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Abstract

In this paper we present a technique that uses a new interpolation scheme to recon-
struct a multivariate polynomial factorization from a number of univariate factoriza-
tions. Whereas other interpolation algorithms for polynomial factorization depend on
various extensions of the Hilbert irreducibility theorem, our approach is the first to de-
pend only upon the classical formulation. The key to our technique is the interpolation
scheme for multivalued black boxes originally developed by Ar et. al. [1]. We feel that
this combination of the classical Hilbert irreducibility theorem and multivalued black
boxes provides a particularly simple and intuitive approach to polynomial factorization.

Various versions of the problem of factoring polynomials, that is, writing a polynomial
as the product of polynomials of smaller degree, have been studied for hundreds of years. In
its earliest form it involved obtaining the zeroes of low degree univariate polynomials and
was the subject of public competitions in the 15* and 16" centuries. In this case, the goal
was to find linear factors with coefficients in a radical extension of the rational numbers, Q.

The modern problem was first solved by Kronecker [25] and can be stated as follows.
Let L be a field and P(X,Y3,...,Y;) a polynomial with coefficients in L. P is said to be
irreducible if there do not exist two polynomials Q1,Q2 € L[X,Y1,...,Ys], neither of which
are elements of L, such that P = Q1 - Q2. A complete factorization of P is a set of distinct,
irreducible polynomials P,..., P, such that

P(X,Yi,...,Y,) = Pf1 . P§? ... PE*. (1)

The e; are greater than or equal to 1 and not all of the P; need have positive degree in X
and the Y;.

When P is a univariate polynomial, i.e., n = 0, the following is known: If the coefficient
field L is either a finite field, F, or Fpr, or the rational integers Q then P can be factored
in polynomial time. In the finite field case any of a number of algorithms can be used
[3-5,18,19,29]. When L is equal to Q various lattice reduction techniques can be used to
factor P in polynomial time [26,27,31].



There are two main approaches to the multivariate factorization problem, the Hensel
(or Newton) approach and the modular interpolation approach. Both approaches reduce
the multivariate problem to a univariate or bivariate problem.

Intuitively the Hensel approach proceeds as follows: First, choose a random n-tuple
(y1,...,Yn) € R™ and factor the univariate polynomial P(X,y1,...,ysn). This is viewed
as factorization of P(X,Y1,...,Y,) modulo the ideal m = (Y1 — y1,...,Yn — yn). Using a
constructive version of Hensel’s lemma (or equivalently Newton’s method) this factorization
is lifted to one modulo m?, m3 and so on, until we have a factorization modulo m? where
D is larger than the degree of any variable in P(X,Y1,...,Ys). This must then be a true
factorization of P(X,Y1,...,Ys) [21,35,36,38].

The modular interpolation approach again chooses random values for the variables
Yi,...,Y,, but instead of using a single factorization of P, it uses interpolation techniques
to combine many univariate factorizations to produce a multivariate factorization [22].

As described, both approaches reduce multivariate factorization to univariate factor-
ization. The Hilbert irreducibility theorem guarantees that for most random choices the
univariate factorizations have the same number of factors as the multivariate factorizations
and thus the same structure. For technical reasons, the authors of [20,22] use a different
version of the Hilbert irreducibility theorem that is only valid for reductions to bivariate
factorizations. Their algorithms thus require an additional technique to reduce the required
bivariate factorizations to univariate factorizations.

Our technique overcomes these earlier technical problems, allows us to directly reduce
multivariate factorization to univariate factorization and uses the classical version of the
Hilbert irreducibility theorem. Briefly, we present a new, simple modular scheme for fac-
toring a polynomial P(X,Y3,...,Y,) with integer coefficients:

P(X,Yi,...,Ys) = PO(X,Y1,...,Ya) PR(X,Y1,...,Yy) - PEE(X,Y1,..., Ya).

The classical form of the Hilbert irreducibility theorem states that for almost all choices

of integers y1,...,¥n, the factorization of P(X,y1,...,¥n) has the same structure as the
factorization of P(X,Y3,...,Yy). Our first step is to produce a black box &p, .. p, that
on input of y1,...,yn returns the set of factors of P(X,y1,...,yn). However, for different

inputs, the factor corresponding to P; may be returned in different positions. Nonetheless,
using the techniques of Ar et. al. [1] we demonstrate how to construct k black boxes, each
representing an individual factor P; of P. These black boxes can then be interpolated using
sparse polynomial interpolations schemes (2, 6,37, 39)].

The Hilbert irreducibility theorem is described in Section 1. In Section 2 we present
the basic factoring algorithm. It relies on black box interpolation techniques discussed in
Section 3 which in turn rely on well known Hensel techniques for solving equations that are
described in Appendix B.

1 Hilbert Irreducibility Theorem

We make strong use of the Hilbert irreducibility theorem, which says that for almost all
7 = (y1,.--,Yn), where y; € Q, the univariate polynomial P(X,y1,...,yn) has the same



number of irreducible factors as the multivariate polynomial P(X,Y7,...,Y,), and thus the
degree distributions are the same.

We call an n-tuple y1,...,yn Hilbertian for P if the factorization of P(X,y1,...,Yn)
has no more factors than that of P(X,Y1,...,Y,). We need to quantify how often the
factorization of P(X,y1,-..,yn) corresponds to that of P(X,Yi,...,Y,). Let the number
of non-Hilbertian n-tuples, (y1,...,yn) with 0 < y; < N, for an irreducible polynomial of
degree d be denoted by R(d,n, N). More generally, the number of non-Hilbertian n-tuples
(y1,...,yn) for a polynomial P, R(d,n,N) is no greater than kR(d,n, N), where k is the
number of irreducible factors of P.

The classical Hilbert irreducibility theorem asserts that R(N)/N™ — 0, as N goes to
infinity [9-14,17,23,24,30,33,34]. The sharpest result is due to Cohen [7]:

R(d,n,N) < c(d)- N*"?log N, (2)

where ¢ depends only on the degree of the irreducible polynomial. The distribution of
non-Hilbertian points is invariant under translations of the Y;, so we have the following
proposition.

Proposition 1 Let P(X,Y1,...,Y,) be a polynomial over Q and assume that the degree of
X in P is less than D. Let a1,...,a, be any elements of Z. For sufficiently large N, the
number of n-tuples (y1,...,yn) € Z%, a; < yi < N + a;, for which P(X,y1,...,yn) factors
differently from P(X,Y1,...,Ys) s less than

R(d,n,N) < ¢(d)-D- N3 log N.

As a consequence of this use of the Hilbert irreducibility theorem, the values used in the
interpolation must be chosen randomly from a large enough domain.

Extensive experience has shown that n-tuples at which an irreducible polynomial is
reducible are exceedingly rare. We thus believe the following conjecture to be true. This
is reinforced by the extensive use of the classical version of Hilbert irreducibility theorem
to factor multivariate polynomials over QQ in computer algebra systems, e.g., MACSYMA,
REDUCE and AXIOM.

Conjecture 1 In the previous proposition, there ezists an absolute constants c1, c2 such
that c(d) < ¢1d%?, i.e.
R(d,n,N) < c1d®® -D-N""Tlog N.

Using this original form of the Hilbert irreducibility theorem and the new techniques
presented in this paper we derive a simple multivariate polynomial factorization algorithm.
Assuming Conjecture 1, our algorithm runs in random polynomial time.

2 Factoring Multivariate Polynomials

Assume that we want to factor a polynomial P(X,Y,...,Y,) with coefficients in Q. For
clarity, assume also that the polynomial is square free and monic as a polynomial in X.



Neither of these assumptions affect the complexity or correctness of the algorithm. The
extension to non-square free polynomials is immediate. The extension to non-monic poly-
nomials is less obvious and the details are outlined in Appendix C.

Assume the factorization of P(X,Y1,...,Y,) is

P(X,1h,....Y,) = P(X,11,...,Ys)  o(X,Y1,...,Yn) e P(X,Y1,...,Yn).
For any Hilbertian point § = (y1,-..,¥») the factorization of P(X,y1,...,yn) will be
P(X,y1,..-,¥n) = Pig(X) - Pog(X) -+ Prg(X),

where Pi(X) = Pi(X,y1,...,yn) is a univariate polynomial in X.

We construct a black box %£p, ... p, that represents the set of multivariate polynomials
{Py,...,P,}. When given a Hilbertian point (y1,...,¥=) as input, the black box factors the
univariate polynomial P(X,yi,-..,yn) and returns the unordered set of factors

B(Y1,- - Yn) = {Prg(X), Pog(X), ..., Peg(X)}.

Such a black box is called a polynomial multivalued black boz, since it returns several un-
ordered values on each call and each of these values is a univariate polynomial. By repeatedly
querying this black box, we will recover the factors of P: Py,..., P;. This process is called
interpolating the black box. Thus, we have reduced the multivariate factorization prob-
lem to factoring univariate polynomials and interpolating “polynomial multivalued black
boxes.”

The black boxes we produce differ slightly from those studied by Ar et. al. [1], but
in Section 3 we demonstrate how their techniques can be adapted to recover Pi,..., P in
random polynomial time. Interpolating the black boxes requires factoring special bivariate
polynomials, Q(Z, ©), where we know the complete factorization of Q(Z, 8), for some integer
6. The bivariate polynomials Q(Z,©) have the special property that they have only linear
factors of the form Z — ¢;(©) where the ¢;’s are polynomials in ©. With this additional
information, factoring is not needed—instead, much faster, well known Hensel techniques
suffice (Appendix B).

The complete time complexity and probability of success of the factoring algorithm is
given at the end of Section 3.3.

3 Interpolation Schemes

The simplest form of black box is one that represents a single polynomial P(Y1,...,Yas)
with coefficients in Q. We use the notation #p to indicate such a black box. On input
of ¥1,...,Yn € Q, such a black box returns an element of Q, P(y1,...,¥a). Given such a
black box it is not difficult to determine P in time polynomial in the number of non-zero
monomials in P [2,6,37,39]. Extensions to black boxes representing rational functions are
given in [22]. We note that the original randomized interpolation algorithm of [37] can use
uniformly distributed evaluation points.

In [1], the concept of a black box is extended to a multivalued black boz Hp,,. p,. On
input §, a multivariate black box returns an unordered set of values {Py(%),..., Pe(9)},
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