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the tendency of the inverse projection to join the holes. The white bar represents 2 rmin in Figures 4a and 4b or 
2 rinv in Figures 4c and 4d. 

 
Figure 4: The cantilever beam with mesh 100 x 50: (a) rmin = 1 element; (b) rmin = 2 elements; 

(c) rinv = 1 element; (d) rinv = 2 elements. 

6.  Conclusions 
The inverse projection scheme developed in this paper permits control of the size of holes in topology 
optimization problems through a mesh-independent process. This work offers room for further extensions. For 
instance, the inverse projection scheme may be explored with nonlinear projections, which would reduce the 
intermediate densities obtained with the linear projection. In addition, the present schemes (direct and inverse) 
can be applied to 3D problems so as combine them to other manufacturing constraints such as symmetry, 
extrusion and machining. Finally, an improved and robust strategy to combine the direct and the inverse 
schemes is needed. 
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Abstract 

Plate-shaped piezoelectric sensors and actuators have been increasingly used in the field of smart structures. 

Some of its applications are vibration control of structures, air fan applications, fluid pumping devices and also 

energy harvesting transducers. This project aims at the development of a finite element and topology 

optimization software to design laminate piezoelectric sensors and actuators. The design of a piezoelectric 

transducer using topology optimization consists in distributing piezoelectric material over a metallic plate in 

order to achieve a desired dynamic behavior with specified vibration frequencies. The piezoelectric finite 

element applied is based on the MITC formulation, which is reliable, efficient and avoids the shear locking 

problem. The bonding between and metallic plates is based on the layer-wise model. The topology optimization 

formulation is based on the PEMAP-P model (Piezoelectric Material with Penalization and Polarization) and 

RAMP (Rational Approximation of Material Properties), where the design variables are pseudo-densities that 

describe the amount of material and polarity of the piezoelectric at each finite element. A multi-objective 

function is defined in this optimization problem. At the same time the mean transduction is maximized to 

achieve higher conversion of electric energy into elastic energy, the mean-compliance is minimized to prevent 

the structure of becoming excessively flexible, and the eigenvalues are optimized to tune the structure for a 

given frequency. This paper presents the implementation of the finite element and optimization software and 

shows preliminary results achieved.  

1.  Introduction 

Laminate piezoelectric devices have been widely applied as smart structures, for sensing, actuating and also 

energy harvesting applications. Most recently, piezoelectric laminates have found applications in the fluidics 

area, such as air fan (Açikalin et al. [1]) or fluid pumping devices (Vatanabe et al. [2]) applied to cooling 

systems designed to handle the increase of power and heat generation in electronic equipments. 

Piezoelectric laminates have been studied through analytical and numerical methods (DeVoe and Pisano [3], 

Fernandes and Pouget [4]). The distribution of piezoelectric material within material layers affects the 

performance, hence, distribution, amount, shape, size and placement of material should be simultaneously 

considered in a design optimization problem. Some authors started applying optimization algorithms to 

distribute piezoelectric material (see Frecker [5] for more details) through parametric optimization, which 

requires a previous knowledge of shape and number of actuators to be placed. Most recently, more advanced 

techniques, such as topology optimization have been applied to the design of piezoelectric laminates for static 

loads (Kögl and Silva [6]). The use of topology optimization techniques allows a free distribution of material 

over a design domain without constraints related to location, number or shape of transducers. 

The present work aims at applying the Topology Optimization Method to the design of laminate piezoelectric 

devices by distributing piezoelectric material over an elastic base layer in order to achieve maximum 

displacements at certain points of the structure, taking into account the dynamic response of the system, which 

is a novel approach to design piezoelectric laminate devices. 
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Designing sensors and actuators using Topology Optimization demands two different approaches, meaning that 

two different objective functions are formulated to distribute piezoelectric material over a design domain (Γu). In 

the case of an actuator, we must maximize the output displacement (u
max

) considering a given input charge 

applied ( Q ), as shown in Figure 1(a) above.  However, to design a sensor, it is desired to maximize the output 

voltage (φ
max

) for a given force or set of forces (FA), as shown in Figure 2(b). 

 

Figure 1: Design of piezoelectric sensors and actuators 

2.  Piezoelectric Finite Element Plate 

In this work, a Reissner-Mindlin plate model is used to model the plate. To avoid the shear-locking problem, the 

MITC approach is used within the element proposed by Kögl and Bucalem [7]. The element has five mechanical 

and one electrical degree of freedom at each node and also an element degree of freedom that represents the 

electrode voltage. The electrical degree of freedom at each node allows a representation of both applied electric 

potential and the potential induced by elastic deformation. To model the perfect bonding between plates, a layer-

wise model is used. 

 

a) b) 

Figure 2: (a) Piezoelectric plate element; (b) Electric potential in thickness direction 

3.  Topology Optimization Method 

The work applies the Topology Optimization Method, which is a powerful structural optimization technique that 

combines the Finite Element Method with an optimization algorithm to set an optimal material distribution 

inside a given design domain. The main issue to be addressed in the topology optimization is how to change the 

material density ρ1 between 0 (void) and 1 (solid material). The use of discrete values is ill-posed due to the 

multiple local minima and should therefore, be avoided. The problem can be relaxed during the optimization by 

allowing it to assume intermediate densities, which is achieved by setting an appropriate continuous material 

model. 

This work employs the PEMAP-P model combined with the RAMP model, which minimizes the grayscale 

appearance in topology optimization problems, leading to the following material model: 
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where: 
0C , 

0e and 
0ε  are the elasticity, piezoelectricity and permittivity matrices of the material and 

minC is a 

minimum value for the elasticity C . The 
2 variable defines the material polarization, where 12   when the 

polarization is positive and 02  when the polarization is negative. 

4.  Design Problem Formulation 

To achieve the goals proposed in this work, it is necessary to combine different design formulation problems in 

a multi-objective function: maximization of mean transduction; minimization of mean compliance; and 

optimization of the mean-eigenvalue.  

4.1  Maximization of Mean Transduction 

The mean transduction describes the conversion of electrical into elastic energy and vice-versa using two 

different electro-elastic states resulting from two different load cases that are applied to the structure. By 

properly choosing these load cases, L21 becomes proportional to the displacement u
max

 or the output potential 

φ
max

. The mean transduction is calculated by: 

 
1
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4.2  Minimization of Mean Compliance 

To avoid the optimization algorithm to find an overly flexible structure, the mean compliance of the structure 

can be maximized. This problem is not so relevant when a base-layer remains fixed during the optimization, but 

it can be necessary if all layers take part into the optimization procedure. The mean compliance is given by: 
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4.3  Optimization of the mean eigenvalue 

To design piezoelectric transducers considering its dynamic behavior, it is necessary to introduce the mean-

eigenvalue concept (for more details see Ma et al. [7])  
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where: α and wi are weighting coefficients, λi is the i
th

 eigenvalue of a structure, λei is the i
th

 desired eigenvalue 

and m is the number of eigenvalues considered in the optimization problem. Thus, minimizing Λ means 

minimizing the difference between the structure stiffness and the desired eigenfrequencies. Once this work 

seems not to be strongly affected by switching modes, we can set m=1 and design only the first eigenvalue. The 

weighting coefficients can be set to unity and the square root can be eliminated. Additionally, to combine the 

three design problems into one multi-objective function, it is interesting to have the logarithm values analyzed, 

in order to normalize the quantities taken into account in the optimization problem, leading to: 

 2)]ln()[ln(
iee    (5) 

4.4  Formulation of the Multi-Objective Function 

In this work, additionally to the optimization problems addressed by Kögl and Silva [6], it considers the mean 

eigenvalue problem, that aims at tuning the structure for a desired eigenvalue. The optimization problem is 

formulated as:  
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where: FEM equilibrium equations are satisfied, ρ1 and ρ2 variables and the volume fraction, Θ(ρ1), of 

distributed material lies within defined boundaries. The optimization problem is solved by using SLP 

(sequential linear programming) 
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5.  Result 

The following result considers a square domain clamped in two opposite sides (L1 and L2), and a unitary force is 

applied at the point A. The optimization process looks for a transducer that maximizes the output voltage of the 

laminate and also tunes the structure to a desired eigenvalue. 

 

a) b) c) 

Figure 3: (a) FE mesh; (b) Material layers; (c) Optimization design result 

Figure 3(a) shows the mesh used in the optimization. The design domain is 0.3x0.3m and has 30x30 elements. 

The target frequency is set to 60Hz. The base layer is made of aluminum and upper and lower layers are made 

of PZT as shown in Figure 3(b). The achieved result is shown in Figure 3(c). The output voltage is 3.68V and 

1.04V in the upper and lower layers, respectively. The resonance frequency of this device is 57.14Hz. 

6.  Conclusion 

The approach used in this work is robust to design piezoelectric laminated transducers with a specified 

eigenvalue. The resonance frequency has shown a 5% deviation of the target frequency. The use of the RAMP 

material model improved the quality of the results, minimizing the grayscale appearance. 
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