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ABSTRACT

To gain insight into the problem of fluid convection below the 

solar photosphere, time-dependent magnetohydrodynamic convection 

is studied by numerical simulation of the magneto-anelastic equations, 

a model appropriate for low Mach numbers.  Numerical solutions to 

the equations are generated on a two-dimensional Cartesian mesh by a 

finite-difference, predictor-corrector algorithm.  The thermodynamic 

properties of the fluid are held constant at the rigid, stress-free top and 

bottom boundaries of the computational box, while lateral boundaries 

are treated as periodic.  In most runs the background polytropic fluid 

configuration is held fixed at Rayleigh number R=5.44 times the critical 

value, Prandtl number P=1.8, and aspect ratio a=1, while the magnetic 

parameters are allowed to vary.  The resulting dynamical behavior is 

shown to be strongly influenced by a horizontal magnetic field which is 

imposed at the bottom boundary.  As the field strength increases from 

zero, an initially unsteady Òsingle-rollÓ state, featuring complex time 

dependence, is replaced by a steady Òtraveling-waveÓ tilted state; then, 

an oscillatory or ÒsloshingÓ state; then, a steady two-roll state with no 

tilting; and finally, a stationary state.  Because the magnetic field is 

matched onto a potential field at the top boundary, it can penetrate into 

the nonconducting region above.  By varying the magnetic diffusivity, 

the concentrations of weak magnetic fields at the top of these flows can 

be shown to be explainable in terms of an advection-diffusion balance.
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1.  INTRODUCTION

Plasma convection in the presence of magnetic fields is a process of 

great importance to stellar astrophysics.  Not only is convection the 

dominant mode of heat transport in convectively unstable layers, it is 

believed to be the energy source powering nearly all observed types of 

solar and stellar activity, including sunspots, the solar cycle, acoustic 

oscillations, and solar and stellar coronae and winds (e.g., Foukal 1990; 

Moffatt 1978).  However, theoretical progress in problems of plasma 

convection has long been hindered by the mathematical intractibility of 

the governing magnetohydrodynamic (MHD) equationsÑa situation 

which has been alleviated only relatively recently, by the availability of 

supercomputers that are powerful enough to construct approximate 

numerical solutions to these nonlinear partial differential equations 

(Weiss 1990).  While any numerical approach is necessarily restricted by 

the small size of practicable computational grids, and correspondingly 

low values of relevant dimensionless numbers such as the Lundquist 

number, one can still hope that the lessons learned from simple, well-

controlled numerical ÒexperimentsÓ might shed some light on more 

complex stellar counterparts.

Pioneering numerical studies of stellar magnetoconvection were 

done by Glatzmaier (1984, 1985a, b), in which he attempted to simulate  

global patterns of flow and magnetism in the solar interior.  Given the 

severe limitations on the dynamic range of his model as compared to 
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the real Sun, its successes were remarkable, particularly inasmuch as it 

displayed recognizable periods of dynamo activity.  However, the Òsolar 

cycleÓ implied by the model did differ substantially from the real one.  

The possibility that his modelÕs fidelity could be enhanced simply by 

increasing the resolution of the computer code must remain an open 

question, because even modest increases in resolution tend to require 

prohibitive increases in computer time.  In any case, it is clear that in a 

global model of this type, there will always exist unresolved space and 

time scales; but, it is just as apparent that the effects of the latter must 

still be correctly represented, in order to get appropriate behavior from 

the former.  This makes it worthwhile to pursue other, simpler models 

of MHD convection, especially, models at the level of cellular coherent 

structures, like the granules and supergranules that are observed on 

the Sun.  These structures are, at least in principle, more accessible to 

the technique of large eddy simulation (LES), in which the unresolved 

scales are considered to be sufficiently featureless that they can be 

parametrized.  In practice, such small-scale motions generally enter 

into oneÕs model merely as an enhanced, or ÒartificialÓ, diffusion.  A 

more satisfactory and rigorous representation of these yet-unobserved 

smaller scales will depend on the outcome of theories and simulations 

of fully-developed MHD turbulence which are beyond the scope of this 

paper.  Recent attempts to employ renormalization group techniques 

for subgrid modelingÑYakhot & Orszag (1986) for hydrodynamics, 

Fournier et al. (1982) for MHD, and Longcope & Sudan (1991) for low-β 
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reduced MHDÑare only partially satisfactory.

Turning to the intermediate, cellular scale, one would wish in 

particular to examine how convection cells lend spatial and temporal 

structure to the magnetic fields they interact with, and vice versa.  To 

this end, a number of studies have been made of plasma convection in 

an initially uniform magnetic field.  The linear stability theory of this 

subject was thoroughly and elegantly treated by Chandrasekhar (1961), 

who showed (among many other things) that, due to the stabilizing 

nature of the Lorentz forces, the onset of convection can take the form 

of overstable oscillations.  The subsequent, nonlinear development of 

convection can lead to Òflux expulsion,Ó a phenomenon in which weak 

magnetic fields are discharged from the center of a convection cell, in a 

time on the order of an eddy turnover period (see Weiss 1966; Moffatt 

1978).  This anticipated behavior was later confirmed in 2D simulations 

of a Boussinesq fluid (Weiss 1981; Galloway & Weiss 1981).  Numerical 

investigations of 2D, fully compressible Òmagnetoconvection,Ó in 

which magnetic and velocity fields are on a more equal dynamical 

footing, have uncovered a rich variety of time-dependent behavior, 

including both traveling-wave and standing-wave solutions (Hurlburt 

& Toomre 1988; Hurlburt et al. 1990; Weiss et al. 1990; Fox et al. 1991).  

These are characterized by milder undulationÑwith little expulsionÑ

of the imposed magnetic field.  Simulations like these can be analyzed 

from the standpoint of bifurcation theory, wherein the full model is 

approximated by a highly truncated Galerkin model. This has been 
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used, for instance, to explain a transition to asymmetry that can 

sometimes occur (Nagata et al. 1990).  In addition to the above results 

which pertain to magnetic fields that are initially vertical, analogous 

standing and traveling waves have been observed and theoretically 

identified in a uniform horizontal magnetic field, for 2D fluids in the 

Boussinesq (Arter 1983; Knobloch 1986) and compressible (Weiss 1991) 

cases, as well as for 2D compressible MHD convection in an oblique 

geometry (Matthews et al. 1992).

But numerical observations of convection in a uniform magnetic 

field are most likely pertinent only to the interiors of sunspots or active 

regions (or, perhaps, laboratory experiments).  It is of real interest to 

examine a situation where magnetic fields are nonuniform and highly 

localized, as is more typical of the SunÑfor instance, in the spatially 

intermittent magnetic network of the quiet Sun, which is associated 

with the boundaries of supergranule convection cells.  Comparatively 

few simulations have been done of cellular convection possessing 

intermittent but dynamically significant magnetic fields, because of the 

larger range of spatial scales that must be resolved.  Stein, Brandenburg, 

& Nordlund (1992) have made such an attempt, in 3DÑand they did 

meet with some success in reproducing various features of the solar 

granulation, such as the clustering of quite narrow flux tubes into the 

downdraft regions with an inhibition of the velocity fluctuations, plus 

a reduction in the size of the convection cells as seen at the surface.  

But it is mainly evidence from observations, rather than simulations, 
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that provides the impetus for the work to be described in subsequent 

sections of this paper; and so, it will be apropos next to review some 

pertinent observations of magnetic fields on the Sun.

Recent data on the solar magnetic network and its relation to the 

supergranules have been provided by the videomagnetogram (VMG) 

system at Big Bear Solar Observatory (BBSO) (Zirin 1988).  It has been 

known for some time that on the quiet Sun, vertical magnetic fields 

emerge from the photosphere in isolated and highly concentrated 

Òmagnetic elements,Ó and that these regions of high magnetic flux 

congregate preferentially at the downflowing supergranule boundaries, 

as shown by forming a cross-correlation of a VMG with a Dopplergram 

of the horizontal velocity field (Wang & Zirin 1988; Wang 1988b).  

There is reason to believe on theoretical grounds that magnetic fields 

in the photosphere are even more concentrated than one is able to see:  

the typical quiet-Sun mean field strength of 5-10 gauss may be locally 

enhanced to as much as 1 or 2 kilogauss.  (Magnetic elements need to 

be able to keep intact against the jostling of the surrounding fluid, so 

their internal magnetic pressure B2/8π should be on a par with local 

thermodynamic pressure; simply balancing these two pressures implies 

kilogauss-strength magnetic fields in the photosphere.)  This prediction 

is further reinforced by calculations indicating that weaker vertical flux 

tubes will quickly undergo a collapse to a concentrated state due to a 

convective-type instability (Parker 1978; Spruit 1979; Spruit & Zweibel 

1979).  By the same token, though, magnetic fields of such strength 
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would act to inhibit ÒnormalÓ convection, implying that the filling 

factor of strong elements must be quite small.  Thus, the argument 

goes, what one is really seeing in the BBSO data are concentrated 

Òmagnetic poresÓ whose great intrinsic strength is being washed out 

observationally by the tiny filling factor over the minimum resolved 

area (the latter is set by seeing limitations due to turbulent fluctuations 

in the EarthÕs atmosphere).  There is little reason to disbelieve this 

logic:  in fact, with the recent application of speckle interferometric 

techniques to the observations, there is now some confirmation of the 

existence of magnetic pores (Keller 1992).  But despite the limitations, 

data like the BBSO data remain useful for present purposes, because 

their resolution turns out to be comparable to the resolution of the 

simulation code to be presented in the sections to followÑwherein 

smaller-scale structures are similarly neglected.

Another striking feature of the BBSO VMG data is that it shows the 

magnetic network to be a dynamic entity:  a population of sorts, in 

which individual magnetic elements are born and die, even as they 

contribute to the formation of the greater pattern.  About 1% of the 

magnetic elements are replaced every hour (Wang 1988a).  How these 

elements might be connected to one another above and below the 

surface is unknown.  The magnetic network is built up from a mixture 

of magnetic elements of both polarities, which are present in nearly 

equal numbers, and each one of these unipolar elements seems to 

execute a random walk of its own aroundÑand sometimes throughÑ
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the shifting web of supergranule boundaries.  Undoubtedly, the 

underlying magnetic topology is very complicated, but it suffices to 

state here that the network is a far-from-static phenomenonÑit is a 

consequence of magnetoconvection dynamics.  

It happens that it is not difficult to induce complicated dynamical 

behavior in nonlinear MHD simulations, even in fairly simple cases 

such as the 2D Boussinesq magnetoconvection work cited above.  And, 

even without magnetic fields, Ginet and Sudan have demonstrated 

that dynamical chaos can and does occur in 2D simulations of anelastic 

convection (Ginet 1987; Ginet & Sudan 1987).  This paper extends the 

previous work of Ginet and Sudan to include fully nonlinear MHD 

interactions.  Magnetic flux is resupplied at the bottom boundary in 

order to replenish diffusive losses; such losses will occur due to the 

condition imposed at the top boundary, where the field is required to 

match onto a decaying, potential-field solution in the vacuum region 

above.  The boundary conditions in particular distinguish the present 

work from that of others (Arter 1983, Weiss 1991).  The goals of this 

study will be:  first, to see the effect of the magnetic fields on fluid 

motions; and then, conversely, to observe the effects of the motion on 

resultant magnetic structures, particularly at the top boundary.  In a 

second paper directly following this one (Lantz 1993, hereafter referred 

to as Paper II), it is demonstrated that a Òlow-orderÓ or highly truncated 

Galerkin model works very well to explain qualitatively what is seen 

in these magneto-anelastic simulations.  The reader should note that 

- 9 -



A

both this paper and Paper II are accompanied by videotape segments to 

aid in the visualization of the dynamics.

In Section 2, the mathematical model underlying the simulations 

is presented, with attention to its physical basis and to the selected 

parametrization and boundary conditions.  An overview of the results 

of 2D supercomputer simulations is given in Section 3, emphasizing 

the novel phenomena that were encountered and their ÒphotosphericÓ 

magnetic signatures.  Concluding remarks are offered in Section 4.
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2.  MAGNETO-ANELASTIC MODEL EQUATIONS

A useful mathematical model for many astrophysical situations is 

the Òanelastic approximationÓ of Gough (1969) which was proposed 

earlier by Ogura and collaborators (Ogura & Charney 1960; Ogura & 

Phillips 1962).  A recent and very clear derivation of these equations 

has been provided by Gilman & Glatzmaier (1981).  Magnetic fields 

were introduced into the approximation by Ginet & Sudan (1982) and  

by Glatzmaier (1984).  However, the anelastic approximation really has 

much deeper roots, going back to the standard one-dimensional model 

of astrophysical convection known as Òmixing length theoryÓ (MLT).  

MLT anticipates one of the fundamental assumptions of the anelastic 

approximation:  it says that a stellar convection zone will tend to a state 

so close to adiabatic and hydrostatic equilibrium that it should be 

possible to regard convective motion as a perturbation superimposed 

upon a non-convecting Òreference stateÓ (Schwarzschild 1958; see also 

Clayton 1968).  Accordingly, MLT yields the proper set of scalings to 

utilize in a perturbation expansion about a zero-order (O(1)) static 

equilibrium, because it describes scaling relationships among the first-

order (O(ε)) variables for motions driven by buoyancy forces.

2.1  Relation to Mixing Length Theory

The small parameter ε of the anelastic approximation, which 
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indicates the scale of perturbations relative to the background, has a 

direct relation to a superadiabatic gradient determined by mixing 

length theory.  The MLT superadiabatic parameter, denoted ∆∇, is a 

nondimensional number defined by

 ∆∇  ≡  






dlnT

dlnp
 − 

δpr
*

cp 





(1)

wherein T is temperature, p is pressure, δp ≡ −(∂ lnρ /∂ lnT )p  is the 

dimensionless coefficient of thermal expansion (equal to 1 for an ideal 

gas), r
*
 ≡ R

*
µ

*
−1 is the universal gas constant divided by the average 

mass per particle, and cp is the specific heat at constant pressure.  It is a  

principal finding of MLT that ∆∇ is a very small quantity for deep 

convection in starsÑfor example, it is 10−5 or so at the presumed base 

of the supergranular cells in the Sun.  This number is determined by 

equating the known surface solar energy flux, L . /(4πR .2 ), to a mixing-

length estimate of the convective heat flux Fconv due to a buoyancy-

driven vertical velocity vz in a (constant) gravitational field g,

L . /(4πR .2 )  =  Fconv  ≈  ρ0T0cpvz .(∆∇)  , (2)

where     vz  ≈  [δpgH.(∆∇)]1/2  , (3)

then solving for the order of magnitude of ∆∇.  Here, the mixing 

length has been set equal to a pressure scale height H; estimates of the 

other quantitiesÑsuch as the mass density ρ0Ñare based on an 

adiabatic and hydrostatic background stratification, which can then be 

justified a posteriori, once ∆∇ is proved to be small.

- 12 -



A

It is precisely the smallness of this ∆∇ parameter that is exploited in 

the anelastic approximation.  One begins by assuming the temperature 

(for instance) can be expressed as

T(x,t) = T0(z) + εT1(x,t) + ε2T2(x,t) + . . .  (4)

where the numbered subscript on an expansion variable on the right 

hand side refers to its order in ε.  Notice that the lowest order depends 

on height z only.  First-order fluctuations thus scale as ε ~ T1/T0.  But 

equation (2) suggests that ε  ~ ∆∇, making ∆∇ the appropriate measure 

of the relative smallness of the fluctuations.  It is easy to show that 

(∆∇)1/2 is also related to the Mach number, as follows.  The speed of 

sound cs at any given depth is

cs  ≡ 
 



∂p

∂ρ  


s

1/2

  ≈  
 





d p0/dz

dρ0/dz  





1/2

  =  
 





−ρ0g

dρ0/dz  





1/2

  ~  (gH)1/2  , (5)

where the same assumptions that led to equations (2) and (3) have been 

exploitedÑthe adiabatic assumption permitted equating derivatives at 

constant specific entropy s to derivatives in z, and hydrostatic balance 

was also invoked.  Then, by equation (3), one verifies that the Mach 

number M ≡ vz/cs ~ (∆∇)1/2.  This is an overall scaling for components 

of the velocity v, making it clear that the flow must be occurring at low 

Mach number, and this is what enables one consistently to filter out 

the sound waves in the anelastic approximation, via an assumed 

ordering of ∂/∂t ~ v.∇∇∇∇ ~ O(ε1/2).  An analogous reasoning process is 

implicit in the more familiar incompressible hydrodynamic equations 
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(Zank & Matthaeus 1991).  Again, in any purported solution to the 

anelastic equations, this low-Mach-number assumption must be borne 

out a posteriori, or else the results are invalid physically.

Magnetic fields may be added to the model in a straightforward way 

provided they are not too strong (Ginet & Sudan 1982; Glatzmaier 

1984).  To avoid upsetting the original O(1) hydrostatic equilibrium, it is 

clear that the magnetic field must scale with velocity, as O(ε1/2)Ñor to 

put it another way, the Alfve«n-speed-to-sound-speed ratio vA/cs must 

be small.  This translates to a condition on the plasma beta parameter:

β  ≡  
8πp

B2
  =  

4πρ

B2
 . 

2p

ρ
  ~  

cs
2

vA
2

  ~  ε−1   . (6)

But this high-β condition does not relegate the magnetic field B to a 

merely passive roleÑconvection is after all driven by the fluctuations, 

whereas β pertains to the equilibrium, which here serves as nothing 

more than a backdrop to the dynamics.  In fact, the magnetic pressure 

B2/8π is generally of the same order as the fluctuating fluid pressure p1; 

and it is therefore significant dynamically, as will be seen later.

One must next decide how to treat the dissipation terms in the 

proposed magneto-anelastic perturbation expansion.  Inside stars like 

the Sun, all physical diffusion coefficients, whether of viscosity, 

conductivity, or resistivity, are extremely small, in the sense that their 

associated Reynolds or Pe«clet numbers are huge (primarily because the 

convective structures of interest are enormous), indicating that the 
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nonlinear process of advection dominates over any linear processes of 

dissipation.  Such a high degree of fluid turbulence poses problems for 

direct numerical simulation, because limitations on computer memory 

and processor speed greatly restrict the dynamic range of wavenumbers 

and frequencies that can be resolved.  The only feasible option is to 

assume that dissipative terms are standing in for subgrid-level 

turbulence.  In that case, it is reasonable to scale an arbitrary diffusion 

coefficient, say K ~ vzH ~ O(ε1/2), where K is an eddy diffusivity based 

on the large-scale velocity.  This puts advection and diffusion back on a 

more equal, and more manageable, footingÑalthough this comes at 

the expense of the usual laboratory-based interpretation of the physics.  

Particular care must be taken in the interpretation of the conduction 

term ∇∇∇∇.(κ∇∇∇∇T) in the equation of heat transfer; the subgrid model for 

this term is really ∇∇∇∇.(ρ0T0K∇∇∇∇s) ≈ ∇∇∇∇.(κ∇∇∇∇T1) where κ ≡ ρ0cpΚ is the 

Òturbulent eddyÓ thermal conductivity, representing random mixing of 

entropy at the small scales (Lantz 1992).  Thus, κ  stands for that portion 

of the convective heat transfer that is not being resolved numerically:  

it is not at all the thermal conductivity in the usual sense.  So it is clear 

that here, a calculation to find the Òonset of convectionÓ will signify 

not an initial instability to bulk motion as it overcomes the dominance 

of pure conduction, but rather the initiation of motion at the largest, 

numerically resolved scales, over and above a milieu of unresolved, 

small-scale turbulence.
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2.2  The Magneto-Anelastic Equations in Two Dimensions

In the anelastic approximation, the perturbation expansion one 

must perform is necessarily more subtle than simply writing out all 

the variables in powers of ε, because, as the mixing-length analysis 

indicates, the velocity must scale to lowest order as ε1/2.  To cope with 

the fact that different variables can have different relative scalings, a 

two-step approachÑwhich might best be dubbed a Òscaled-variable 

expansionÓÑis generally implemented.  The complete derivation of 

the magneto-anelastic equations will not be reproduced here, since it 

has been adequately treated in other sources (Gilman & Glatzmaier 

1981; Ginet 1987; Lantz 1992).  With their dimensional units restored, 

the equations that form the starting point of this study are as follows:

Momentum  Equation:

 O(1),      
d p0

d z
  =  −gρ0    (hydrostatic balance)  , (7)

O(ε),      ρ0 
 



∂v

∂t
 + (v.∇∇∇∇)v

 

   =  −∇∇∇∇p1 − gρ1ẑ  + 

1

4π
(∇∇∇∇×B)×B + ∇∇∇∇.σσσσ′ (8)

with viscous stress tensor,    σi j′   ≡  µ 
 





∂vi

∂xj
 + 

∂vj

∂xi
 − 

2

3
(∇∇∇∇.v)δij 




  ; (9)

Entropy Equation: 

O(ε1/2),      s0  =  const.    (adiabatic stratification)  , (10)
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O(ε3/2),   ρ0T0 
 



∂s1

∂t
 + (v.∇∇∇∇)s1 


   =  ∇∇∇∇.(κ∇∇∇∇T1) + 

η
4π

∇∇∇∇×B
2

 + (σσσσ′.∇∇∇∇).v ; (11)

Continuity Equation:

O(ε 1/2),      ∇∇∇∇.(ρ0v)  =  0  ; (12)

MHD OhmÕs Law:

 O(ε),      
∂B

∂t
 + ∇∇∇∇×(v×B)  =  ∇∇∇∇×(η∇∇∇∇×B)  , (13)

with initial condition,    ∇∇∇∇.B  =  0  ; (14)

Equation of State:

O(1),      p0  =  r
*
ρ0T0   , (15)

O(ε),      
ρ1

ρ0
  =  αT

p1

p0
 − δp

T1

T0
  ; (16)

First Law  of Thermodynamics:

O(1),      T0ds0  =  0  =  cp d T0 − δp

d p0

ρ0
      ⇒      

d T0

d z
  =  − 

δpg

cp
  , (17)

O(ε),      T0s1  =  cpT1  − δp

p1

ρ0
      ⇒      s1  =  cp 

T1

T0
 − r

*
δp

p1

p0
  , (18)

where the generalized thermodynamic coefficients are cp = cp(p0,T0) 

and  r
*
 = R

*
.µ

*
−1(p0,T0); and the nondimensional coefficients of 

- 17 -



A

isothermal compressibility and isobaric expansion are defined to be

αT ≡ 
 



∂lnρ
∂lnp  



T,0

= 1+
 



∂lnµ
∂lnp

*
 


T,0

,  δp ≡ −
 



∂lnρ
∂lnT  



p,0

= 1−
 



∂lnµ
∂lnT

*
 


p,0

. (19)

Note that αT = δp = 1, and cp = 5r
*
/2 = const., for a 3D ideal gas, which is 

what will be assumed throughout this paper.  Again, the lowest-order 

variables depend on height z only.

Use of the magneto-anelastic approximation turns out to confer a 

number of advantages computationally.  First, sound waves have been 

eliminated by virtue of the weakening of full compressibility implicit 

in equation (12); this permits one to take larger time steps.  Moreover, 

the degree of nonlinearity in the hydrodynamics has been reduced, as 

ρ0(z) becomes merely a prescribed function.  Thus, after one applies 

hydrostatic balance (eqn. (7)) and the adiabatic condition (eqn. (17)), the 

z-dependence of all zero-order variables is specified once the values of 

any two of them have been specified at a reference level zr.  This 

reduction in the number of variables that must be time-advanced goes 

still further if one restricts the equations to two dimensions.  In planar 

geometry, the divergence-free condition on the momentum, equation 

(12) again, allows one to define a momentum stream function ϕ(x,z):  

ρ0(z)v(x,z) = ŷ ×∇∇∇∇ϕ(x,z).  For magnetic fields lying in the (x,z) plane, one 

can similarly use ∇∇∇∇.B=0 to define an analogous magnetic flux function 

ψ(x,z):  B(x,z) = ŷ ×∇∇∇∇ψ(x,z).  A closed set of 2D equations is then found by 

taking the curl of equation (8), to obtain a rule for the time advance of 
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ϖ ≡ ∇2ϕ , and also the divergence of equation (8), to obtain an elliptic 

equation for p1 which must hold at each instant of time t.  Finally, one 

additional elliptic equation must be solved at each time t in order to 

extract ϕ from ϖ.   (There is no analogous equation involving ∇2ψ 

because equation (13) permits one to time-advance ψ directly.)  In two 

dimensions, then, the magneto-anelastic equations are reduced to time 

evolution equations for the three quantities ϖ, ψ, and s1, plus elliptic 

equations that hold at each time step for the quantities ϕ and p1.

Recorded below are the 2D equations upon which the simulation 

results of this paper are based.  The dynamic viscosity µ,  the thermal 

diffusivity κ, and the magnetic diffusivity η have all been taken as 

constants.  (Notice that these three quantities differ in their physical 

units; only η has the dimensions of a true diffusion coefficient.)  The 

equations are otherwise perfectly general, and in particular, they are 

not dependent on the form of any equation of state.

Momentum  Vorticity Equation:

∂ϖ
∂t

 + 
∂
∂x  





ϖ
ρ0

∂ϕ
∂z  




 − 

∂
∂z  





ϖ
ρ0

∂ϕ
∂x  




  =

∂
∂x  




1

2ρ0h  



∂ϕ
∂x

 − 
∂ϕ
∂z  


  



∂ϕ
∂x

 + 
∂ϕ
∂z  


  



 + 

∂
∂z  




1

ρ0h  



∂ϕ
∂x

∂ϕ
∂z  


  



 + g 

∂ρ1

∂x
 +

 
1

4π  





∂
∂x  


∇⊥

2 ψ
∂ψ
∂z  


  − 

∂
∂z  


∇⊥

2 ψ
∂ψ
∂x  


  




 +  µ ∇⊥

2

 





ϖ
ρ0

 + 
1

ρ0h

∂ϕ
∂z  




  , (20)
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where      ϖ  ≡  ŷ .∇∇∇∇×(ρ0v)  ,    ρ0v  ≡  ŷ×∇∇∇∇ϕ  , (21)

implying      ϖ  =  ∇⊥
2 ϕ   ,    with      ∇⊥

2   ≡ 
∂2

∂x2
 + 

∂2

∂z2
  ; (22)

 and      
1

h
  ≡  −

1

ρ0

dρ0

d z
  =   

 







αT

r
*

 − 
δp

2

cp  







g

T0
  . (23)

Entropy Equation:  

T0 
 




ρ0

∂s

∂t
 +

∂
∂x  


s

∂ϕ
∂z  


  − 

∂
∂z  


s

∂ϕ
∂x  


  




  =  κ∇⊥

2 T1 + η∇⊥
2 ψ

2
 +

µ

ρ0
2  





 

−

∂2ϕ

∂x2
 + 

∂2ϕ

∂z2
 + 

1

h

∂ϕ
∂z  




2

 +  
2

∂2ϕ
∂x∂z

 + 
1

h

∂ϕ
∂x  



2

 + 
1

3  



1

h

∂ϕ
∂x  




2

 






  . (24)

Pressure Equation:
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Flux Function Equation:
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with     B  ≡  ŷ×∇∇∇∇ψ  . (27)
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To the extent possible, the above equations have been written in 

Òconservative form,Ó so that most terms appear as a derivative of one 

of the space variables; this is a desirable property for the finite-

difference (or more precisely, finite-volume) discretization scheme that 

was employed.

In most finite-difference methods to solve a given set of partial 

differential equations, it is the widely-known Courant-Friedrichs-Lewy 

condition that restricts the maximum allowable time step.  By using 

the magneto-anelastic approximation, this condition is reduced in its 

severity:  the upper limit that would normally applyÑin the case of the 

full MHD equations in the high-plasma-β limit considered here, it 

would be the sound transit time across a grid spacingÑis increased by 

several orders of magnitude (by approximately a factor of M−1.Re1/2 

where Re is the Reynolds number), to be the viscous diffusion time 

across this smallest resolved distance.  Again, this is perhaps the most 

significant computational advantage of the magneto-anelastic model:  

one does not have to resolve acoustic waves, which are presumably 

unimportant in the low-Mach-number energetics of the system.  

Recent simulations have given some evidence that acoustic modes are 

capable of transporting a significant heat flux, depending on how the 

boundary conditions are imposed (Hossain & Mullan 1991, 1993); 

however, this is still a matter of some controversy.
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2.3  Definition of Nondimensional Parameters

The task of mapping out the behavior of the magneto-anelastic 

equations is difficult, because the parameter space of the magneto-

anelastic equations is defined by eight (or more) coordinates.   For the 

problem at hand, the physical, dimensional constants that are required 

to specify the systemÑthe ÒcgsÓ parametersÑcan be assigned to four 

different categories and enumerated as follows:  reference parameters, 

{ρr, Tr , (∇s)r , Br}; physics parameters, {g, r
* , cp}; diffusion parameters, 

{κ, µ , η }; and geometry parameters, the depth and width of the domain, 

{d, L}.  (Two dimensionless constants, δp and αT , are ignored because 

they are naturally equal to unity anyway, for the ideal gas which will be 

assumed.)  Four out of the twelve parameters are needed to define the 

physical mass, length, time, and temperature scales, leaving a total of 

eight free parameters.  These are usually rearranged into dimensionless 

combinations.  There is of course no unique way to write down such 

combinations; in fact, one can choose among an infinite number of 

alternatives, depending on how one happens to group together the 

various factors.  Table 1, which constitutes the main parameter set for 

this paper, is just one of the possibilities.

It is important to realize that in the magneto-anelastic equations, 

all of the Òcgs parametersÓ listed above are really depth-dependent 

functions, at least in principle.  But typical dimensionless combinations 

of these quantities, like the Rayleigh number, are simply scalars in the 

- 22 -



A

usual definitions.  To define these scalar dimensionless parameters 

uniquely, one must specify some level zr at which the cgs parameters 

are to be evaluated.  The values of the temperature, density, and so on 

at this level will additionally serve to normalize their corresponding 

functions of depth.  In this paper, the assumption of an ideal gas, plus 

the choice of certain dissipation coefficients and the gravitational 

acceleration to be constants, means that only a few cgs parametersÑ

those categorized as ÒreferenceÓ parameters aboveÑneed to be specified 

at the level zr.   Such depth-indexed quantities are marked, both above 

and in Table 1, with an ÒrÓ subscript.  Of course, in order for the whole 

problem to be well-defined, the full depth dependence of the reference 

quantities must be determined, and this task is covered in Section 2.4.

Regardless of how one chooses to label the eight axes of parameter 

space, it is clear that to explore more than a tiny subspace of this multi-

dimensional volume via large-scale simulation would be a practical 

impossibility.  Commonly, one limits oneÕs sampling by fixing most of 

the parameters and varying only one or two of them.  Since the main 

concern here is for magnetic effects, a number of the purely fluid 

 parametersÑ namely, ε  , a  , G  , S ,  and the product R .PÑ  will never be

altered.  The quantities to be varied are the ratio R/P (the Grashof 

number, corresponding to the dynamic viscosity µ), the magnetic 

Prandtl number M (corresponding to the magnetic diffusivity η), and 

the Chandrasekhar number Q (corresponding to the horizontal 

magnetic field at the bottom boundary, Bx0).  A perfectly acceptable 
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alternative is to express µ, η, and Bx0 in their natural units.  Generally 

the nondimensional parametrization is the one that is preferred, but 

physical units will frequently be cited to aid in interpreting the results 

in the context of solar physics.  In addition, there are two alternative 

dimensionless parameters that will prove to be especially useful.  The 

Reynolds number Re ≡ vrmsd(µ/ρr)−1 is a measure of fluid turbulence, 

while the magnetic Reynolds number, Rm ≡ vrmsdη −1 is a similar 

measure of magnetic turbulence.  Because these numbers depend on 

vrms, the root mean square of the fluid velocity, which varies during 

the course of a run, these particular dimensionless numbers are not the 

optimal nondimensional forms for µ and η.  But they are helpful in 

characterizing the type of fluid flow one expects to see, in the video, e.g.

For the runs covered in this paper, many of the parameters will be 

kept fixed.  Their values at the midplane, in cgs units, are as follows:  

ρr=3.01×10−6; Tr=3.69×104; (∇s)r=2.99×10−3; g=2.74×104; r
*
=8.248×107 

(atomic hydrogen); cp=2.062×108; κ=3.848×1014; d=L=4.297×108.  The key 

to translating from the remaining physical (µ, η, Br) to nondimensional 

(P or R, M, Q) units is then:  P=5.37×10−7µ, implying R=6.56×1010µ−1 at 

the midplane, because R=3.52×104P−1 there (see Sec. 3); M=1.61×10−12η, 

also at the midplane; and Q=1.47×1016Bx0
2 µ−1η−1, bottom.  Notice that 

all the reference values are taken at the midplane, except Br=Bx0 in the 

definition of Q, where Bx0 is the horizontal magnetic field imposed at 

the bottom.  The form of a parameter deemed most appropriate to 

understanding the physics of a particular run will be the one stated.  
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For further details on the nondimensionalization and parametrization 

of the magneto-anelastic equations, see Section 3 and also Lantz (1992).

2.4  Background Stratification and Boundary Conditions

To specify completely the problem at hand, the scalar parameters 

presented in Table 1, together with equations (20) through (27), must 

now be augmented with explicit functions for the depth dependence of 

the lowest-order thermodynamic functions, plus all requisite boundary 

conditions.  The first of these situations can easily be rectified.  Since 

the background quantities ρ0(z), T0(z), etc. are assumed to be related by 

an ideal gas law with r
*
 = const. and cp = 5r

*
/2, one can prove that the 

adiabatic condition, as it is given in equation (17), will require the zero-

order stratification to obey a polytropic law:  (p0/pr) = (ρ0/ρr)γ, where γ 

is equal to 5/3.  This can immediately be put together with hydrostatic 

balance (eqn. (7)) to arrive at

p0

pr
 = 

 







zt − z

zt − zr  







m+1

,   
ρ0

ρr
 = 

 







zt − z

zt − zr  







m

,     with     m  = 
1

γ − 1
 = 

3

2
(28)

where zt marks the ÒtopÓ of the fluid, at which level p0 = ρ0 = 0.  

Working back from equation (28), one can show that both T0 and the 

temperature scale height are linear in (zt − z).  Since the S parameter is 

the ratio of the zone depth to the temperature scale height, it is S that 

determines the location of zt.  Likewise, G determines the value of γ, 
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and thus specifies the polytropic index m.

To drive this configuration unstable, an excess is imposed in the 

constant value of the temperature gradient, beyond its adiabatic value 

from equation (17).  In effect, the polytropic index is shifted from m=1.5 

to m=1.49; this small shift is reflected in the smallness of the expansion 

parameter ε as defined in Table 1.  As the entropy gradient departs from 

zero, initial perturbations can grow, and their subsequent evolution is  

governed in part by their initial and boundary conditions.  There are 

five different variables to be discussed in this context:  ϖ, s1, ψ, ϕ, and 

p1.  Initial data must be provided for the first three of these functions of 

(x, z, t), while the initial states of ϕ and p1 can be computed from their 

instantaneous elliptic equations.  Initial conditions in this paper were 

taken from a prescribed set of small, random fluctuations; the same set 

was used for all runs.  But many runs were continuations of the final 

state of others, and more will be said on this in Section 3.1.

For the boundary conditions, it is appropriate to let simplicity guide 

many of the choices, especially in the absence of clear-cut solar models.  

Computationally, it is most convenient to have rigid walls situated at 

the top and bottom, where the temperature and pressure are fixed, and 

this common practice is also followed here.  For all variables, a periodic 

condition is prescribed in the horizontal direction.  Additionally, the 

velocity field is made to be horizontal-stress-free, at the top and bottom, 

which gives boundary conditions on ϖ in terms of ϕ; specifically, the 

condition that prevails at both top and bottom is
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vz = 0  ,    
∂vx

∂z
 = 0      ⇒      ϕ = const.  ,    ϖ = −

1

ρ0h

∂ϕ
∂z

   . (29)

Taking the constant value of ϕ to be identical (equal to 0, e.g.) at both 

boundaries ensures that the frame of reference is not moving laterally.

The pressure boundary conditions are linked to global conservation 

of mass (Ginet 1987).  The pressure integration is split into two parts, 

conceptually:  (i) an integral equation for the horizontally-averaged 

pressure 〈p1〉, which comes from applying the mass-conserving and 

periodic conditions to a direct x-integration of equation (8); and (ii) an 

elliptic equation for the remaining, fluctuating pressure, p1′  = p1 − 〈p1〉.  

This procedure has been recorded at length by Lantz (1992).  The end 

result is that 〈p1〉 must be allowed to vary in a well-defined manner at 

the boundaries in order to conserve the total mass integral within the 

simulated region, while p1′  and T1 are set to be zero at the boundaries.  

All this, when taken together, constitutes a boundary condition on s1 

through the various thermodynamic relations.  While there appear to 

be ÒextraÓ derivatives in some equationsÑi.e., beyond second orderÑ

no further conditions are needed in these cases, because the equations 

in question (ϖ and p1′) do not require time-stepping at the boundaries, 

where the possible higher-order conditions would enter.

The boundary conditions on ψ warrant special attention due to 

their importance.  Making the top and bottom walls perfect electrical 

conductors would be the simplest choice, but this would disallow the 
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transport of magnetic flux across the boundariesÑa process which is 

necessary for flux emergence to occur, and which may be significant for 

the solar cycle (Golub et al. 1981).  Since the nature of emerging flux is 

of interest to observers, boundary conditions were adopted at the top 

which permit field lines to penetrate out into a perfectly insulating, or 

vacuum, region.  Requiring that this vacuum field die away at large 

distances constrains the allowed form of the flux function ψ that can 

appear at the top boundary.  In particular, ψ must match smoothly onto 

a solution of the Laplace equation ∇⊥
2 ψ = 0.  Simple continuity of B 

leads to a condition on {ψ̂(kx)}, which is the set of Fourier components 

of ψ  (recall ψ is periodic in x):

∂ψ̂(kx)

∂z
  =  −kxψ̂(kx)  ,   top (30)

Numerically, fast Fourier transform techniques can be employed to 

enforce equation (30) at the top.  This condition, unlike a perfectly 

conducting wall, permits field lines to Òescape to infinity,Ó leading to 

the ultimate decay of the initial magnetic field, if the bottom boundary 

is a perfect conductor (Bz = −∂ψ/∂x = 0, at bottom).  Thus, magnetic flux 

must be continually replenished at the bottom boundary in some 

wayÑfor example, by fixing the electrostatic field E (so that Ey = ∂ψ/∂t = 

const.) or by fixing the horizontal magnetic field (Bx = ∂ψ/∂z = const.) 

there.  Each of these techniques is examined in more detail in Section 3, 

where the full synopsis of numerical methods is given.
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3.  RESULTS OF SIMULATIONS

A computer program has been devised to calculate approximate 

numerical solutions to the 2D magneto-anelastic equations outlined in 

the previous section.  This computer code falls into the technical class 

of a finite-difference predictor-corrector method for solving a set of 

partial differential equations; it is accurate to second order in both space 

and time.  The method is a direct adaptation of the anelastic algorithm 

constructed by Ginet which is described in detail in his Ph.D. thesis 

(Ginet 1987).  Conceptually, the magneto-anelastic equations are time-

advanced on a rectangular, two-dimensional grid, on which space and 

time derivatives are approximated by their representative centered 

differences, for optimum accuracy and stability.  (Note that centering in 

time is accomplished by means of the corrector steps, i.e., it becomes 

possible to compute the time-centered differences once the predictor 

step has projected ahead the variablesÕ values at each grid point.)  In the 

case of the elliptic equations, a fast Fourier transform is first performed 

in the periodic, horizontal direction, resulting in a set of simultaneous 

finite-difference equations in z, which can be solved as tridiagonal 

matrix inversions.  The precise finite-difference formulas that have 

been used are not recorded here, as they have already been documented 

in sufficient detail previously.

Good visual representation of the simulation data is extremely 

important for achieving an understanding of the dynamical behavior 
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of the system in the parameter regime here under study.  Therefore, in 

addition to studying the figures provided in this section, the reader is 

advised to view the accompanying videotape as a way of more fully 

appreciating the complex time dependence inherent in the dynamics.  

A guide to the video is provided at the end of this section.

3.1  Initial Data and Magnetic Field Kinematics

The previous results obtained by Ginet & Sudan (1987) showed a 

remarkable variety of flow patterns, including quasiperiodic and non-

repeating behavior for selected parameter values.  In order to explore 

further their results in this paper, many of the fluid parameters will be 

kept fixed at the same values that Ginet and Sudan adopted, as follows:  

ε = 6.23×10−3; a = 1.0; G = 0.4; S  = 7.0; and the product R.P = 3.52×104.  

These are midplane values; at the top, ε = 2.80×10−2, while R.P = 1790.  

To avoid the arbitrariness of specifying a reference level, the Rayleigh 

number will henceforward be expressed as a multiple of Rc, its critical 

value at the onset of convection when the other parameters are fixed as 

above.  This takes care of the depth-dependence entirely, so one can 

state unambiguously that R.P = 9.8Rc for the Ginet & Sudan runs.

The salient characteristic of nearly all their runs, as they varied R 

and P with the product R.P fixed but without any magnetic fields, was 

the predominance of a single large convection roll stretching across the 

full width of the box.  The chosen aspect ratio of 1.0 was favorable for 
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the formation of such a state, as opposed to a more symmetric state 

with two counterrotating rolls which would be typical of convection 

just above the onset at Rc (and also at larger aspect ratio).  The shear 

flow generated by this periodic array of corotating vortices tended to 

ÒstabilizeÓ the convection, in the sense that heat transport was greatly 

inhibited whenever the shear flow was a maximum.  This had the  

counterintuitive consequence of decreasing the net heat transport with 

growing Rayleigh number (and concomitant shrinking of the Prandtl 

number) in the range 4Rc  <~ R <~ 100Rc.

To determine what effect magnetic fields might have on this kind 

of behavior, it was desirable at the outset to mimic conditions from the 

prior results as closely as possible.  Thus, initial data for the first group 

of runs were created by introducing magnetic fields suddenly into an 

already-evolved fluid solution (here and in Section 3.2).  Alternatively, 

much stronger magnetic fields could be Òswitched onÓ underneath the 

bottom boundary, below a given set of random, small initial velocity 

perturbations (Sections 3.3 and 3.4).  In the first technique, the magnetic 

field, when weak, serves merely as a tracer of the flow (especially for 

low magnetic diffusivity), so reviewing some of these first results will 

give a useful introduction to the unmagnetized flow dynamics.

In the kinematic regime where B2/8π << p1, one expects the fluid 

to behave as if there were no magnetic fields at all.  Figure 1 illustrates 

this passive character of magnetic field evolution in the kinematic 

regime.  No new magnetic flux is being supplied to this Òrun-downÓ 
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calculation, so the initial field must decay away over time.  In this and 

many of the other figures in this section, two kinds of contour plots are 

displayed:  contours of the Òmomentum stream functionÓ ϕ, which are 

streamlines of the flow; and contours of the magnetic flux function ψ, 

which are the magnetic field lines.  Because the presence of magnetic 

fields is dynamically unimportant in these runs, the fluid motions are 

identical to the results of Ginet (1987) for the matching parameters.

The contrast between high and low magnetic diffusivity is in accord 

with expectations.  With lower diffusivity, the field follows more 

closely along streamlines (Figure 1c), and is more prone to intervals of 

turbulence (Figure 1f).  Here and in Section 3.2 only, the initial 

horizontal field was placed in the bottom 10 cells of the domain, and 

the bottom boundary was made to be a perfect conductor.  In most of 

the runs to be covered hereafter, η will be kept at the smaller of the two 

values, the smallest that could be resolved on a 32×32 grid:  5×1010 

cm2/sec, making Rm ≈ 500.  (Henceforth the grid will be 64×64, just to 

make certain.)  This choice of η is motivated by  observations of the 

Sun, where magnetic fields are generally seen to be clumped into tight 

bundles, implying a low diffusivity.  Overall, the number of grid points 

is ultimately constrained by the large number of time steps that must 

be taken to observe long-period motions.  Later, one will see that some 

types of oscillations have periods up to 20 times the eddy overturning 

time.  These may require 105 integration time steps or more to exhibit 

one full cycle on a 64×64 grid.
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For the runs at P = 0.5, R = 19.6Rc, the fluid dynamics is clearly 

dominated by the presence of the one large roll.  The single sign of 

vorticity implies that there is a net vertical shear in the horizontal 

velocity:  and at the top, there is indeed overall motion to the right, 

while at the bottom there is leftward movement.  A clue to what is 

happening is provided by the contour plots of density perturbations in 

Figure 2.   As the shear first tilts over, and then tears apart, the density 

contours, it is as if two rows of convection cells have now been formed, 

one on top of the other.  In Paper II it will be shown how this sub-

pattern of convection is able to ÒbootstrapÓ the shear that created it in 

the first place: it turns out that the shear is reinforced nonlinearly as 

the sub-pattern interacts with the original cellular pattern via the 

Reynolds stress v.∇∇∇∇v.  The nonlinear tilting instability seen in these 

first few runs is a pervasive feature of all the simulations, including 

those done by Ginet & Sudan (1987).  That this is a genuine, symmetry-

breaking bifurcation, and not some kind of asymmetric flaw in the 

code, has been tested by mirror-reversing the initial conditions while 

making the appropriate sign changes in pseudoscalar fields; as expected, 

the subsequent evolution is identical, although mirror-reflected.
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3.2  Nonlinear Dynamics of Magnetic Fields:  Tension vs. Buoyancy

In the dynamical or nonlinear regime, magnetic fields are not 

passively following the fluid motions, but have a substantial back-

reaction upon the plasma, significantly altering the observed pattern of 

convection.  Strong magnetic fields can drastically alter the fluid flow, 

either by exerting drag via magnetic tension, or by driving convection 

themselves through magnetic buoyancy (Parker 1955).  Experience has 

shown that it is difficult to observe both of these effects concurrently in 

a 2D code due to the limitations of the geometry.  When the field lines 

lie in the simulation plane, as they do here, tension tends to dominate; 

whereas when fields are perpendicular to the plane (e.g., Cattaneo & 

Hughes 1988) there is no magnetic tension, and magnetic buoyancy will 

prevail.  In 2D, parallel and perpendicular fields cannot be combined, 

because Lorentz forces in the (forbidden) third direction would arise.  

This is a serious, but not crippling, limitation.

Figure 3 shows results from two integrations of the magneto-

anelastic equations, each of which was started from a quiescent state 

and then run for some time, before it suddenly had a magnetic field 

inserted near the perfectly-conducting bottom.  For the run at the top of 

Figure 3, the peak value of the inserted field is too weak to affect the 

flow; these frames should be compared with the ones directly beneath 

them, which have the same parameters and initial conditions except 

for a 100 gauss (peak) strength of the inserted field.  There is a clear 
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tendency in the lower frames for the field to deflect the flow so that it 

follows along with, rather than crosses, field lines.  Magnetic buoyancy 

is unimportant here:  the tension in the field keeps the flux localized 

near the bottom until it becomes too weak to be buoyant.  If the field is 

made even stronger, say a kilogauss (kG), the field is even less affected 

by the convection, and it acts as an effective wall, until it is sufficiently 

weakened by diffusion.

A further limitation of a 2D finite-difference code having these 

boundary conditions is that the magnetic field will always decay due to 

resistivity.  Even purely numerical resistivity (the lowest possible) 

would lead to the virtual disappearance of appreciable field strength 

after just a few eddy turnover periods.  In Figure 4, an initial 100 gauss 

flux sheet, initially placed roughly two-thirds of the way to the upper 

boundary, has been advected to near the top of the zoneÑexcept for a 

piece of it, which has gotten caught in the downdraft and pulled into 

the main eddy.  The stretching and squeezing of the field at the top 

causes the protrusion of field lines into the vacuum region.  Although 

this eruption event is dramatic in appearance, the field decays so 

swiftly due to the advection and subsequent reconnection of field lines 

that the event has little ultimate influence on the convection.  Such 

activity seems to be independent of the initial field strength, implying 

that magnetic buoyancy is once again irrelevant here.  But the eruption 

is still interesting as a phenomenon caused by passive advection.  The 

full event is portrayed in an animated form in the first video segment.
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3.3  Flux Feeding at the Bottom Using a Fixed Electric Field

To combat the tendency for strong fields to decay away before they 

could have much effect, it was clearly necessary to resupply magnetic 

flux during the simulation, and the most natural way to do it was to 

provide new flux at the bottom boundary.  This is consistent with 

current theories of solar convection, which maintain that the strongest 

magnetic fields will be generated in a stable layer at the base of the 

convection zone (e.g., Schu¬ ssler 1987).  Some experimentation with 

initial and boundary conditions was needed to determine exactly how 

to provide a magnetic field in a stable manner, because in many runs 

very steep gradients in the magnetic field would form near the bottom, 

leading to drastic numerical instability.  Two techniques proved most 

successful in achieving a steady state with high magnetic fields; in one, 

a fixed electrostatic field (proportional to ∂ψ/∂t) is maintained at the 

bottom boundary, while in the other, the horizontal component of the 

magnetic field, or Bx0, is held constant there.  As a solar analog, one 

could imagine a long, magnetically buoyant flux tube arising from deep 

within the Sun, gradually pushing itself into a region of smaller-scale 

convection cells closer to the surface.

The first technique (a Òflux-feedingÓ condition) is best illustrated by 

the second and third video segments, but a verbal description should 

suffice here.  By fixing ∂ψ/∂t, the entry rate of magnetic field lines into 

the system is held constant (ψ labels field lines).  Resupplying flux at a 
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moderate rate to a P = 0.5 quasiperiodic state results in a quasiperiodic 

cycle:  magnetic fields are scooped up from the bottom and made to 

circle around the eddy, and reconnect; then, as the growth of  the shear 

mode reduces the vertical transport, leftover flux relaxes back down to 

the bottom, to be built up for the next scooping episode.  By contrast, 

fixing ∂ψ/∂t for the P = 2.25 (R = 4.36Rc) state results in two steady, 

counterrotating rolls with steady magnetic behavior, in which each 

magnetic field line is pulled along by upwelling fluid, traveling around 

the tops of the eddies on either side and reconnecting with neighboring 

field lines in the downdraft.  In both cases, the convection produces a 

narrow region of flux emergence at the top, centered on the downdraft.

3.4  Fixed Horizontal Magnetic Field at the Bottom Boundary

It was the second flux-regeneration techniqueÑthe fixed-Bx0 

conditionÑthat was used for most of the runs.  The combination of 

fixing Bx0, and starting from a quiescent initial state with extremely 

weak but nonzero perturbations in both the magnetic and velocity 

fields, was found to be the best at producing statistically steady-state 

behavior with strong magnetic fields.  It then became of interest to 

explore how a convecting state might change as Bx0 was ramped up. 

Magnetic fields generally have a stabilizing effect, so it was of particular 

interest to see how Bx0 would influence the previously witnessed 

transition between two-roll, steady flow and single-roll, unsteady, 
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shear-dominated flow that occurs in the vicinity of P = 2.0, R = 4.9Rc 

(Ginet & Sudan 1987).  A series of runs was therefore made just to the 

unstable side of the transition, at P = 1.8 (R = 5.44Rc).  Figure 5 shows 

that in the absence of magnetic fields, there is a nontrivial periodicity 

as t→∞ in the total (i.e., area-integrated) vorticity and in the Nusselt 

number, a dimensionless measure of heat transport.  The temporal 

pattern of these global quantities is consistent with an oscillation that 

has undergone a period doubling en route to chaosÑand chaos is 

precisely what is observed at slightly higher R (Ginet & Sudan 1987; 

Ginet 1987).  (Note that any local quantities would display an additional 

periodicity, due to the horizontal drift of the spatial pattern.)

Several transitions were indeed found to occur as the field strength 

at the bottom was increased.  At low strength, the magnetic fields 

merely caused the oscillations to become irregular, although the same 

basic pattern of alternation between a shear-dominated and a roll-

dominated state persisted, as illustrated in Figure 6.  But, beginning at 

Bx0 ≈ 280 gauss and subsequently, two new and unanticipated states of 

magnetoconvection were identified.  In the first of these, shown in 

Figure 7, the periodically-varying single roll has been replaced by two 

steady counterrotating rolls having unequal magnitudesÑa ÒlopsidedÓ 

pattern.  This is a traveling wave:  the pattern is time-stationary in a 

frame that moves with a steady horizontal velocity, as one can see by 

examining the sequence presented in the figure.  Conservation of 

momentum is not violated by this because there is a background 
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density gradient, so it is possible for the net velocity across a vertical 

plane to be nonzero, even though the net momentum is zero.  Global 

quantities like the Nusselt number are time-stationary.  The physical 

parameters corresponding to this type of behavior are:  Bx0 = 0.5 kG 

(with similar behavior occurring for Bx0 = 0.28, 0.30, 0.35 kG); length 

scale, 4300 km; and velocity, 0.3 km/sec.

Next, in Figure 8, one can observe that for Bx0 = 0.62 kG the 

uniform translation has been converted to a horizontal oscillation, 

because the field has become strong enough to reverse the direction of 

flow at the bottom periodically.  The motion is shown near its leftmost 

turning point.  A large, counter-clockwise rotating eddy is blocked by 

the region of growing magnetic fields, and as it comes to a stop, the 

other eddy grows up and eventually forces the system to roll back the 

opposite way.  After one full cycle there is no net drift in the pattern, so 

this can be categorized as a pulsating wave.  Similar behavior was also 

seen to occur for Bx0 = 0.68 kG.  Clearly this stage serves as a prelude to 

the steady two-roll state, being a compromise of sorts between lopsided 

and symmetric two-roll convection.  One might expect the amplitude 

of this ÒsloshingÓ oscillation to decrease with increasing Bx0.  What is 

surprising about the oscillation is that its period is very much longerÑ

by a factor of 20 to 30Ñthan the eddy turnover period (about 2×104 

seconds), as evidenced by Figure 9.  Animations of both this state and 

the lopsided state are included in the video that accompanies Paper II.

Next, as Bx0 rises up to 0.75 kG, and on through 1.0 kG, the shear 
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mode is suppressed altogether, and the expected symmetric two-roll 

state is attained, as shown in Figure 10.  Figure 10 also shows that a flux 

sheet can be strong enough to be buoyant but still be unable to rise, 

because it is held down by down-flowing fluid and by its own tensionÑ

an effect that may or may not exist in three dimensions, where further 

instabilities may well come into play.  As the magnetic parameter is 

increased in this regime, the magnetic field occupies more and more of 

the domain close to the bottom.  This affords less and less room for the 

convection to take place.  Finally, prior to Bx0 = 1.3 kG, convection is 

stopped completely, and very strong horizontal fields are able to diffuse 

uniformly throughout the zone.  This final state is to be understood as 

a limitation of the 2D model, when given an arbitrarily large source of 

magnetic energy.

The magnetic fields modify the thermal efficiency of the fluid layer 

in an interesting way.  Global heat transport is often expressed in terms 

of the Nusselt number Nu, defined as the ratio of total heat flux due to 

both convection and conduction to the heat flux due to conduction as if 

it could act alone.  This number is conveniently calculated by dividing 

the average temperature gradient at one boundary by the (unstable) 

conductive temperature gradient.  Figure 11 demonstrates that at first, 

magnetic fields actually improve the Nusselt numberÑpresumably 

because the fields are able partially to stabilize the shear and tilting that 

causes the complicated time-dependent behavior.  But as Bx0 grows 

stronger, the convection slows down and ultimately stops, leaving only 
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the turbulent eddy conduction to carry the heat.

In the transitions at P = 1.8, one has seen that a strong magnetic 

field at the bottom influences the fluid flow globally, and therefore, 

observing characteristics of the velocity pattern can reveal something 

about the fluidÕs deeper magnetic character.  Nearer to the surface, it 

appears that magnetic fields are advected by the flow passively.  Thus, 

the surface magnetic fields are a signature or tracer of the underlying 

flow field; and as such, they must have something to say regarding the 

deep magnetic fields.  To illustrate the point, Figures 12 and 13 show 

two of the unique signatures.  Figure 12 corresponds to the ÒlopsidedÓ 

state at Bx0 = 620 kG, and one notices several distinctive features here:  

Bz is predominantly unipolar (in the sense that Bz is peaked more 

sharply in one sign than the other, even though the net flux at the top 

is zero); is concentrated in the downdraft; and is 5 to 10 gauss in peak 

strength.  It thus reflects the skewed nature of the underlying flow 

field.  For the two-roll state, in Figure 13 (Bx0 = 750 kG), Bz is of slightly 

higher magnitude but is now balanced and bipolar in natureÑas it 

must be, from the underlying symmetry in the velocity field.  For the 

intermediate, oscillatory states, Bz is of course time-varying, but similar 

in amplitude and character to the lopsided configuration.

Intuitively, one might expect that the magnetic profile at the top is 

best described by a passive advection model of some kind, since fields 

there are always extremely weak compared to the fields at the bottom.  

In the Appendix, it is shown that the surface fields can be analyzed in 
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terms of a simple advection-diffusion balance, the approach one uses 

naturally to estimate the thickness of any boundary layer.  A key 

feature of the passive advection picture is that the width of the flux 

emergence regionÑthe distance between the two peaks of the bipolar 

magnetic fieldÑis proportional to the square root of the magnetic 

diffusivity η.  This hypothesis was tested by varying η for the two-roll 

state at Bx0 = 750 G.  Figure 14 shows that the separation between the 

opposite-polarity peaks is extremely well fit by a power law that goes as 

(Rm)top
−1/2, corresponding to η1/2.

More precisely, from arguments presented in the Appendix based 

on boundary layer theory, the measured separation ∆ between peaks of 

Bz is theoretically equal to σδ, where δ ≡ (η∂vx/∂x0
−1

)1/2, and σ is an 

O(1) constant, 2.0 < σ <~ 2.6, roughly.  Given that the x-velocity varies 

sinusoidally with a period L (a good approximation for all the pertinent 

simulation runs), one can write ∆/L in terms of a magnetic Reynolds 

number as

∆
L

  =  
σ

2πVmaxLη −1
  =  

σ

4π(Rm)top

 (31)

Taking σ = 2.0 as a lower bound, this relation has been drawn as a solid 

line in Figure 14.  One can see that the estimate it provides is too low by 

about 60%Ñalthough the data is generally fit very well by a −1/2 power 

law (dotted line).  Since the condition (Rm)1/2 >> 1 is not particularly 

well satisfied, some disagreement should not be too surprising.
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3.5  Guide to the Video Visualization

The video gives a fuller description than can be provided verbally 

(or even pictorially) of the magnetic phenomena which have been seen 

in this series of runs of the SUMO simulation code.  The format of the 

frames of the video is much the same as in the preceding figures, 

except that the two kinds of plots are overlaid instead of being placed 

side-by-side:  ϕ contours are the boundaries of colored regions (negative 

ϕ corresponding to shades of red, positive ϕ in shades of green); while ψ 

contours are solid black lines.  The use of colors allows images of ψ to 

be superimposed on those of ϕ with minimal confusion.  Note that in 

some segments of the video, the periodic property is exploited to place 

two identical copies of the simulation region side-by-side.  Over this, 

the extension of the magnetic field above the top boundary (satisfying 

∇2ψ = 0) is depicted against a blue background.  Further explanation is 

provided in the video titles and in the corresponding figure captions 

found within Section 3.
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4.  SUMMARY AND CONCLUSIONS

A variety of magnetically-influenced dynamical behaviors can be 

seen in 2D simulations of anelastic convection.  For the most part, the 

magnetic field provides an extra restoring force that helps to stabilize 

tilting and shearing in the velocity fieldÑbut such stabilization is 

neither immediate nor total.  As the parameter representing imposed 

magnetic field strength is increased, convection that was originally 

highly unsteady is observed to undergo a sequence of bifurcations into 

progressively more regular patterns.  These were found to be, in order 

of increasing magnetic field, a ÒlopsidedÓ traveling wave, a ÒsloshingÓ 

or direction-reversing wave, two steady counterrotating rolls, and a 

nonconvecting state.  With magnetic boundary conditions that feed in 

flux at the bottom and electrically insulate the top, the global dynamics 

are seen to be controlled by the bottom boundary region, while at the 

top, the magnetic fields have been shown to act passively, providing a 

possible signature of the underlying dynamics.

There are a number of implications for solar physics that might be 

drawn from these results.  First, the simulations show that imposing a 

moderately strong field at just one boundary of a convective roll can 

dramatically alter its long-term dynamical behavior and its ability to 

transport heat.  Thus, it is hazardous to neglect such magnetic fields 

when discussing the fluid properties of the SunÕs convection zoneÑ

and this would be true even if the magnetic field were confined to an 
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extremely narrow boundary layer at the bottom.  Qualitative changes in 

the fluidÕs behavior at low Rayleigh numbers due to magnetic fields 

could persist into the turbulent regime, in 3D as well as in 2D.

The connection to solar observations is necessarily more tentative, 

due to the simulationsÕ obvious limitations in resolution, boundary 

conditions, and geometry.  Nevertheless, some intriguing possibilities  

do emerge.  One is that it may be feasible to estimate a Òturbulent eddyÓ 

diffusivity for the upper convection zone, simply by measuring the 

widths of emerging flux regions.  Such regions are currently suspected 

to be composed of even smaller-scale magnetic pores, whose width is 

determined by a local pressure balance; however, it may be that in the 

aggregate, the size of a given clump of these pores (near a supergranule 

boundary, say) is determined by an advection-diffusion balance of the 

kind suggested by simulations.  The simulations have reproduced the 

essential feature of concentrating magnetic flux at the downdrafts.  One  

estimates a photospheric η by using equation (31) plus the available 

data on supergranulation and the magnetic network (Wang 1988a, b).   

Taking Vmax = 0.38 km/sec, L = 3.37×104 km from Dopplergram data 

and ∆ = 3250 km from the autocorrelation of vertical magnetic fields, 

with σ = 2.0 (a Gaussian), one arrives at η = 190 km2/sec.  Wang (1988a) 

has separately measured this effective diffusivity at the photosphere, by 

cross-correlating magnetograms taken at different lag times.  He obtains 

a value for η of 150 to 200 km2/sec, which is in rough agreement with 

the advection-diffusion value.
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One important difference between the simulations and WangÕs 

observational data is that in the latter, the emerging flux elements are 

mostly unipolar.  But simulations could offer an explanation for such 

an apparent predominance of  ÒunipolarÓ flux elements:  they might 

really be bipolar in nature, but possessing a highly skewed distribution 

due to translational motion.  Reentrant flux of the ÒmissingÓ polarity 

would be too spread-out to be noticeable by comparison (cf. Figure 12).  

Turning to solar data, again, one can look at the degree of tilting of a 

typical magnetic element as being a good indicator of the proximity of 

strong fields of opposite polarity; the higher the tilt, the closer together 

the poles.  Surface fields on the Sun are commonly seen to be tilted 

over by 6 to 35 degrees, with an average of 10° or so (Topka et al. 1992).  

This compares more favorably with the 20° angle seen in ÒskewedÓ 

simulations than it does with the 30° and more in symmetric casesÑ

just as expected.  Better evidence for the existence of fundamentally 

bipolar but skewed fields would be provided by a negative dip in the 

autocorrelation curve of the vertical magnetic field.  This could occur 

at a distance extending as far as L/2, where L is the supergranule size of 

around 30,000 km.  Here, unfortunately, the conjecture is not borne out 

very well by observations (Wang 1988a), although this could be due to 

an overall imbalance of positive and negative flux in the region that 

was under study.

In all these comparisons, the validity of the conclusions depends 

on whether the assumptions behind the model are justifiedÑwhether 
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features too small to be resolved by telescopes can truly be represented 

by an effective turbulent diffusivity, whether the boundary conditions 

at the ÒphotosphereÓ have been chosen appropriately, etc., all of which 

are open to question.  Still, with this awareness of the restrictions of the 

model, the proposed extrapolations of this numerical study to solar 

physics are not unreasonable.  Perhaps it is more significant, however, 

that the numerical data arising from the model are able to provide new 

insights into basic magnetoconvection dynamics, which are interesting 

in their own right:  these will form the subject matter of Paper II.
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APPENDIX:  2D ANALYSIS OF MAGNETIC FLUX ADVECTION 

NEAR A STAGNATION POINT

The structure of 2D magnetic boundary layers has been elucidated 

by Perkins & Zweibel (1987), who drew upon earlier work by Childress 

(1979).  The approach here is more akin to Bender & Orszag (1978), but 

generalized to 2D.  Assume that close to the stagnation point at the top 

of the downdraft, the velocity can be represented by the linear terms in 

its Taylor series.  Recalling that ∇∇∇∇.v = vzh −1 = 0 at the stress-free upper 

boundary, the steady state situation for ψ is described locally by 





∂vx

∂x 

0 


−x

∂ψ
∂x

 + z
∂ψ
∂z  


   =  η∇⊥

2 ψ  . (A1)

At high Rm, solutions to this Òinner equationÓ can be asymptotically 

matched onto solutions of the ∇⊥
2 →0 Òouter equation,Ó in such a way 

that the boundary conditions are satisfied.  But, rather than perform 

this detailed matching to obtain a global approximation to the answer, 

it will suffice to examine the character of just one class of solutions to 

equation (A1).  Attempting a separation of variablesÑeven though 

technically it is impossible for ψ to obey its top boundary condition 

globally with a solution of this typeÑone can make the substitution 

ψ(x,z) = F(x)G(z) + ψ (where ψ is an adjustable constant) to find

d 2F

dx2
 + x

dF

dx
 + (ν+1)F  =  0  ,      

d 2G

d z2
 − z

dG

d z
 − (ν+1)G  =  0 (A2)
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The equations have been nondimensionalized by δ ≡ (η∂vx/∂x0
−1

)1/2 

which is the natural unit of length in the boundary region.  Equations 

(A2) are reminiscent of the harmonic oscillator eigenvalue problem of 

quantum mechanics except that here the separation constant (ν+1) can 

take on any value.  The solutions in x and z are therefore products of a 

Gaussian with linear combinations of parabolic cylinder functions,

 










 F(x)  =  e−x2/4[a+Dν(x) + a−Dν(−x)]

G(z)  =  e+z2/4[b+D−ν−1(z) + b−D−ν−1(−z)]

 

.

(A3)

In the case of symmetric two-roll convection, F must be an even 

function of x, implying a+ = a−; whereas in the z-direction, b+ = 0 is the 

only way to prevent G from diverging as z → −∞.  (Note that z > 0 is 

outside the domain, so divergence as z → +∞ can be ignored.)  The 

leading behavior of G is z−ν−1 for z → −∞, which restricts ν to ν > −1.  

In addition, ν < 0 is required to prevent multiple inflection points (or, 

extrema in Bz) from occurring at distant x.

The resulting function F(x) is smooth, with a single maximum:  a 

Gaussian with lengthened tails.  The peak-to-peak separation of the 

resulting extrema in BzÑequal to the distance between the zeros of the 

second derivative of FÑranges from a minimum of 2.0 at ν = 0, to a 

limit of about 2.6 as ν → −1.  (It is undefined at ν = −1, which generates 

the function ψ(x,z)  = const.)  By comparison, the peak-to-peak distance 

in simulations was around 3.5 in these same unitsÑbut note that the 
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scaling of δ ∝ η1/2 comes out exactly as expected.  Checking against 

Figure 13, it is evident that the vertical magnetic field could easily be 

fitted by the derivative of a Gaussian with long tails, while the power 

spectrum confirms there is a slightly-faster-than-exponential falloff at 

high wavenumbers.  So, within factors of order unity, it appears that 

the passive advection model does correctly account for the structure of 

magnetic fields near the top boundary, and in particular that magnetic 

Lorentz forces are relatively unimportant there, at least for the cases 

considered in Section 3.

When the reflectional symmetry of the convection is broken by 

tilting, the even-parity solutions can be modified by taking a+ ≠ a− to 

arrive at configurations like those shown in Figure 12.  The boundary 

condition ∫Bz dx = 0 must in this case be maintained by a more spread-

out and asymmetric reentry of vertical flux all across the top surface, 

away from the immediate vicinity of the downdraft.
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TABLE 1:  LIST OF DIMENSIONLESS PARAMETERS

Parameter Definition Name

R
gd4ρr

2(∇s)r
κµ

Rayleigh number

P
µcp

κ
Prandtl number

S
gd

cpTr
Stratification parameter

G
r

cp
* Gas parameter

Q
d 2Br

2

4πµη
Chandrasekhar number

M
ηcpρr

κ
Magnetic Prandtl number

a
L

d
Aspect ratio (width/height)

ε
d(∇s)r

cp
(expansion parameter)
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FIGURE LEGENDS

FIG. 1.ÑContrast of magnetic diffusivities at P = 0.5 (R = 19.6Rc), with a 

perfectly conducting bottom boundary condition, in the kinematic 

regime.  Here, an initial weak Bx is decaying away in time.  Shown at 

left are:  (a) the streamlines of ρ0v; (b) magnetic field lines for Rm = 46 

(η = 5×1011 cm2/sec, M = 0.82); (c) magnetic field lines for Rm = 460 (η = 

5×1010 cm2/sec, M = 8.2×10−2 ).  These same fields are then shown later 

in time, on the right:  (d) the convection flow field, which, like (a), is 

the same for both runs; (e) magnetic field lines, still laminar at high η; 

and (f) the field lines at lower η, showing a tendency to turbulence.

FIG. 2.ÑDensity contours at P = 0.5 (R = 19.6Rc), in the kinematic 

regime.  Density perturbations, (a), stand out better after subtracting off 

their horizontal average, (b).  The presence of net shear in the 

horizontal flow leads to stretchingÑthen breaking, (c) and (d)Ñof the 

perturbed density contours.  The tilted density pattern drives a tilted 

convection flow, which then reinforces the shear nonlinearly.

FIG. 3.ÑContrast of dynamic and kinematic regimes at identical times; 

same parameters as in Figure 2.  (a) streamlines of ρ0v, (b) field lines, 

for very weak, initially horizontal fields; (c) streamlines of ρ0v, (d) field 

lines, starting from a peak field strength of 100 gauss. The stronger field 

is better able to hold itself together against the flow, partly deflecting 
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the fluid to follow along field lines.  Here and elsewhere, solid (broken) 

contour lines denote positive (negative) values of ϕ, the momentum 

streamfunction.

FIG. 4.ÑEruption of a flux sheet through the surface.  Same parameters 

as Figure 2, but in this case, the 100-gauss sheet of magnetic field was 

located nearer to the top, about two-thirds of the way up.  Magnetic 

field lines (solid) have here been overlaid on ϕ contours (broken).

FIG. 5.ÑThe temporal behavior of some global properties of the flow at 

P = 1.8 (R = 5.44Rc), no magnetic fields.  Period-doubled oscillations are 

evident in:  (a) the area-integrated momentum vorticity, ϖ = ŷ .∇∇∇∇×(ρ0v), 

(b) the integral of the absolute value of ϖ, and (c) the Nusselt number 

based on the average of the temperature gradient at the top boundary.

FIG. 6.ÑShowing the two phases of irregularly modulated, oscillatory 

magneto-anelastic convection at Bx0 = 0.18 kG, M = 8.2×10−2; other 

parameters as in Figure 5.  (a) streamlines of ρ0v, (b) field lines, in the 

shear-dominant phase; (c) streamlines of ρ0v, (d) field lines, in the roll-

dominant phase.

FIG. 7.ÑA sequence in time for a run having the same parameters as in 

Figure 5 but with M = 8.2×10−2 and Bx0 = 0.5 kG at bottom.  In the 

absence of magnetic fields, oscillatory convection would result, but in 
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their presence the shearing tendency is partially stabilized, resulting in 

a lopsided pattern that propagates slowly rightward.  Frames (a), (c), (e), 

and (g) show streamlines of the momentum; frames (b), (d), (f), and (h) 

show magnetic field lines.

FIG. 8.ÑA series of snapshots near the turning point of an oscillatory 

state:  (a), (c), (e), and (g), streamlines of ρ0v, and (b), (d), (f), and (h), 

magnetic field lines, for the same parameters as in Figure 5 except Bx0 = 

0.62 kG. The bigger (solid-line) left-rolling eddy runs against a region of 

strong magnetic fields, and as it shrinks, the other (dashed-line) eddy 

grows until it is big enough to push everything back to the right.

FIG. 9.ÑComparing the time histories of oscillations in the sloshing 

and shear/roll modes.   The instantaneous Nusselt number across the 

top boundary is shown (a) for Bx0 = 0.62 kG (cf. Figure 8), and then (b) 

for Bx0 = 0.18 kG (cf. Figure 6).  Only one-half of a period is displayed in 

(a)Ñthe signature in Nu repeats, with the opposite sign of vorticity, in 

the other half-cycle.  The length of the half-period seen in (a) is clearly 

much greater than the characteristic time scale evident in (b); the latter 

arises from the Bx0 = 0 oscillatory behavior (see Figure 5).

FIG. 10.ÑA two-roll steady-state configuration for Bx0 = 0.75 kG; other 

parameters as in Figure 5.  Shown are (a) streamlines of ρ0v; (b) field 

lines; (c) and (d), the horizontal averages of magnetic pressure and the 
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perturbed density, respectively.  The latter shows a dip near the bottom 

due to the effect of magnetic buoyancy.

FIG. 11.ÑThe Nusselt number, a dimensionless measure of the total 

heat transport, as a function of Bx0, the horizontal magnetic field 

imposed at the bottom boundary.  When Bx0 is very high, convection 

is suppressed, and heat transport is purely conductive (Nu = 1.0).  The 

decrease of Nu to 1.0 as Bx0 is increased is not monotonic, however, 

because flows with reduced net shear seem to be able to carry heat more 

efficiently than the time-varying single-roll state at Bx0 = 0, resulting in 

a maximum in Nu for intermediate values of Bx0.

FIG. 12.ÑMagnetic profiles and power spectrum at the top for the run 

of Figure 7.  The flux emergence is skewed, emerging with one sign at 

the downdraft, and reentering in a spread-out fashion with opposite 

sign.  The power spectrum exhibits a quasi-Gaussian character.

FIG. 13.ÑMagnetic profiles and power spectrum at the top for the run 

of Figure 10.  Notice that flux emergence is bipolar with a peak strength 

of 10 gauss, 75 times less than the field at the bottom; that all the flux is 

emerging at the downdraft; and that field profiles are approximately 

Gaussian (or Gaussian-derivative) and centered on the downdraft.

FIG. 14.ÑThe distance between the peaks of the bipolar emergence 
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region (normalized to L), as a function of magnetic Reynolds number 

(Rm)top ; other parameters as in Figure 10.  The solid line is a −1/2 

power law suggested by a simple model of passive advection near the 

surface (see Appendix).  The error bars indicate the uncertainty in the 

leading constant.  The dashed line is a −1/2 power law fit to the data for 

comparison.
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