
parameters in material optimization to determine optimal properties of laminated composites. A laminated 
composite cantilever plate is employed to validate and verify the established constraint in material designs of 
laminates. The optimization results demonstrated that the established constraints are essential and effective for 
determinate laminated composite properties in material optimization. 

1.  Introduction 
Finding a fiber-reinforced-polymer (FRP) laminated composite that provides the most appropriate material 
properties and meets all needed design requirements for complex structural applications has become a challenge 
of engineers. Methods for optimum designs of laminated composites, that is, to determinate an optimal lay-up of 
layers with different fiber orientations, are under broad research. The method using lamination parameters has 
emerged in recent years as an effective way for optimum designs of laminated composites. The method searches 
optimal material properties defined by lamination parameters, followed by determining the corresponding 
stacking sequence of fiber orientations. The method provides the benefit of integrating material optimization 
with other types of optimization [3], such as shape optimization by including the lamination parameters as 
material design variables in addition to geometric design variables.  

Although this method has been successfully applied, for example, to design laminates requiring maximum in-
plane stiffness, maximum buckling strength and maximum fundamental frequency, viable laminated composite 
designs determined by lamination parameters rely on feasible domains for each lamination parameter. However, 
current feasible domains of lamination parameters are only established either between in-plane lamination 
parameters or between out-of-plane lamination parameters. This limitation has confined this method mainly 
focusing on optimum designs of a single aspect of laminate properties: in-plane properties or out-of-plane 
properties. Such applications restrict either in-plane or out-of-plane lamination parameters as the only design 
variables in the optimization process of material design.  

Nowadays, FRP laminate designs taking into account of both in-plane and out-of-plane properties are becoming 
of greater interest. This requires that both in-plane and out-of-plane lamination parameters be considered in the 
optimum design process. In recent studies on the shape and material optimization for FRP laminated shell 
structures, it has been observed that the in-plane and out-of-plane lamination parameters are not independent of 
each other when altering fiber orientations and stacking sequence of a laminate. The lack of the constraints 
between these two sets lamination parameters has thus the potential of leading to unfeasible designs and 
reducing broad application of the method. This paper summarizes an investigation on the constraints between 
in-plane and out-of-plane lamination parameters as an essential supplement to the existing constraints used to 
design laminated FRP composites. 
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2.  FRP Laminated Composite Designs by Lamination Parameters 
2.1  Section Stiffness and Lamination Parameters 
The material design can be thought of as determining the appropriate fiber orientations of plies with appropriate 
lamina materials, commonly defined as stacking sequence. The use fiber orientations as design variables in an 
optimization problem is not efficient because computational effort increases significantly with the number of 
fiber orientations. Thus, the use of a constant set of lamination parameters, the factors that connect a stacking 
sequence of fiber orientations with material properties, allows such material designs to be performed efficiently. 

The fundamental task of material designs for laminated composites is to determine an optimal constitutive 
behavior suitable for a specific structural application. The constitutive behavior of a laminate is typically 
defined by section stiffness, which is defined by the so-called [A-B-D]6x6 matrix, where, [A]3x3 is the extensional 
(in-plane) stiffness matrix; [B]3x3 is the bending-extension coupling stiffness matrix; and [D]3x3 is the flexural 
(out-of-plane) stiffness matrix. Unidirectional plies of the same material are normally employed for all layers of 
the laminated composite. Thus, the components of the [A-B-D] matrix can be simplified in terms of 

( )VUAhA ijij ,*⋅=       (1) 

( VUBhB ijij ,
2

*
2

⋅= )      (2) 

( VUDhD ijij ,
12

*
3

⋅= )      (3) 

where the U’s are the lamina invariants (independent of ply orientation) and the V’s are termed lamination 
parameters (related to the fiber orientation and stacking sequence) [2]. In most engineering practices, certain 
stacking sequences are employed to prevent coupling effects. Thus, only balanced and symmetric laminates, in 
which sectional stiffness has the least-pronounced coupling characteristics, were investigated. Consequently, 
only the lamination parameters V1A, V3A, V1D, and V3D are required to define the sectional stiffness [3]. 

2.2  Feasible Domains of Lamination Parameters 

Use of lamination parameters to determine the section stiffness of laminates requires the definition of an 
allowable domain for each parameter so that they meet the coupled constraints in relation with other parameters. 
Miki proved that the allowable combination domain for the in-plane lamination parameters V1A and V3A and the 
out-of-plane lamination parameters V1D and V3D should respectively satisfy the inequalities in Equations 4 and 5. 
The allowable combination domain of in-plane or out-plane lamination parameters can be depicted in a diagram 
as shown in Figure 1a.  

12 2
13 −≥ AA VV ,      (4) 1,1 31 ≤≤− AA VV

12 2
13 −≥ DD VV ,      (5) 1,1 31 ≤≤− DD VV

2.3  Constraint between In-plane and Out-of-plane Lamination Parameters 

Recent work on the shape and material optimization of free-formed FRP shells has shown that the constraints in 
Equations 4 and 5 are not independent of each other. Thus, another constraint relation between them is required 
for general laminate designs by lamination parameters.  

An allowable combination domain is defined as a feasible region of (V1D, V3D) with respect to a given in-plane 
feasible design (V1A, V3A). The mathematical equivalence can be alternatively implemented to find out the 
feasible region bound of (V1D, V3D) as a function of (V1A, V3A) throughout whole feasible domain (Figure 1a) 
previously defined for the in-plane lamination parameters (Equation 4). The region boundaries of (V1D, V3D) 
with respect to (V1A, V3A) can be implemented by a two-step optimization procedure. The first step defines the 
bounds of V1D with respect to a given feasible design (V1A, V3A) as illustrated in Figure 1b for (V1A, V3A) = (-0.4, -
0.4). The second step, which can be accomplished by solving another optimization problem, is then to define the 
bounds of V3D for a given value within the domain of V1D found in the first step with respect to the given design 
of (V1A, V3A). Figure 1c shows an example of determining the feasible boundary of V3D for a given point of (V1A, 
V3A, V1D) = (-0.4, -0.4, V1D) for V1D∈[V1D, min, V1D, max].  

 2 



6th International Conference on Computation of Shell and Spatial Structures IASS-IACM 2008, Ithaca 

Figure 1d illustrates the allowable regions of out-of-plane lamination parameters (V1D, V3D) for three in-plane 
lamination parameter sets (V1A, V3A): (-0.4, -0.4), (0,0) and (0.7, 0.8). It can be seen that the feasible domain for 
a pair of out-plane lamination parameters combined with a given pair of in-plane lamination parameters can not 
achieve the feasible region illustrated in Figure 1a. Moreover, its feasible region will depend on the given pair of 
in-plane lamination parameters. 
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Figure 1: Feasible domains of lamination parameters; a) Feasible domain of in-plane lamination parameters; b) 
Boundary determination of V1D for (V1A, V3A); c) Boundary determination of V3D for (V1A, V3A, V1D); d) Out-of-

plane feasible domains for givein in-plane lamination parameters 

3.  Example 
The developed constraint between in-plane and out-plane lamination parameters was implemented in an 
integrated shape and laminate stacking sequence optimization method for free form FRP shells proposed by the 
authors [3] and evaluated through an example. The example consists on determining the optimal shape and 
laminate design of a cantilevered FRP shell for roof/covering applications. The shell planar dimensions are 6.1 
m long and 1.52 m wide with a thickness of 2.54 mm. The shell is fixed at one short edge and is subjected to a 
line load of 175.1 kN/m at the other end (Figure 2a). A carbon/epoxy material was considered with orthotropic 
properties of E11 = 120.66 GPa, E22 = 6.89 GPa, G12 = 4.83 GPa, G13 = 2.62 GPa, G23 = 2.62 GPa, and ν12 = 0.3. 
Considering geometric symmetry, the shape of the shell was controlled by three key points (five degrees of 
freedom), as shown in Figure 2a, and fully defined by spline interpolation. The material-property design 
variables were the lamination parameters (V1A, V3A, V1D, V3D) controlling the in-plane and out-of-plane stiffness.  

Two shells with equal initial dimensions and material designs were used to evaluate the influence of the 
constraint between in-plane and out-of-plane lamination parameters. Shell A had the constraint activated while 
Shell B did not. The optimization of both shells started with a flat shape and the initial properties of a quasi-
isotropic section stiffness. The optimal solutions for both shells had a similar shape (Figure 2b and 2c) but 
differed in the lamination parameters (see Figure 2c) defining the section stiffness. The laminate design that best 
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matched the optimal lamination parameters was sought in the second step of the optimization method. The best 
laminate design achieved for Shell A and Shell B had 72.1% and 0.241% discrepancy, respectively, between the 
section stiffness for a feasible stacking sequence design with respect to the optimum values (Figure 2d). The 
results thus show that the established constraint between in-plane and out-plane is essential for material designs 
of FRP laminated composites in which both axial and flexural properties of laminates are considered. 

 

Sym.

6.1 m

1.52 m

175.1 kN/m

V1

V2

V3

H2

H3

Sym.

6.1 m

1.52 m

175.1 kN/mSym.

6.1 m

1.52 m

175.1 kN/m

V1

V2

V3

H2

H3

 

 
 Optimal geometric parameters 

(V2, V3, H1, H2, H3) 
Shell A 28.69, 22.70, 16.51, 14.81, 6.33 
Shell B 29.37, 21.35, 17.05, 15.68, 5.54 
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Figure 2: Optimization of cantilevered shell; a) Geometry, loading and geometric key points; b) Optimal shape; 
c) Optimal geometric and lamination parameters; d) History of stacking sequence design optimization 

4.  Conclusion 
An investigation on the constraint coupling between in-plane and out-of-plane lamination parameters was 
presented and a numerical solution by optimization techniques was established. The developed constraints were 
used in the shape and laminate stacking sequence optimization of a free-form FRP laminated shell. Results 
revealed that designs by using lamination parameters without coupled constraints will lead to unfeasible 
material design. Therefore, the established constraints are essential to implement material designs for FRP 
laminated composites with in-plane and out-of-plane property requirements. 

Acknowledgement 
The authors are grateful to an Intramural Research Grant from Michigan State University for financial support. 

References 
[1] Miki M. Material design of composite laminates with required in-plane elastic properties. In Progress in 

Science and Engineering of Composites. Hayashi, T., Kawata, K., and Umekawa, S. (eds). ICCM-IV, 
Tokyo, 1982, 2:1725-1731. 

[2] Tsai SW, Hahn HT. Introduction to composite materials. Technomic, 1980. 
[3] Wu J, Burgueño R. An Integrated Approach to Shape and Laminate Stacking Sequence Optimization of 

Free-Form Shells. Computer Methods in Applied Mechanics and Engineering 2006; 195:4106-4123. 

 4 



 
Proceedings of the 6th International Conference on 

Computation of Shell and Spatial Structures 
IASS-IACM 2008: “Spanning Nano to Mega” 

28-31 May 2008, Cornell University, Ithaca, NY, USA 
John F. ABEL and J. Robert COOKE (eds.) 

 

 1 

Modeling biocomposites using laminate plate theory 
Sarah SCHRASS-CHRISTIAN*, Sarah BILLINGTON 

*Stanford University 
The John A. Blume Earthquake Engineering Center 
Department of Civil & Environmental Engineering 
MC: 4020, Building 540 
sschrass@stanford.edu 

Abstract 
Biocomposite materials made from renewable resources have the potential to replace wood, cold-formed-steel, 
plastics, wallboard and other structural and non-structural materials within buildings.  After their useful lifespan 
is complete, these materials can biodegrade in an anaerobic environment reducing construction-related waste.  
Biocomposites can be formed into a variety of shapes and their fibers can be oriented in varying directions to 
provide for multiple functions.  In this research, the mechanical behavior of a cellulose acetate hemp fiber  
(fabric) biocomposite material has been characterized experimentally.  Measured material properties were used 
to evaluate the applicability of laminate plate theory to predict biocomposite laminate plate response in tension.  
Laminate plate theory predicted the material’s linear-elastic response well.  A nonlinear model is needed to 
predict the full response of biocomposite laminates and a simple model was applied and evaluated here, making 
use of measured, ply-level material properties with good results.     

1.  Introduction 
There is a substantial need for sustainable construction materials that are less destructive to natural resources 
and the environment and leave a smaller ecological footprint than current construction materials.  In 1996, the 
EPA estimated that construction and demolition (C&D) of buildings produced 136 million tons of debris in the 
United States, most of which was sent to landfills.  Wood is estimated to constitute 20-30% of the debris, and 
drywall constitutes 5-15%.  One potential solution to reduce this volume of landfill waste is the application of 
more biocomposite materials in the construction industry. 

Biocomposites are manufactured from rapidly renewable materials and, when no longer needed, can biodegrade 
in an anaerobic environment.  Thin-walled cross-sectional shapes and sandwich beams made from 
biocomposites have the potential to be used for structural and non-structural purposes within the built 
environment.  Biocomposites integrate natural fibers to provide tensile and compressive strength and a 
polymeric matrix to provide shear strength.  The majority of research on biocomposites focuses on short-fiber 
biocomposites.  We are currently investigating biocomposites made by laminating natural fiber fabric.   

Most of the modeling in the biocomposite field is at the micromechanical level, focusing on predicting the 
mechanical behavior of the composite from the fiber and polymer properties.  While this modeling aids in the 
understanding of micromechanical behavior and in developing methods to improve the material properties, 
laminate plate theory and other models of the same scale are most appropriate for predicting structural-scale 
behavior from ply-level material properties.   

Laminate plate theory is used to predict the behavior of laminates made from synthetic materials.  Synthetic 
composites are stiff and tend to fail just beyond the initial linear elastic region.  Laminate plate theory, which 
predicts behavior using only the initial engineering properties of the plies, effectively predicts the behavior of 
synthetic laminates.  Burgueño et al. [3] successfully predicted structural-scale behavior of short-hemp fiber / 
ortho unsaturated polyester hierarchical composites using laminate plate theory as the material properties were 
linear elastic. 
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Figure 1: Stress/strain behavior of hemp fabric / cellulose acetate biocomposites; (a) tensile behavior;       

(b) shear behavior; (c) average initial properties from five tests 

The ply-level stress-strain behavior of cellulose acetate hemp fabric biocomposite materials is nonlinear.  
Therefore, classical laminate plate theory is expected to predict the initial behavior of the laminate, but not the 
full (nonlinear) response up to failure.  A non-linear model which uses the tangent modulus of elasticity and 
shear modulus is evaluated here to predict the behavior of the biocomposite laminates using ply-level measured 
material properties. 

2.  Fabrication and testing of biocomposites 
Biocomposite laminate plates were manufactured by compression molding of alternating layers of 100% hemp 
linen fabric and plasticized cellulose acetate films.  Cellulose acetate powder (Sigma Aldrich Cellulose Acetate, 
39.7% acetyl, average Mn 50,000) was plasticized by triethyl citrate 99+%, FCC (Sigma Aldrich,) at a weight 
ratio of 7:3.  Cellulose acetate films were manufactured from powder by applying a slight pressure and heating 
to 180°C on the hot-press.  The fiber and film lay-ups were then compressed at a pressure of approximately one 
MPa for 15 minutes at 180°C and the composites were allowed to cool and solidify under the same pressure.   

Specimens for mechanical testing at the ply level were cut from the composite plate using a band saw, and the 
surfaces of the specimens were smoothed using a grinder.  Tensile, compressive, and shear testing of the hemp 
fabric / cellulose acetate plies, in which all fibers were aligned in the same direction, was performed according 
to ASTM standards to determine the modulus of elasticity, shear modulus and poisson’s ratio.  The tensile 
strength observed for these materials was approximately 55 MPa and is comparable to structural wood.  The 
modulus of elasticity ranged from 3-5 GPa.  The in-plane shear modulus was measured to be 770 MPa. 
Poisson’s ratio was measured to be 0.25.   

Unlike most composites manufactured from synthetic materials, the stress-strain behavior of biocomposites 
made from hemp fabric and cellulose acetate is highly non-linear (Figure 1).  The behavior is slightly different 
when loaded in the two orthogonal directions, as illustrated in Figure 1(a). The non-linearity can be attributed to 
the non-linear behavior of the cellulose acetate plastic, a combined failure mode of fiber rupture and fiber pull-
out, and the fiber/matrix bond interface, all of which are currently under further investigation.   

Ply level experimental results were then used in conjunction with laminate plate theory to understand laminate 
behavior.  Laminate biocomposites were manufactured by stacking many plies with varying fiber orientations.   

3.  Modeling of biocomposite laminate behavior 
To predict the response of biocomposite laminate plate behavior, two models were considered: (1) a classical 
laminate plate theory model in which initial stiffness matrices for each ply are combined to form a laminate 
matrix and (2) a non-linear model in which the force is applied incrementally and the laminate stiffness matrix is 
updated after each increment to account for changes in ply stiffness. Because the response of these 
biocomposites is nonlinear it is expected that classical laminate plate theory will only predict the initial elastic 
properties of a given laminate.   

E1 = 4400 MPa 

E2 = 4500 MPa 

G12 = 770 MPa 

ν12 = 0.25 

(c) 
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3.1  Classical laminate plate theory 
Classical laminate plate theory (LPT) is applicable to linear elastic materials and has been used extensively to 
predict the elastic performance of traditional fiber-reinforced polymer (FRP) materials (e.g. carbon or glass FRP 
used in aerospace and construction applications) (Barbero [2].)  In classical laminate plate theory, the initial 
mechanical properties measured in ply level experiments (Figure 1(c)), are used to populate the on-axis stiffness 
matrix for each ply.  The orientation of the ply is then used to transform the on-axis stiffness matrix to the off-
axis stiffness matrix.  The stiffness matrices for the individual plies are combined to form the laminate stiffness 
matrix, or the ABD matrix, as shown in equation (1).  The ABD matrix relates the stresses applied to the 
laminate to the strains and curvatures of the laminate.  The individual stiffness matrices contribute to the ABD 
matrix as shown in equations (2) through (4), where N is the number of plies, Qk is the stiffness matrix of the kth 
ply, and zk is the distance from the center of the laminate to the inner edge of the kth ply. 

     (1) 

                (2) 

     (3) 

     (4) 

3.2  Prediction of nonlinear laminate behavior  
The ply behavior was observed to be nonlinear and therefore is it expected that using Classical laminate plate 
theory to predict the performance of biocomposite laminates will be insufficient.  Therefore a simple nonlinear 
model is evaluated for predicting biocomposite laminate plate behavior.  The Euler, or simple-step, method is 
used wherein the load is applied to the model in small increments.  The moduli used for each increment are the 
tangent moduli calculated from the measured ply constitutive properties, shown in Figure 1(a) and 1(b), given 
strain at the start of the increment.  The ABD matrix is updated with the ply stiffness at the beginning of each 
increment.  The load increment and the ABD matrix are used to determine the related strain increment.  The 
analysis continues until the maximum strain of a ply is reached. 

Similar to Amijima [1], the constitutive model for the material was developed by discretizing the stress-strain 
curves from the ply level experimental testing, Figures 1(a) and 1(b) into linear segments over which the moduli 
are assumed constant.  The modulus of elasticity for each segment is the tangent modulus corresponding to the 
strain at the beginning of that segment.  We assume uncoupled stress-strain behavior for each strain component 
(similar to Amijima [1] and Kuppusamy [4]).  Therefore, in this model, each moduli depends only on the 
magnitude of the related strain experienced.   Failure is defined by a ply strain reaching 0.04 mm/mm, which is 
the average failure strain measured in the ply-level experiments.   

4.  Comparison of models to experiment 
Biocomposite laminates were manufactured with hemp fabrics in the following lay-up [06/±456/06].  The 
laminates were tested experimentally and modeled in tension.  Experimental and theoretical results are shown in 
Figure 2.  As expected, the model based on classical laminate plate theory predicted the initial behavior well.  
The nonlinear model was better able to predict the post-linear-elastic behavior.   
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5.  Conclusions and future research 
Biocomposite ply testing was performed and basic mechanical properties were measured.  The tensile and shear 
stress-strain responses were observed to be nonlinear.  Using measured, ply-level properties, classical laminate 
plate theory is found to predict well biocomposite laminate response ([06/±456/06] layup) in tension in the initial 
elastic region.  For the full tensile stress-strain response of the laminate a nonlinear model using ply-level 
constitutive behavior showed good agreement with experimental results.  On-going research is being conducted 
to evaluate predictions of biocomposite behavior in flexure (using nonlinear models) as well as the response of 
various structural shapes.  The sources of the nonlinearity in biocomposite stress-strain response are also under 
investigation.   
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Figure 2: Experimental and modeled tensile stress-strain behavior                                         

of [06/±456/06] biocomposite 




