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Abstract. We investigate the relation between interior-point algorithms applied to two homo-

geneous self-dual approaches to linear programming, one of which was proposed by Ye, Todd,

and Mizuno and the other by Nesterov, Todd, and Ye. We obtain only a partial equivalence

of path-following methods (the centering parameter for the first approach needs to be equal

to zero or larger than one half), whereas complete equivalence of potential-reduction meth-

ods can be shown. The results extend to self-scaled conic programming and to semidefinite

programming using the usual search directions.

1. Introduction

Ye, Todd, and Mizuno [24] presented a homogeneous and self-dual interior-point

algorithm for solving linear programming (LP) problems. The algorithm can

start from arbitrary (infeasible) interior points and achieves the best known com-
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plexity in terms of the number of iterations without using a big initial constant.

Recently, Nesterov, Todd, and Ye [18] proposed another type of homogeneous

and self-dual interior-point algorithm for solving nonlinear conic problems. (We

will explain the sense in which these algorithms are homogeneous in Section 2.)

Although the self-dual system treated in [18] resembles that in [24], the algo-

rithm seems rather different from [24], because it generates a sequence of points

along the central path such that the parameter of the “duality gap” diverges. In-

deed, Nesterov, Todd, and Ye seek a recession direction of a convex set, as in the

primal method of de Ghellinck and Vial [2], but from a primal-dual perspective.

Here we investigate the relation of the central paths, their neighborhoods,

and the algorithms in [24] and [18]. We mainly consider linear programming,

but then extend our results to self-scaled conic programming and to semidefinite

programming.

It is easily seen that there exists a bijection from the feasible region of the

homogeneous and self-dual LP in [24] to the solution set of the homogeneous and

self-dual system in [18]. We show that this map transforms the central paths

and their neighborhoods in [24] to the corresponding ones in [18]. However,

since the bijection is a projective map (such maps were used in Karmarkar’s

original method [6]), and hence nonlinear, it is not clear that algorithms for the

two approaches will correspond, as they are based on linearizations. We obtain a

partial equivalence of the search directions of the path-following algorithms, that

is, the set of search directions for path-following algorithms in [18] corresponds to

the set of those in [24] only when the centering parameter for the latter is zero or
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greater than a half. When the parameter is between zero and a half, we can only

define a corresponding direction mathematically, but it has no interpretation

as the search direction of a path-following method. In contrast to this partial

equivalence, we show complete equivalence of the potential-reduction algorithms.

2. Two self-dual systems

We consider the linear programming problem in standard form:

minimize cT x

subject to Ax = b, x ≥ 0,

where A is an m × n matrix, b ∈ IRm, c ∈ IRn, and x ∈ IRn. We assume that the

rank of A is m. The dual of this primal problem is defined by

maximize bT y

subject to AT y + s = c, s ≥ 0,

where y ∈ IRm and s ∈ IRn are variables.

We consider first the homogeneous and self-dual LP introduced by Ye, Todd,

and Mizuno [24]:

minimize h0θ

subject to Ax −bτ +b0θ = 0,

(HSDP1) −AT y +cτ −c0θ −s = 0,

bT y −cT x −g0θ −κ = 0,

−(b0)T y +(c0)T x +g0τ = −h0,

x ≥ 0, τ ≥ 0, s ≥ 0, κ ≥ 0,

(1)
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where

b0 := bτ0 − Ax0,

c0 := cτ0 − AT y0 − s0,

g0 := bT y0 − cT x0 − κ0,

h0 := (x0)T s0 + τ0κ0,

for an initial interior point (y0, x0, τ0, θ0, s0, κ0). (That is, τ0, κ0, and all compo-

nents of x0 and s0 are positive.) We set θ0 := 1. (In [24], τ0 = 1 and κ0 = 1 are

used in addition.) It is easy to see that (1) is self-dual. We call it homogeneous

because, with the exception of the final normalizing equation, its constraint sys-

tem is homogeneous. Also, τ is a homogenizing variable, allowing the right-hand

sides b and c to be moved to the left. By multiplying by yT , xT , τ , and θ the

first, second, third, and fourth equality sets of constraints and summing them

up (most of the terms in the left side vanish because of the skew-symmetry of

the coefficient matrix), we see that

xT s + τκ = θh0 = θ((x0)T s0 + τ0κ0). (2)

So the value of the “duality gap” xT s + τκ is linear with respect to θ. The

optimal value of (HSDP1) is 0, and from (2) the complementarity condition

X∗s∗ = 0, τ∗κ∗ = 0

holds at any optimal solution (y∗, x∗, τ∗, 0, s∗, κ∗). We are interested in a strictly

complementary solution. If τ∗ > 0 then x∗/τ∗ and (y∗, s∗)/τ∗ are optimal so-
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lutions of the original primal and dual LP, respectively. If κ∗ > 0 then we can

detect infeasibility of the primal or dual LP. See [24].

Next we consider the self-dual problem introduced by Nesterov, Todd, and

Ye [18]:

Ax −bτ = −b0,

(HSDP2) −AT y +cτ −s = c0,

bT y −cT x −κ = g0,

x ≥ 0, τ ≥ 0, s ≥ 0, κ ≥ 0,

(3)

where b0, c0, and g0 are as above. We are interested in a recession direction of

this problem. Here the linear system is not homogeneous, but again τ is a ho-

mogenizing variable; also a recession direction is a solution to the corresponding

homogeneous system. Hence we call this approach and the resulting algorithms

homogeneous and self-dual too. If (y∗, x∗, τ∗, s∗, κ∗) is such a recession direction,

then again skew-symmetry implies that the complementarity condition

X∗s∗ = 0, τ∗κ∗ = 0

holds. Given such a direction with either τ∗ > 0 or κ∗ > 0, we can again extract

optimal solutions or a certificate of infeasibility for the original primal or dual

LP (see [18]). The fact that we seek a recession direction of a polyhedron gives

hope that algorithms for this formulation will be effective, since there appears to

be “more room” to find such a direction. However, if the original LP problems

both have unique optimal solutions, then the recession direction is unique, and

in any case, the complementarity condition must hold, so the set of recession
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directions is low-dimensional. Indeed, it is easy to see that recession directions

of (HSDP2) suitably scaled are exactly optimal solutions of (HSDP1) with θ = 0

omitted, and vice versa. Our aim is to extend this analogy between these two

homogeneous formulations.

Define the strictly feasible set of the Ye-Todd-Mizuno LP:

F1 := {(y1, x1, τ1, θ1, s1, κ1) : strictly feasible solution of (HSDP1)}

and the strictly feasible set of the Nesterov-Todd-Ye problem:

F2 := {(y2, x2, τ2, s2, κ2) : strictly feasible solution of (HSDP2)},

where strictly feasible means that all variables required to be nonnegative must

be positive. Then we can define a map Φ : F1 → F2 by

Φ(y1, x1, τ1, θ1, s1, κ1) := (y1, x1, τ1, s1, κ1)/θ1

for any (y1, x1, τ1, θ1, s1, κ1) ∈ F1. Note that (y0, x0, τ0, 1, s0, κ0) ∈ F1, and

Φ(y0, x0, τ0, 1, s0, κ0) = (y0, x0, τ0, s0, κ0) ∈ F2.

Proposition 1. The map Φ is a one-to-one and onto projective transformation

from F1 to F2. Its inverse is given by

Φ−1(y2, x2, τ2, s2, κ2) = θ(y2, x2, τ2, 1, s2, κ2), θ = h0/(xT
2 s2 + τ2κ2)

for any (y2, x2, τ2, s2, κ2) ∈ F2,

Proof: Straightforward: we only make a few remarks. First, h0 is positive, so that

for any (y1, x1, τ1, θ1, s1, κ1) ∈ F1, θ1 is positive by (2). Conversely, xT
2 s2 + τ2κ2

is clearly positive for any (y2, x2, τ2, θ2, s2, κ2) ∈ F2. Note that the value of θ is
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determined so that (2) holds for (x, τ, s, κ) = θ(x2, τ2, s2, κ2), and this implies

that the last constraint of (HSDP1) is satisfied. Note also that the denominator of

θ is linear on F2, despite its appearance. By the skew-symmetry of the constraints

of (HSDP2), xT
2 s2 + τ2κ2 = (b0)T y2 − (c0)T x2 − g0τ . ut

We are interested in the relationship between the central paths, their neigh-

borhoods, and especially algorithms for these two self-dual formulations, and

whether they correspond under the bijection Φ.

3. The central paths and their neighborhoods

Define the central paths

P1 := {(y1, x1, τ1, θ1, s1, κ1) ∈ F1 : X1s1 = µ1e, τ1κ1 = µ1, for some µ1 > 0}

and

P2 := {(y2, x2, τ2, s2, κ2) ∈ F2 : X2s2 = µ2e, τ2κ2 = µ2, for some µ2 > 0},

where X denotes the diagonal matrix containing the components of x down its

diagonal (we use S similarly) and e denotes the vector of ones in IRn. We denote

the points on P1 and P2 by (y1(µ1), x1(µ1), τ1(µ1), θ1(µ1), s1(µ1), κ1(µ1)) and

(y2(µ2), x2(µ2), τ2(µ2), s2(µ2), κ2(µ2)) respectively for parameters µ1 and µ2. Let

µ0 := ((x0)T s0 + τ0κ0)/(n + 1).

From (2), θ1(µ1) = µ1/µ0. Hence
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Proposition 2. We have P2 = Φ(P1). More precisely

Φ(y1(µ1), x1(µ1), τ1(µ1), θ1(µ1), s1(µ1), κ1(µ1)) =

(y2(µ2), x2(µ2), τ2(µ2), s2(µ2), κ2(µ2))

for µ2 = µ1/(θ1(µ1))
2 = µ0/θ1(µ1) = (µ0)2/µ1.

The proof is immediate and omitted. ut

The path-following interior-point algorithm of [24] (and that of Xu, Hung,

and Ye [22]) generates a sequence of points in F1 approximating the path P1 so

that θ1 and µ1 approach 0. On the other hand, the path-following algorithms of

[18] generate a sequence of points in F2 approximating the path P2 so that µ2

goes to ∞.

Let β ∈ (0, 1) be a constant. Define the neighborhoods:

N1(β) := {(y1, x1, τ1, θ1, s1, κ1) ∈ F1 : ‖(X1s1 − µ1e, τ1κ1 − µ1)‖p ≤ βµ1,

µ1 = (xT
1 s1 + τ1κ1)/(n + 1), µ1 > 0}.

and

N2(β) := {(y2, x2, τ2, s2, κ2) ∈ F2 : ‖(X2s2 − µ2e, τ2κ2 − µ2)‖p ≤ βµ2,

µ2 = (xT
2 s2 + τ2κ2)/(n + 1), µ2 > 0},

where ‖ · ‖p is the `p-norm for p ∈ [1,∞] (or the so-called one-sided `∞ norm).

It is easy to prove



On two homogeneous self-dual approaches to linear programming and its extensions 9

Proposition 3. N2(β) = Φ(N1(β)).

ut

Indeed, the same argument shows that points in the boundary of N1(β) with θ1

positive correspond one-to-one under Φ to points in the boundary of N2(β) with

xT
2 s2 + τ2κ2 positive also.

4. Directions for path-following methods

Suppose that we are solving the problem (HSDP1) by a path-following method.

Let (y1, x1, τ1, θ1, s1, κ1) ∈ F1 be the current iterate. Let µ1 = (xT
1 s1+τ1κ1)/(n+

1) and let γ1 be a constant; typically γ1 ∈ [0, 1]. Consider the nonlinear system

defining the center on P1 corresponding to parameter value µ = γ1µ1:

Ax −bτ +b0θ = 0,

−AT y +cτ −c0θ −s = 0,

bT y −cT x −g0θ −κ = 0,

−(b0)T y +(c0)T x +g0τ = −h0,

Xs = γ1µ1e,

τκ = γ1µ1.
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Then we compute the Newton step for this system at the current iterate:

A∆x1 −b∆τ1 +b0∆θ1 = 0,

−AT ∆y1 +c∆τ1 −c0∆θ1 −∆s1 = 0,

bT ∆y1 −cT ∆x1 −g0∆θ1 −∆κ1 = 0,

−(b0)T ∆y1 +(c0)T ∆x1 +g0∆τ1 = 0,

S1∆x1 +X1∆s1 = −X1s1 + γ1µ1e,

κ1∆τ1 +τ1∆κ1 = −τ1κ1 + γ1µ1.

(4)

We compute the next iterate by

(y+

1 , x+

1 , τ+

1 , θ+

1 , s+

1 , κ+

1 ) := (y1, x1, τ1, θ1, s1, κ1)+α1(∆y1, ∆x1, ∆τ1, ∆θ1, ∆s1, ∆κ1)

for some positive α1. Here α1 is chosen so that the new iterate either solves

(HSDP1) (feasible with θ1 = 0) or lies in F1; it is easy to see that α1 can be

chosen to be positive.

The next result is essentially due to Xu, Hung, and Ye [22].

Lemma 1. We have

∆θ1 = −(1− γ1)θ1.

Proof: From (2), we have

(x1 + α∆x1)
T (s1 + α∆s1) + (τ1 + α∆τ1)(κ1 + α1∆κ1) = (θ1 + α∆θ1)h

0

for any α ∈ [0, α1]. So the coefficients of α in both sides are equal, and we have

∆θ1h
0 = sT

1 ∆x1 + xT
1 ∆s1 + κ1∆τ1 + τ1∆κ1

= −xT
1 s1 − τ1κ1 + (n + 1)γ1µ1

= −(n + 1)(1 − γ1)µ1.



On two homogeneous self-dual approaches to linear programming and its extensions 11

Since h0 = (n + 1)µ0 = (n + 1)µ1/θ1, we have the result. ut

Let (y2, x2, τ2, s2, κ2) = Φ(y1, x1, τ1, θ1, s1, κ1) ∈ F2. Define µ2 = (xT
2 s2 +

τ2κ2)/(n + 1) = µ0/θ1. Let γ2 be a constant; typically but not necessarily we

will have γ2 ≥ 1. Consider the system defining the center on P2 for µ = γ2µ2:

Ax −bτ = −b0,

−AT y +cτ −s = c0,

bT y −cT x −κ = g0,

Xs = γ2µ2e,

τκ = γ2µ2.

Compute the Newton step for this system at (y2, x2, τ2, s2, κ2):

A∆x2 −b∆τ2 = 0,

−AT ∆y2 +c∆τ2 −∆s2 = 0,

bT ∆y2 −cT ∆x2 −∆κ2 = 0,

S2∆x2 +X2∆s2 = −X2s2 + γ2µ2e,

κ2∆τ2 +τ2∆κ2 = −τ2κ2 + γ2µ2.

(5)

We compute the next point:

(y+

2 , x+

2 , τ+

2 , s+

2 , κ+

2 ) := (y2, x2, τ2, s2, κ2) + α2(∆y2, ∆x2, ∆τ2, ∆s2, ∆κ2)

for some nonzero (typically, but not necessarily, positive) α2 so that

(y+

2 , x+

2 , τ+

2 , s+

2 , κ+

2 ) ∈ F2.

We make two remarks about (5) in passing. First, suppose we solve this

system and the resulting step satisfies the nonnegativity constraints; then it is

itself a recession direction for (HSDP2), and we can terminate the algorithm.
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However, this is quite unlikely; more usually, an approximate recession direction

is obtained by scaling down the current iterate, e.g. by applying the mapping

Φ−1. Secondly, while we are using this system to compute a search direction for

(HSDP2), Xu and Ye ([23], Section 4) solve the system (5) to obtain the search

direction for their generalized HSD method for solving a linear feasibility system

related to (HSDP1). However, a transformation is applied to the solution to

obtain their search direction, and it is not hard to see that their search direction

is in fact the solution to their system (2)–(3) with parameters γ = γ2/(2γ2 − 1)

and η := (γ2 − 1)/(2γ2 − 1) = 1 − γ after scaling. Note that, however large γ2

is, the resulting γ is at least 1/2; compare with Lemma 2 below.

Define

(∆y, ∆x, ∆τ, ∆s, ∆κ) := Φ(y+

1 , x+

1 , τ+

1 , θ+

1 , s+

1 , κ+

1 ) − Φ(y1, x1, τ1, θ1, s1, κ1).

(We assume henceforth that θ+

1 > 0, i.e., that α1(1 − γ1) < 1. If not, then

the algorithm has obtained an exact optimal solution to (HSDP1). Using a lim-

iting argument with α1 approaching 1/(1 − γ1) from below, we can then see

using the following argument that the appropriate value for γ2 gives a search

direction that is a recession direction for (HSDP2), so the second algorithm

also terminates.) We investigate the relation between (∆y, ∆x, ∆τ, ∆s, ∆κ) and

(∆y2, ∆x2, ∆τ2, ∆s2, ∆κ2). Note that (∆y, ∆x, ∆τ, ∆s, ∆κ) is nonlinear with re-

spect to γ1 and α1, while (∆y2, ∆x2, ∆τ2, ∆s2, ∆κ2) is linear with respect to γ2.

We see that

A∆x − ∆τb = A(x+

1 /θ+

1 − x1/θ1) − (τ+

1 /θ+

1 − τ1/θ1)b
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= (1/θ+

1 )(Ax+

1 − τ+

1 b) − (1/θ1)(Ax1 − τ1b)

= (1/θ+

1
)((Ax1 − τ1b) + α1(A∆x1 − ∆τ1b)) − (1/θ1)(Ax1 − τ1b)

= (1/θ+

1 )(−θ1b
0 − α1∆θ1b

0) + (1/θ1)θ1b
0

= −b0 + b0

= 0

and similarly

−AT ∆y + ∆τc − ∆s = 0,

bT ∆y − cT ∆x − ∆κ = 0.

Indeed, these equations must be satisfied because (∆y, ∆x, ∆τ, ∆s, ∆κ) is the

difference between two points in F2. We also see that

S2∆x + X2∆s (6)

= (1/θ1)(S1∆x + X1∆s)

= (1/θ1)(S1(x
+

1 /θ+

1 − x1/θ1) + X1(s
+

1 /θ+

1 − s1/θ1))

= (1/θ1)((1/θ+

1 )(S1x
+

1 + X1s
+

1 ) − (1/θ1)(S1x1 + X1s1))

= (1/θ1θ
+

1
)(S1(x1 + α1∆x1) + X1(s1 + α1∆s1)) − (S1x1 + X1s1)/(θ1)

2

= (1/θ1θ
+

1 )(2X1s1 + α1(S1∆x1 + X1∆s1)) − 2X1s1/(θ1)
2

=
1

(1 − α1(1 − γ1))(θ1)2
(2X1s1 + α1(−X1s1 + γ1µ1e)) −

2X1s1

(θ1)2
(7)

=
1

(1 − α1(1 − γ1))(θ1)2
((2 − α1 − 2(1 − α1(1 − γ1))X1s1 + α1γ1µ1e)

=
α1

(1 − α1(1 − γ1))(θ1)2
(−(2γ1 − 1)X1s1 + γ1µ1e)

=
α1(2γ1 − 1)

1 − α1(1 − γ1)

(
−X2s2 +

γ1

2γ1 − 1

µ1

(θ1)2
e

)
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=
α1(2γ1 − 1)

1 − α1(1 − γ1)

(
−X2s2 +

γ1

2γ1 − 1
µ2e

)
(8)

and similarly

κ2∆τ + τ2∆κ =
α1(2γ1 − 1)

1 − α1(1 − γ1)

(
−τ2κ2 +

γ1

2γ1 − 1
µ2

)
. (9)

The next result is the key technical tool in our analysis.

Lemma 2. Suppose γ1 6= 1/2 and

γ2 =
γ1

2γ1 − 1
. (10)

Then (∆y, ∆x, ∆τ, ∆s, ∆κ) is parallel to (∆y2, ∆x2, ∆τ2, ∆s2, ∆κ2), with the

two vectors pointing in the same direction if γ > 1/2 and in opposite directions

if γ1 < 1/2. If in addition

α2 =
α1(2γ1 − 1)

1 − α1(1 − γ1)
(11)

then (y+

2 , x+

2 , τ+

2 , s+

2 , κ+

2 ) = Φ(y+

1 , x+

1 , τ+

1 , θ+

1 , s+

1 , κ+

1 ).

(Note that as γ1 ranges from 1 down to 1/2, γ2 ranges from 1 up to +∞; as γ1

goes from 1/2 down to 0, γ2 goes from −∞ up to 0. Also, α2 is always nonzero,

but negative if 0 ≤ γ1 < 1/2.)

Proof: Since the solution of (5) is unique, when (10) holds, we have by (8) and

(9) that

(∆y, ∆x, ∆τ, ∆s, ∆κ) =
α1(2γ1 − 1)

1 − α1(1 − γ1)
(∆y2, ∆x2, ∆τ2, ∆s2, ∆κ2).

If both conditions (10) and (11) hold then

(∆y, ∆x, ∆τ, ∆s, ∆κ) = α2(∆y2, ∆x2, ∆τ2, ∆s2, ∆κ2).
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So

Φ(y+

1
, x+

1
, τ+

1
, θ+

1
, s+

1
, κ+

1
) = Φ(y1, x1, τ1, θ1, s1, κ1) + (∆y, ∆x, ∆τ, ∆s, ∆κ)

= (y2, x2, τ2, s2, κ2) + α2(∆y2, ∆x2, ∆τ2, ∆s2, ∆κ2)

= (y+

2 , x+

2 , τ+

2 , s+

2 , κ+

2 ).

ut

Let us now examine the consequences of this lemma for path-following meth-

ods. Clearly, if the starting points of two methods for (HSDP1) and (HSDP2)

correspond via Φ, and at each iteration we choose centering parameters for the

two algorithms that are related by (10) and step sizes that are related by (11),

then each pair of iterates corresponds via Φ. The initial iterates are usually cho-

sen as (y0, x0, τ0, 1, s0, κ0) ∈ F1 and (y0, x0, τ0, s0, κ0) ∈ F2, and these do indeed

correspond under Φ.

For a short-step path-following method driving µ to zero, we choose γ1 =

1−ω/
√

n for some ω of order 1. Then, as long as n is above some (usually small)

threshold, we have γ1 > 1/2, and the corresponding γ2 is (1 − ω/
√

n)/(1 −

2ω/
√

n) ≈ 1 + ω/
√

n, corresponding to a short-step path-following method for

the second formulation. However, short-step methods usually employ full Newton

steps, and we note that α1 = 1 corresponds to α2 = 2−1/γ1 < 1 for any γ1 < 1.

Hence such short-step path-following methods do not yield exactly corresponding

iterates, although they do in the limit as n tends to ∞.

Since neighborhoods of the two central paths correspond, we might expect

that methods that choose step sizes based on the longest step that remains within
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such a neighborhood would give iterates that correspond. We examine three such

methods. The first is the predictor-corrector method of Mizuno-Todd-Ye, which

uses two neighborhoods, say N1(βS) and N1(βL), 0 < βS < βL < 1, defined by

the `2-norm. Suppose our current iterates for the two approaches correspond,

and lie in the smaller neighborhoods N1(βS) and N2(βS). The predictor step (for

the first approach) is defined using a centering parameter γ1 = 0, and as we have

seen, this corresponds to γ2 = 0, and, with α1 < 1, to a negative value of α2.

Hence for the second approach, we take the negative of the affine-scaling step, as

suggested for a predictor step in Section 5.4 of [18]. In both approaches, we take

the longest step along these directions while remaining in the wider of the two

neighborhoods, N1(βL) and N2(βL). By Proposition 3, the results of these two

predictor steps will correspond under Φ. Next we take a single corrector step,

with γ1 = 1 and α1 = 1; and this corresponds exactly to a single full corrector

step in the second approach, since then γ2 = 1 and α2 = 1. Hence the two

iterates will again correspond under Φ.

The second algorithm is the “largest-step” path-following method of Monteiro

and Adler [14] and Mizuno, Yoshise, and Kikuchi [12]. This method (for the first

approach) chooses α1 = 1 and the smallest γ1 so that the resulting iterate

lies in a particular neighborhood N1(β) defined by the `2-norm. For the second

approach, we modify this to choose α2 = 1 and the largest γ2 so that the resulting

iterate lies in the corresponding neighborhood N2(β). However, since α1 = 1 and

α2 = 1 can never correspond unless γ1 = 1, these two largest-step methods do

not correspond.
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Finally, we consider the long-step method for the first formulation that uses

a fixed γ1 and chooses the longest step size so that the new iterate remains in a

fixed neighborhood N1(β) defined by a certain norm. Then, as long as γ1 > 1/2,

this method does give iterates that correspond under Φ to those generated by a

similar method for the second approach using the neighborhood N2(β) defined by

the same norm, with fixed γ2 = γ1/(2γ1−1). However, such a method is usually

implemented for a small value of γ1, say 1/10, which is less than the critical

value 1/2. Note that a value of γ2 that is large, say 500.5, seems to correspond

to a long-step method for the second approach. But the corresponding value for

γ1 is .5005, which is larger than 1/2 and would not generally be viewed as a

long-step method for the first approach. Moreover, a step size of 1 for α1 for

these parameters corresponds to the very short step size of α2 = .002, while

α2 = 1 corresponds to the unusual choice of α1 = 1.998.

If we do choose γ1 = 1/10, the corresponding value for γ2 is −1/8, and the

step size α2 should be negative. This is similar to the predictor step above, but

does not seem to correspond to a path-following method for the second approach.

We will see later that this is however a reasonable choice for a potential-reduction

method.

In summary, we have the following result:

Theorem 1. Short-step and largest-step path-following algorithms do not give

corresponding iterates when applied to (HSDP1) and (HSDP2). Predictor-corrector

methods do give corresponding iterates, as do long-step path-following methods
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using parameters γ1 > 1/2 and γ2 = γ1/(2γ1 − 1) and corresponding neighbor-

hoods N1(β) and N2(β).

ut

Lemma 2 and Theorem 1 above indicate that γ1 equal to 1/2 is a critical

case. A different parametrization avoids this singularity, but substitutes one at

γ1 = 0. This reformulation will be useful in the next section. First we note that

(10) can be rewritten as

1

γ1

+
1

γ2

= 2. (12)

Now let us write δi := 1/γi, i = 1, 2, and write our directions in terms of the δ’s.

So in (4) we change the right-hand sides to −δ1X1s1 + µ1e and −δ1τ1κ1 + µ1,

and let the resulting direction be (∆y1, ∆x1, ∆τ 1, ∆θ1, ∆s1, ∆κ1). Then, with

step size ᾱ1 := γ1α1, the next iterate is as before. We make a corresponding

change in (5); note that if γ2 is negative, then the search direction is oppositely

directed and correspondingly α2 and ᾱ2 have opposite signs. The analysis now

proceeds as before: for example, (7) becomes

S2∆x+X2∆s =
1

(1 + ᾱ1(1 − δ1))(θ1)2
(2X1s1 + ᾱ1(−δ1X1s1 +θ1µ

0e))− 2X1s1

(θ1)2
.

Thus we obtain

S2∆x + X2∆s =
ᾱ1

1 + ᾱ1(1 − δ1)
(−(2 − δ1)X2s2 + µ2e)

and similarly

κ2∆τ + τ2∆κ =
ᾱ1

1 + ᾱ1(1 − δ1)
(−(2 − δ1)τ2κ2 + µ2) .
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This shows that the iterates correspond as long as

δ1 + δ2 = 2 (13)

and

ᾱ2 =
ᾱ1

1 + ᾱ1(1 − δ1)
.

These are exactly the analogues of conditions (10) and (11).

5. Potential-reduction methods

We note at the outset that the standard primal-dual potential-reduction algo-

rithm of Kojima, Mizuno, and Yoshise [9], which chooses its step sizes to decrease

the potential function as much as possible at each iteration, may yield iterates

whose limit points are not strictly complementary and hence, if τ ∗ = κ∗ = 0, of

little use in the self-dual context. However, one can use a variant that guarantees

strictly complementary solutions (Güler and Ye [4]) or just use the normal rule

and hope for the best.

Define

f1(y1, x1, τ1, θ1, s1, κ1) = (n + 1 + η1) ln(xT
1 s1 + τ1κ1) − ln(X1s1) − ln(τ1κ1)

for each (y1, x1, τ1, θ1, s1, κ1) ∈ F1 and

f2(y2, x2, τ2, s2, κ2) = (n + 1 + η2) ln(xT
2 s2 + τ2κ2) − ln(X2s2) − ln(τ2κ2)

for each (y2, x2, τ2, s2, κ2) ∈ F2; here, ln(v) for a vector v denotes the sum of

the logarithms of the components of v. With η1 > 0 (say η1 =
√

n + 1), f1

is a potential function used in algorithms for (HSDP1). Similarly, [18] suggests
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driving to minus infinity the function f2 in potential-reduction algorithms for

(HSDP2), but now with η2 < 0 (perhaps η2 = −
√

n + 1).

Proposition 4. For (y1, x1, τ1, θ1, s1, κ1) ∈ F1, we have

f2(Φ(y1, x1, τ1, θ1, s1, κ1)) = f1(y1, x1, τ1, θ1, s1, κ1) + 2η2 ln h0 (14)

as long as

η1 + η2 = 0. (15)

Proof: Note that

f2(Φ(y1, x1, τ1, θ1, s1, κ1))

= (n + 1 + η2) ln((xT
1 s1 + τ1κ1)/(θ1)

2) − ln((X1s1)/(θ1)
2) − ln((τ1κ1)/(θ1)

2)

= (n + 1 + η2) ln(xT
1 s1 + τ1κ1) − ln(X1s1) − ln(τ1κ1) − 2η2 ln θ1

= (n + 1 − η2) ln(xT
1 s1 + τ1κ1) − ln(X1s1) − ln(τ1κ1) + 2η2 ln h0,

where the last equation uses (2). ut

Now let us examine potential-reduction methods for the two formulations.

The gradient of f1 with respect to (x1, s1, τ1, κ1) at (y1, x1, τ1, θ1, s1, κ1) ∈ F1 is

∇f1(y1, x1, τ1, θ1, s1, κ1) =
n + 1 + η1

xT
1
s1 + τ1κ1




s1

x1

κ1

τ1




−




(x1)
−1

(s1)
−1

(τ1)
−1

(κ1)
−1




,



On two homogeneous self-dual approaches to linear programming and its extensions 21

and similarly that of f2 with respect to (x2, s2, τ2, κ2) at (y2, x2, τ2, s2, κ2) ∈ F2

is

∇f2(y2, x2, τ2, s2, κ2) =
n + 1 + η2

xT
2
s2 + τ2κ2




s2

x2

κ2

τ2




−




(x2)
−1

(s2)
−1

(τ2)
−1

(κ2)
−1




;

here (v)−1 for a vector v denotes the vector of reciprocals of the components

of v. Then the primal-dual-scaled steepest descent direction for f1 for prob-

lem (HSDP1) is the solution to (4) where we change the right-hand sides to

−ζ1X1s1 + e and −ζ1τ1κ1 + 1, where

ζ1 :=
n + 1 + η1

xT
1 s1 + τ1κ1

.

Let the resulting direction be denoted by (∆̃y1, ∆̃x1, ∆̃τ1, ∆̃θ1, ∆̃s1, ∆̃κ1). By

scaling up this direction by µ1, we get the direction (∆y1, ∆x1, ∆τ1, ∆θ1, ∆s1, ∆κ1)

of the previous section, where

δ1 = µ1ζ1 =
n + 1 + η1

n + 1
= 1 +

η1

n + 1
.

Similarly, the primal-dual-scaled steepest descent direction for f2 for problem

(HSDP2) is the solution to (5) where we change the right-hand sides to−ζ2X2s2+

e and −ζ2τ2κ2 + 1, where

ζ2 :=
n + 1 + η2

xT
2 s2 + τ2κ2

.

If the resulting direction is denoted by (∆̃y2, ∆̃x2, ∆̃τ 2, ∆̃s2, ∆̃κ2), and we scale

it up by µ2, we get the direction (∆y2, ∆x2, ∆τ 2, ∆s2, ∆κ2) of the previous
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section, where

δ2 = µ2ζ2 =
n + 1 + η2

n + 1
= 1 +

η2

n + 1
.

We note that (13) holds as long as (15) does. Hence, for suitable step sizes,

the next iterates of the potential-reduction methods will correspond as long as

the present ones do, by the arguments of the previous section. Examples of

suitable step sizes are those that minimize the appropriate potential functions,

using Proposition 4, or those that minimize these functions subject to remaining

within an appropriate neighborhood, using also Proposition 3. (Güler and Ye [4]

show that algorithms of the latter type can still achieve a constant reduction in

the potential function at each iteration, while having the property that all limit

points are strictly complementary solutions.)

Let us look at some special cases. If η1 = η2 = 0, then the two potential

functions can be viewed as proximity measures (to the respective central paths);

in this case δ1 = δ2 = 1, corresponding to γ1 = γ2 = 1, and we get centering

directions. If η1 = −η2 =
√

n + 1, then δ1, δ2 = 1±(n+1)−1/2, corresponding to

γ1, γ2 = 1/(1± (n +1)−1/2). Thus the directions are those taken in a short-step

path-following method, although the iterates are not required to lie in narrow

neighborhoods of the central paths, and the step sizes are usually determined

by a line search. If η1 = −η2 = n + 1, then δ1 = 2 and δ2 = 0, corresponding to

γ1 = 1/2 and γ2 = ∞. Notice that there is nothing singular about this case in

the potential-reduction framework. (Indeed, the case η2 = −(n+1) is of interest,

since then the potential function f2 is exactly the barrier function.) Finally, for

η1 = −η2 > n + 1, δ1 > 2 and δ2 < 0, corresponding to γ1 < 1/2 and γ2 < 0
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(with a change in the sense of the direction). If η1 = −η2 converges to ∞, γ1

and γ2 approach 0, from above and below respectively.

In summary, we have

Theorem 2. Suppose potential-reduction methods are applied to the two formu-

lations (HSDP1) and (HSDP2), with

η1 + η2 = 0

and step sizes chosen to minimize the corresponding potential functions, either

without constraints or subject to the iterates remaining in corresponding neigh-

borhoods. Then if the initial iterates correspond under Φ, so will all subsequent

iterates.

ut

6. Extensions

Here we show that the results of the previous sections extend to several nonlinear

programming problems. We consider self-scaled conic programming problems

with the Nesterov-Todd direction [16,17] as well as semidefinite programming

problems with several different directions (see, e.g., [20]). Extensions of the first

homogeneous self-dual model or a related homogeneous feasibility problem were

studied by Potra and Sheng [19], by de Klerk, Roos and Terlaky [7,8], and by

Luo, Sturm, and Zhang [11]. The second homogeneous self-dual approach was

already considered in a general conic setting in [18]. For these more general

problems, x and s lie in more general (finite-dimensional real vector) spaces and
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are restricted to a closed convex cone and its dual; the inner product of two

vectors in IRn is replaced by a scalar product 〈s, x〉 defined appropriately; and

in (4) and (5) defining the search directions, the equation

S∆x + X∆s = −Xs + γµe

with appropriate subscripts is replaced by

E∆x + F∆s = rA + γµrC

with appropriate subscripts, where E and F are suitable operators defined on the

appropriate spaces and rA and rC are suitable points in the appropriate spaces

(the subscripts refer to affine-scaling and centering respectively), all depending

on the current iterate (x, s). To express the dependence, we write E(x, s) etc.

where necessary; we also write E1 for E(x1, s1) etc. Further, the dimension n

is replaced with the parameter ν of the appropriate barrier function for the

problem; thus

µ := (〈s, x〉 + τκ)/(ν + 1).

(We do not give full details of the extensions or the proofs, but those familiar

with self-scaled conic or semidefinite programming should have no difficulty in

filling these in.)

As an example, consider the Alizadeh-Haeberly-Overton (AHO) direction

[1] for semidefinite programming. Then x and s lie in the space of symmetric

matrices of order n, ν = n, and

〈s, x〉 := s • x := Trace (sT x) = Trace (sx).
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Also, the operators E = E(x, s) and F = F(x, s) are defined by

Eu :=
1

2
(su + us), Fu :=

1

2
(xu + ux).

Finally,

rA := −1

2
(xs + sx), rC := i,

where i denotes the identity matrix of order n.

In order for our main results Theorems 1 and 2 to remain true in these

more general situations, we only need Lemmas 1 and 2 to hold. Below we give

conditions sufficient to assure this:

(i) there is some v such that

E∗v = s, F∗v = x, 〈v, rA〉 = −〈s, x〉, 〈v, rC〉 = ν

(here E∗ and F∗ denote the adjoints of E and F);

(ii) Ex = Fs = −rA; and

(iii) there is some real π so that

E(x/θ, s/θ) = E(x, s)/(θ)π ,

rA(x/θ, s/θ) = rA(x, s)/(θ)π+1, rC(x/θ, s/θ) = rC(x, s)/(θ)π−1.

We now have

Proposition 5. Under conditions (i)–(iii) above, Lemmas 1 and 2 still hold.

Proof: We consider first Lemma 1. Note first that the skew-symmetry of the

appropriate operator means that we have the analogue

〈s, x〉 + τκ = θh0 = θ(〈s0, x0〉 + τ0κ0)
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of (2). From this we have, as in the proof of Lemma 1,

〈s1 + α∆s1, x1 + α∆x1〉 + (τ1 + α∆τ1)(κ1 + α1∆κ1) = (θ1 + α∆θ1)h
0

for any α ∈ [0, α1]. Then the proof can proceed exactly as before if we establish

〈s1, ∆x1〉 + 〈∆s1, x1〉 = −〈s1, x1〉 + γ1µ1ν.

However, the equation above follows from

E1∆x1 + F1∆s1 = rA1 + γ1µ1rC1 (16)

after we take the scalar product with v1 and use (i).

Now we turn to Lemma 2. We need to establish the analogue of (8),

E2∆x + F2∆s =
α1(2γ1 − 1)

1 − α1(1 − γ1)

(
rA2 +

γ1

2γ1 − 1
µ2rC2

)
.

But this follows from

E2∆x + F2∆s

= (1/(θ1)
π)(E1∆x + F1∆s) (using (iii))

= (1/(θ1)
π)(E1(x

+

1 /θ+

1 − x1/θ1) + F1(s
+

1 /θ+

1 − s1/θ1))

= (1/(θ1)
π)((1/θ+

1 )(E1x
+

1 + F1s
+

1 ) − (1/θ1)(E1x1 + F1s1))

= (1/(θ1)
πθ+

1 )(E1(x1 + α1∆x1) + F1(s1 + α1∆s1)) − (E1x1 + F1s1)/(θ1)
π+1

= (1/(θ1)
π+1(1 − α1(1 − γ1))([1 − (1 − α1(1 − γ1))](E1x1 + F1s1)

+α1(E1∆x1 + F1∆s1)) (using Lemma 1)

=
α1

(1 − α1(1 − γ1))(θ1)π+1
((1 − γ1)(E1x1 + F1s1) + rA1 + γ1µ1rC1)

(using (16))
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=
α1

(1 − α1(1 − γ1))(θ1)π+1
((2γ1 − 1)rA1 + γ1µ1rC1) (using (ii))

=
α1(2γ1 − 1)

1 − α1(1 − γ1)

(
rA2 +

γ1

2γ1 − 1
µ2rC2

)
(using (iii)).

ut

Corollary 1. Lemmas 1 and 2 hold for self-scaled conic programming using the

Nesterov-Todd direction.

Proof: In this case we have E = F ′′(w), where F is the appropriate self-scaled

barrier and w is the scaling point corresponding to the current iterates x and

s, so that F ′′(w)x = s, and F is the identity operator. Also, rA = −s and

rC = −F ′(x). In this case, (i) holds with v = x from basic properties of self-

scaled barriers, (ii) clearly holds, and (iii) holds with π = 0. ut

Corollary 2. Lemmas 1 and 2 hold for semidefinite programming using any of

the Alizadeh-Haeberly-Overton [1], Helmberg-Rendl-Vanderbei-Wolkowicz/Kojima-

Shindoh-Hara/Monteiro [5,10,13], Nesterov-Todd [16,17], or Gu-Toh [3,21] di-

rections.

Proof: Indeed, all of the stated directions are members of the Monteiro-Zhang

[13,25,15] family and are defined by

E = s � m, F = mx � i, rA = −1

2
(mxs + sxm), and rC = m.

Here m is a symmetric positive definite matrix (different directions use different

matrices m) and u� v is defined by (u� v)z := (uzvT + vzuT )/2. See, e.g., [20].

Then it is easy to check that (i) holds for v = m−1 (note that F∗ = (mx)T �iT =
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xm�i) and (ii) holds. Moreover, (iii) holds with π = 1 if m is invariant to changes

of scale in x and s (as it is for the AHO, NT, and GT choices), and with π = 2

if m scales with x and s (as it does for the HRVW/KSH/M choice). (It also

holds with π = 0 if m scales inversely with x and s, as it does for the dual

HRVW/KSH/M choice.) ut

It is worth pointing out that, although the result above does indeed hold

for the Helmberg-Rendl-Vanderbei-Wolkowicz/Kojima-Shindoh-Hara/Monteiro

(HRVW/KSH/M) directions as defined by a suitable modification of (4) and

(5), the former is not the search direction for the extension of the homogeneous

self-dual problem (HSDP1) using the HRVW/KSH/M direction! This seeming

contradiction arises from the self-dual nature of this problem. Note that the

extension of problem (HSDP1) has variables (y, X, τ, θ, S, κ), and its dual has

variables (ỹ, X̃, τ̃ , θ̃, S̃, κ̃), with X corresponding to S̃, S to X̃, τ to κ̃, and κ to τ̃ .

A primal-dual algorithm applied to this problem will use a linear system of twice

the size of (4) to define the search directions (∆y1, ∆X1, ∆τ1, ∆θ1, ∆S1, ∆κ1)

for the primal and (∆ỹ1, ∆X̃1, ∆τ̃1, ∆θ̃1, ∆S̃1, ∆κ̃1) for the dual. However, if

the current primal and dual iterates are the same, and if the algorithm is self-

dual, then the primal and dual directions turn out to be the same and the

linear system collapses into one of half the size, i.e., the extension of (4). The

next primal and dual iterates will then also be the same. This holds for all

the directions above except the HRVW/KSH/M direction (and its dual), which

are not self-dual. Hence the convergence theory for the first homogeneous self-

dual formulation that follows directly from the results for feasible primal-dual
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interior-point methods fails to apply automatically to this direction. Of course,

corresponding convergence results may hold, but they need to be established

separately.

In summary, the results of partial equivalence of path-following algorithms

and complete equivalence of potential-reduction methods for the two homoge-

neous formulations still hold for a wide range of convex programming problems

in conic form, with the proviso above.
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