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The defining metric for any wireless communication network is the maximum
reliable data rate, also known as capacity. Before any data bit can be commu-
nicated over a wireless channel, information about the network state such as
connectivity, channel statistics, or channel gains, is required. Receiver nodes
feed such information back to other wireless nodes using feedback channels
and feedback mechanisms. Considering the role of feedback makes the char-
acterization of the network capacity a daunting theoretical task. As a result,
researchers have overwhelmingly simplified the feedback channels to come up
with tractable models. Specifically, it has commonly been assumed that feed-
back channel has infinite capacity and has no delay. While these assumptions
could be justified for small, static, or slow-fading networks, they are not viable
in the context of large-scale, mobile, or fast-fading wireless networks. In fact,
teedback channel is low-rate, unreliable, scarce, and is subject to delay. The
recent dramatic increase in wireless data traffic, caused by the success of on-
line media streaming and the proliferation of smart phones and tablets, obliges
researchers to understand the capacity of large-scale mobile networks. Thus,
given the limited, scarce nature of feedback channels, future progress in wire-
less data communications crucially depends on a deeper understanding of the
impact of feedback on the capacity of wireless networks.

In this work, we aim to adjust the assumptions on feedback channels in



a way to open doors to better understanding of real world, large-scale wire-
less networks. In particular, wireless networks are considered with rate-limited
feedback links, with outdated channel state information, and with local views

of the network state.
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CHAPTER 1
INTRODUCTION

1.1 Motivation

Recent years have seen a dramatic increase in the wireless data traffic, caused
by the success of online media streaming services and the proliferation of smart
phones, tablets, and netbooks. Several new advances such as fourth-generation
(4G), LTE, and fifth-generation (5G) digital wireless standards have facilitated
the data traffic in wireless networks. However, given the scarcity of wireless
spectrum, the task of supporting the ever-increasing demand has become quite
challenging and demands new innovations. The only solution, seems to be
to exploit a much denser spatial reuse of the spectrum, by considering new
paradigms in wireless communications such as heterogeneous networks and

device-to-device communications.

Heterogeneous networks are created via the deployment of several low-
power nodes such as pico stations, femto stations and relays, besides the ex-
isting high-power base station infrastructure. In this organically-grown multi-
flow multi-terminal setting, interference becomes the dominating bottleneck
for network capacity improvement. Similarly, device-to-device communication,
while offering improvements in network coverage and quality of service, comes
at the price of higher interference generation. Thus, interference management is
of significant importance to the performance of wireless networks. As a result,
the key to increase the performance of any wireless network is to maximize the
operational efficiency by optimally using available spectral using interference

management techniques.



In order to perform any interference management technique, wireless nodes
need to acquire some information about the network status such as network
connectivity or topology, and the channel gains associated with wireless links.
The task of providing wireless nodes with network information is quite chal-
lenging due to the dynamic state of the networks, i.e. node and environmental
mobility. Mobility leads to significant changes in network topology, network
connectivity, and per-link channel gains at different time-scales. The constant
flux in the state and in the available resources has made the problem nearly in-
tractable. Hence, the question to be answered is, how should nodes choose their
transmission and reception parameters to maximize the global network objec-
tive of maximal network efficiency based on imperfect knowledge of the network

dynamics?

Although distributed decision making is a well known area and has been
studied by many researchers, modeling and understanding the fundamental
capacity limits of wireless networks with imperfect state knowledge is an un-
touched area. While development of network protocols is many decades old,
fundamental results to bound the performance of distributed decision making
are basically non-existent and most of the works in network information theory
have been done on the case of fully coordinated nodes. Therefore, our motiva-
tion is to develop information-theoretic foundations for distributed decisions in
wireless networks which lead to the design of future wireless networks. There
are many challenging, yet promising directions left open in front of us and we
will try to develop some guiding principles, which will have a direct impact on

the design of future wireless networks.

In order to understand the fundamental limits of communications when



global network dynamics are not available, we consider four main directions:

(a)

(b)

(©)

(d)

Communication with Delayed Channel State Information: In this case,
we take into account the delay at which network dynamics are tracked
at each node. This direction provides a suitable guideline for fast-fading
wireless networks. We discover new coding opportunities in wireless net-
works and we develop a framework to describe how these opportunities
should be combined in an optimal fashion. We also develop novel tech-
niques to derive outer-bounds and to prove the optimality of our trans-

mission strategies.

Capacity results for Gaussian Networks with Delayed Channel State In-
formation: In the first direction, while we study the delay in distributed
setting, we limit ourselves to a simple on-off channel model. To show the
practicality of our results, we consider a two-user multiple-input single-
output broadcast channel with delayed channel state information, and we
derive a constant-gap approximation of the capacity region for this prob-

lem.

Communication with Local Network Views: In this direction, we focus
on the role of local network knowledge on network capacity and the asso-
ciated optimal transmission strategies. We propose a new tractable frame-
work that enables us to understand how to manage interference and how
to optimally flow information with only local network views. This direc-
tion provides a suitable guideline for large-scale wireless networks where

learning the entire network knowledge creates significant overhead.

Communication with Rate-Limited Feedback Links: In this direction, we

focus on the feedback links as they play a central role in learning algo-



rithms. In the previous directions, while we have considered several con-
straints, we always assumed feedback links have infinite capacity. How-
ever, as expected, such assumption does not hold in practice and careful

consideration is needed when feedback links have limited capacity.

1.2 Prior Work

As emphasized previously, to perform any interference management technique,
wireless nodes need to acquire some information about the network status such
as network connectivity or topology, and the channel gains associated with
wireless links. This information has to be obtained via feedback mechanisms
and feedback channels. Therefore, there is no surprise to see a large body of
work on the role of feedback in wireless networks. In fact, the history of study-
ing the impact of feedback channel in communication systems traces back to
Shannon and in [47], he showed that feedback does not increase the capacity of
discrete memoryless point-to-point channels. Ever since Shannon’s work, there
have been extensive efforts to discover new techniques that exploit feedback

channels in order to benefit wireless networks.

First efforts on understanding the impact of feedback channels were focused
on the slow-fading channels in multi-user networks where feedback links where
utilized to provide transmitters with knowledge of previously transmitted sig-
nals. In particular, it was shown that in multi-user networks, even in the most
basic case of the two-user memoryless multiple-access channel [20, 39]. Hence,
there has been a growing interest in developing feedback strategies and under-

standing the fundamental limits of communication over multi-user networks



with feedback, in particular the two-user interference channel (IC) (see [23, 31—

33, 45, 50, 53]).

However, in today’s wireless networks, a more important objective in uti-
lizing feedback channels is to provide the transmitters with the knowledge of
the channel state information (CSI). In slow-fading networks, this task could
have been carried on with negligible overhead. However, as wireless networks
started growing in size, as mobility became an inseparable part of networks, and
as fast-fading networks started playing a more important role, the availability
of up-to-date channel state information at the transmitters (CSIT) has become
a challenging task to accomplish. Specifically, in fast-fading scenarios, the co-
herence time of the channel is smaller than the delay of the feedback channel,
and thus, providing the transmitters with up-to-date channel state information

is practically infeasible.

As a result, there has been a recent growing interest in studying the effect
of lack of up-to-date channel state information at the transmitters in wireless
networks. In particular, in the context of multiple-input single-output (MISO)
broadcast channels (BC), it was shown that even completely stale CSIT (also
known as Delayed-CSIT) can still be very useful and can change the scale of the
capacity, measured by the degrees of freedom (DoF) [35]. A key idea behind
the scheme proposed in [35] is that instead of predicting future channel state
information, transmitters should focus on the side-information provided in the
past signaling stages via the feedback channel, and try to create signals that
are of common interest of multiple receivers. Hence, we can increase spectral

efficiency by retransmission of such signals of common interest.

Motivated by the results of [35], there have been several results on the impact



of delayed CSIT in wireless networks. This includes studying the DoF region of
multi-antenna two-user Gaussian IC and X channel [25, 68], k-user Gaussian IC
and X channel [2, 37], and multi-antenna two-user Gaussian IC with Delayed-
CSIT and Shannon feedback [52, 70]. In particular, the DoF region of multi-
antenna two-user Gaussian IC has been characterized in [71], and it has been
shown that the k-user Gaussian IC and X channels can still achieve more than

one DoF with Delayed-CSIT [1, 37] (for k > 2).

1.3 Contributions

1.3.1 Communication with Delayed Channel State Information

In wireless networks, transmitters obtain the channel state information (CSI)
through feedback channels. A fundamental consideration for feedback chan-
nels is that they are subject to delay. While for networks with slow mobility,
gathering and utilizing channel state information within the coherence time of
the network is plausible, it becomes daunting as the mobility and size of the
network increase (e.g., millisecond time-scale coherence time). Hence, in fast
fading scenarios, transmitters can no longer rely on up-to-date CSI. We would
like to study how delayed channel state information at the transmitters (CSIT)

can be utilized for interference management purposes in wireless networks.

In prior work, Maddah-Ali and Tse [35] showed that in broadcast channels
delayed channel state information is very useful and can change the scale of
the capacity, measured by the degrees-of-freedom (DoF). We would like to un-

derstand the potential of delayed CSI, in the context of interference channels



(distributed transmitters). Consider the network in Figure 1.1(a), in which two
transmitters, Tx; and Tx,, are interfering with each other. We focus on a specific
configuration, named the two-user Binary Fading Interference Channel (BFIC)
as depicted in Fig. 1.1(a), in which the channel gains at each time instant are
either 0 or 1 according to some distribution. The input-output relation of this

channel at time instant ¢ is given by
Yilt] = GalflXilt] ® Glt]Xlel,  i=1,2, (1.1)
where i = 3 — i, G;[t], G;[t] € {0, 1}, and all algebraic operations are in IF,.

We define the channel state information at time ¢ to be

A
Gl1] = (G11[1], Gialt], Gor[2], Goo[2]). (1.2)
R, Instantaneous-CSIT
1 (V2,%4) ____I(Vzﬂ/z)
n . : (0.45,0.45)
W X" = Gu Rlen > VW / N, Delayed-CSIT
! ! ! ! No-CSIT N
(V4,%)
Wy—> X5 - Y; —> W,
’ 2TX2 G2 Rxs ’ W Ve Rs

(@) (b)

Figure 1.1: (a) The two-user binary fading interference channel, and (b) the ca-
pacity region for three architectures.

As the main motivation, we study the two-user BFIC as a stepping stone
towards understanding the capacity of more complicated fading interference
channels with Delayed-CSIT. Lately, the linear deterministic model introduced
in [7], has been utilized to bridge the results from deterministic networks into

Gaussian networks (e.g., [7, 8, 11, 12, 46, 50, 59]). In the linear deterministic



model, there is a non-negative integer representing the channel gain from a
transmitter to a receiver. Hence, one can view the binary fading model as a
fading interpretation of the linear deterministic model where the non-negative
integer associated to each link is either 0 or 1. Furthermore, as demonstrated
in [63], the binary fading model provides a simple, yet useful physical layer ab-
straction for wireless packet networks in which whenever a collision occurs, the
receiver can store its received analog signal and utilize it for decoding the pack-

ets in future (for example, by successive interference cancellation techniques).

We consider three models for the available channel state information at the

transmitters:

(a) Instantaneous-CSIT: In this model, the channel state information G’ is

available at each transmitter at time instant ¢, ¢t =1,2,...,n;

(b) No-CSIT: In this model, transmitters only know the distribution from

which the channel gains are drawn, but not the actual realizations of them;

(c) Delayed-CSIT: In this model, at time instant ¢, each transmitter has the
knowledge of the channel state information up to the previous time instant
(i.e. G'') and the distribution from which the channel gains are drawn,

t=1,2,...,n.

We fully characterize the capacity region of the two-user BFIC under the
three assumptions where

Gl Bp), ij=12 (1.3)

for0 < p <1,and we defineg =1 - p.



The capacity region for three assumptions on the available channel state in-
formation at the transmitters is shown in Figure 1.1(b). The most challenging as-
sumption is Delayed-CSIT where transmitters only become aware of CSI when
it is already expired. In this scenario, we introduce and discuss several novel
coding opportunities, created by outdated CSIT, which can enlarge the achiev-
able rate region. In particular, we propose a new transmission strategy, which
is carried on over several phases. Each channel realization creates multiple cod-
ing opportunities which can be exploited in the next phases, to improve the rate
region. However, we observe that merging or concatenating some of the opportu-
nities can offer even more gain. To achieve the capacity region, we find the most
efficient arrangement of combination, concatenation, and merging of the oppor-
tunities, depending on the channel statistics. This can take up to five phases of
communication for a two-user channel. For converse arguments, we start with
a genie-aided interference channel and show that the problem can be reduced
to some particular form of broadcast channels with Delayed-CSIT. We establish
a new extremal inequality for the underlying BC, which leads to a tight outer-
bound for the original interference channel. The established inequality provides
an outer-bound on how much the transmitter in a BC can favor one receiver to
the other using Delayed-CSIT (in terms of the entropy of the received signal at

the two receivers).

The detailed discussions and proofs in this direction can be found in Chap-

ter 2, and [62, 63, 65, 67].



1.3.2 Capacity results for Gaussian Networks with Delayed

Channel State Information

In the first direction, while we study the delay in distributed setting, we limit
ourselves to a simple on-off channel model. To get closer to real world settings,
we consider the two-user multiple-input single-output (MISO) complex Gaus-
sian broadcast channel (BC) as depicted in Fig. 1.2. At each receiver, the received

signal can be expressed as follows.

yilel = hT[Ax[] + zi[1],

ya[t] = g'[1x[1] + z2[1], (1.4)
where x[t] € C**! is the transmit signal subject to average power constraint P,

ie. E [x*[t]x[t]] < P for P > 0. The noise processes are independent from the

transmit signal and are distributed i.i.d. as z[f] ~ CN(0, 1).

We focus on the impact of delayed CSIT at finite SNR regime, as opposed
to prior works on the asymptotic DoF analysis. While there is strong body of
work on the broadcast channels with perfect channel state information (see [40,

72,73]), no capacity result has been reported for the delayed CSIT scenario.

h[t] wlt] = b [fx[f] + [t

] P 2 1 I P e
g Y21l = 8 (X[t T 22(1]

Figure 1.2: Two-user Multiple-Input Single-Output (MISO) Complex
Gaussian Broadcast Channel.

We provide a constant-gap approximation of the capacity region of the two-

user MISO BC with delayed CSIT. We obtain an achievable scheme and an outer-
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bound on the capacity region, and analytically show that they are within con-
stant number of bits, for all values of transmit power. The detailed discussions

and proofs in this direction can be found in Chapter 3, and [58, 66].

1.3.3 Communication with Local Network Views

In this case, we would like to understand the effect of local network knowl-
edge on network capacity and the corresponding optimal transmission strate-
gies. This local view can be different from node to node and can even be inac-
curate at some nodes. Figure 1.3 depicts the issue of limited view in the net-
works. We propose a new tractable framework that enables us to understand
how to manage interference and how to optimally flow information with only

local network views.

Figure 1.3: Depiction of a typical scenario, where Nodes A and B have to rely on
different partial views about the network to make their transmission
decisions.

There is a general consensus that our current understanding of networks is
so limited that attacking the problem directly is nearly impossible. Hence to
make progress, we will focus on one of the dominant issues, i.e. the role of
information about current state of the network on network capacity and the

associated optimal strategies. To capture the dominant effects of the problem,

11



we propose to model a node’s view of the network with a class of distance-based

accuracy models using network coordination protocols as a source of network

state estimations.

Denote the nodes in the network as N;. We say that a node pair (V;, N)), is

connected if the channel state distribution is such that, the link between the two

nodes is not always in a deep fade. The network topology T, is the graph where

two nodes are connected when the channel between them satisfies the above

condition. We will consider two different models for the local view at node N.

(a)

(b)

Hop-Based Model: In this setting, we use the hop-distance between node
N and link (N;, N;), in order to figure out whether the node is aware of
the channel gain or not. This model is well suited for single-layer net-

works [4]. See figure 1.4(a) for a depiction.

Route-Based Model: We will map each link (N;,N;), to those source-
destination pairs that have (V;, N;) in one the routes between them. We
turther define the source-destination adjacency graph, P, which consists of
n nodes corresponding to the n source-destination pairs in the network.
Two source-destination pairs, (T;, D;) and (T, D;), are called adjacent (i.e.,
there is an edge between them in P) if there is either a route from 7; to
D; or a route from T; to D;. We can now use the hop-distance between
the source-destination pair (in P) corresponding to the node N and link
(Ni, Nj). This model is inspired by learning algorithms that provide us with
knowledge about the routes in the network and it is suitable for multi-

layer networks [60]. See Figure 1.4(b) for a depiction.

One of our main objectives, is to study the loss in the network capacity due to

12



(a) Hop-based model for local (b) Route-based model for lo-
view. cal view.

Figure 1.4: Illustration of two different model for network state at node N.

incomplete knowledge at the nodes. In a recent work on single layer networks
with partial information [4], a novel approach has been adopted by character-
izing normalized sum-capacity in these networks, which is defined as the best
guaranteed ratio of the sum-rate with local view to the sum-capacity with full
global view at each node. We borrow this useful definition and we focus on
multi-layer networks, where source-destination pairs are multi hops away. This
significantly adds up to the complexity of the problem and therefore, the chal-
lenges we face. Our goal is to characterize normalized sum-capacity as a func-
tion of partial information available at different nodes, based on route-based

model. See Figure 1.5 for a depiction.

Normalized
Sum-capacity

-

Full Knowledge Partial Information

Figure 1.5: Normalized sum-capacity as a function of partial information
available.
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Figure 1.6: (a) An example of a two-layer network in which coding is required ,
and (b) the two-layer K x 2 x K network.

It is a well established fact that network coding is an effective technique
to increase the spectral efficiency of the networks. However, a major problem
is how to effectively exploit network coding with partial network-state infor-
mation. The problem becomes really challenging when we are dealing with
multi-commodity flows, such as the one depicted in figure 1.6(a). In our recent
works [60] and [61], we have proved that by utilizing repetition coding at the
transmitters and linear network coding at the relays, it is possible to achieve
normalized sum-rate of %, which can be shown to be the maximum achievable
normalized sum-rate with the assumption of 0-hop route-based partial informa-
tion, i.e. each transmitter is only aware of network topology and all the channel
gains of the links that are on a route to its destination. We reveal a deep connec-

tion between network geometry and optimal schemes with partial knowledge.

The detailed discussions and proofs in this direction can be found in Chap-

ter 4, and [60, 61].

1.3.4 Communication with Rate-Limited Feedback Links

Finally, there is one subtle aspect of feedback channels that seems to be ne-

glected by most researchers. In prior works, whether the feedback channel is
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used to provide transmitters with channel state information or previously trans-
mitted signals, it has mostly been assumed that the feedback links have infinite
capacity. A more realistic feedback model is one where feedback links are rate-
limited. In this direction, we study the impact of the rate-limited feedback in
the context of the two-user IC. We consider a two-user interference channel (IC)
where a noiseless rate-limited feedback link is available from each receiver to its
corresponding transmitter. See Figure 5.1. The feedback link from receiver k to

transmitter k is assumed to have a capacity of Crgy, k = 1, 2.

Interference
Channel

Figure 1.7: Two-user interference channel with rate-limited feedback.

We focus on two fundamental questions: (1) what is the maximum capacity
gain that can be obtained with access to feedback links at a specific rate of Crg?
(2) what are the transmission strategies that exploit the available feedback links
efficiently? Specifically, we address these questions under three channel mod-
els: the El Gamal-Costa deterministic model [16], the linear deterministic model

of [7], and the Gaussian model.

Under the El Gamal-Costa deterministic model, we derive inner-bounds and
outer-bounds on the capacity region. As a result, we show that the capacity re-
gion can be enlarged using feedback by at most the amount of available feed-

back, i.e., “one bit of feedback is at most worth one bit of capacity”. We show

15



that our inner-bounds and outer-bounds match under the linear deterministic
model, thus establishing the capacity region. For the Gaussian model and sym-
metric channel gains, we show that the gap between the achievable sum-rate
and the outer-bounds can be bounded by constant number of bits independent
of the channel gains. The detailed discussions and proofs in this direction can

be found in Chapter 5, and [57, 59].
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CHAPTER 2
COMMUNICATION WITH DELAYED CHANNEL STATE INFORMATION

2.1 Introduction

In this chapter, our goal is to shed light on fundamental limits of communica-
tions with Delayed-CSIT in interference channels. We consider a two-user inter-
ference channel as illustrated in Figure 2.1. In this network, the channel gains at
each time instant are either 0 or 1 according to some Bernoulli distribution, and
are independent from each other and over time. The input and output signals
are also in the binary field and if two signals arrive simultaneously at a receiver,
then the receiver obtains the XOR of them. We shall refer to this network as the

two-user Binary Fading Interference Channel (BFIC).

Txy Gut] Rx;

X, W Y1 [t] =Gt [6]X1[t] @ Gon [t] X t]

D)
X Yo[t] =G o[t X [t] © Can[t] X[t
2TX2 Galt] Rxs 2[t] 12[t1Xq[t] 22[t] Xa|t]

Figure 2.1: Binary fading channel model for a two-user interference chan-
nel. The channel gains, the transmitted signals and the received
signals are in the binary field. The channel gains are distributed
as i.i.d. Bernoulli random variables. The channel gains are in-
dependent across time so that the transmitters cannot predict
future based on the past channel state information.

We fully characterize the capacity region of the two-user BFIC with Delayed-
CSIT. We introduce and discuss several novel coding opportunities, created by
outdated CSIT, which can enlarge the achievable rate region. In particular, we

propose a new transmission strategy, which is carried on over several phases.
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Each channel realization creates multiple coding opportunities which can be
exploited in the next phases, to improve the rate region. However, we observe
that merging or concatenating some of the opportunities can offer even more gain.
To achieve the capacity region, we find the most efficient arrangement of com-
bination, concatenation, and merging of the opportunities, depending on the
channel statistics. This can take up to five phases of communication for a two-
user channel. For converse arguments, we start with a genie-aided interference
channel and show that the problem can be reduced to some particular form of
broadcast channels with Delayed-CSIT. We establish a new extremal inequality
for the underlying BC, which leads to a tight outer-bound for the original in-
terference channel. The established inequality provides an outer-bound on how
much the transmitter in a BC can favor one receiver to the other using Delayed-

CSIT (in terms of the entropy of the received signal at the two receivers).

2.2 Problem Setting

We consider the two-user Binary Fading Interference Channel (BFIC) as illus-

trated in Figure 2.2 and defined below.

Definition 2.1 The two-user Binary Fading Interference Channel includes two
transmitter-receiver pairs in which the channel gain from transmitter Tx; to receiver
Rx; at time instant t is denoted by G;;[t], i, j € {1,2}. The channel gains are either 0 or 1
(i.e. G;[t] € {0, 1}), and they are distributed as independent Bernoulli random variables
(independent from each other and over time). We consider the homogeneous setting

where

Gl Bp), i.j=12 (2.1)
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for 0 < p <1, and we define g = 1 — p.

At each time instant t, the transmit signal at Tx; is denoted by X;[t] € {0, 1}, and the

received signal at Rx; is given by

Yjl1] = Gt Xilr] @ Gle]Xilt], i=1,2, (2.2)
where the summation is in IF5.
Definition 2.2 We define the channel state information (CSI) at time instant t to be

the quadruple

Gl1) = (G111, G1al1], G [1], Gaal1)). (2.3)

Wy—> X5 Y, —> W,

TXg G;Q RX2

Figure 2.2: Two-user Binary Fading Interference Channel (BFIC). The
channel gains, the transmit and the received signals are in
the binary field. The channel gains are distributed as i.i.d.
Bernoulli random variables.

We use the following notations in this chapter. We use capital letters to de-
note random variables (RVs), e.g., G;;[t] is a random variable at time instant 7.

Furthermore for a natural number k, we set

G* = [G[11,G[2],...,G[K]]" . (2.4)

Finally, we set
G X; ® Gi.X; = [Ga[11X;[1]1 @ Gi[11X[1], ..., GulAXil @ GilaX; [l (2.5)
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In this chapter, we consider three models for the available channel state in-

formation at the transmitters:

(a) Instantaneous-CSIT: In this model, the channel state information G’ is

available at each transmitter at time instant ¢, ¢t =1,2,...,n;

(b) No-CSIT: In this model, transmitters only know the distribution from

which the channel gains are drawn, but not the actual realizations of them;

(c) Delayed-CSIT: In this model, at time instant 7, each transmitter has the
knowledge of the channel state information up to the previous time instant
(i.e. G'') and the distribution from which the channel gains are drawn,

r=1,2,...,n.

We assume that the receivers have instantaneous knowledge of the CSL
Consider the scenario in which Tx; wishes to reliably communicate message
W; € {1,2,...,2"%} to Rx; during n uses of the channel, i = 1,2. We assume that
the messages and the channel gains are mutually independent and the messages
are chosen uniformly. For each transmitter Tx;, let message W, be encoded as
X! using the encoding function f(.), which depends on the available CSI at Tx;.
Receiver Rx; is only interested in decoding W;, and it will decode the message
using the decoding function \//\\fi = g(Y!,G"). An error occurs when Wi + W,

The average probability of decoding error is given by
Ain = E[PIW,; # WilI, i=1,2, (2.6)

and the expectation is taken with respect to the random choice of the transmit-
ted messages W, and W,. A rate tuple (R, R;) is said to be achievable, if there

exists encoding and decoding functions at the transmitters and the receivers re-
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spectively, such that the decoding error probabilities 4, ,, 1, , go to zero as n goes

to infinity. The capacity region is the closure of all achievable rate tuples.

In addition to the setting described above, we consider a separate scenario
in which an output feedback (OFB) link is available from each receiver to its
corresponding transmitter'. More precisely, we consider a noiseless feedback

link of infinite capacity from each receiver to its corresponding transmitter.

Due to the presence of output feedback links, the encoded signal X;[¢] of
transmitter Tx; at time 7, would be a function of its own message, previous out-
put sequence at its receiver, and the available CSIT. For instance, with Delayed-

CSIT and OFB, we have

Xi[t] = AW, YELGThH,  i=1,2. (2.7)

As stated in the introduction, our goal is to understand the impact of the
channel state information and the output feedback, on the capacity region of
the two-user Binary Fading Interference Channel. Towards that goal, we con-
sider several scenarios about the availability of the CSIT and the OFB. For all
scenarios, we provide exact characterization of the capacity region. In the next

section, we present the main results of the chapter.

2.3 Statement of Main Results

We basically focus on the following scenarios about the availability of the CSI

and the OFB: (1) Delayed-CSIT and no OFB; (2) Delayed-CSIT and OFB; and (3)

L As we will see later, our result holds for the case in which output feedback links are available
from each receiver to both transmitters.
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Instantaneous-CSIT and OFB. In order to illustrate the results, we first establish
the capacity region of the two-user BFIC with No-CSIT and Instantaneous-CSIT

as our benchmarks.

2.3.1 Benchmarks

Our base line is the scenario in which there is no output feedback link from
the receivers to the transmitters, and we assume the No-CSIT model. In other
words, the only available knowledge at the transmitters is the distribution from
which the channel gains are drawn. In this case, it is easy to see that for any

input distribution, the two received signals are statistically the same, hence

I (X7 Y7IG") = 1 (X]; Y3IG"),

[(X2,YIIG") = (X2 YIIGY). (2.8)

Therefore, the capacity region in this case, CN°~!T, is the same as the inter-
section of the capacity region of the multiple-access channels (MAC) formed at

either of the receivers:

0<R <p, i=1,2,
CNO—CSIT — (29)

R1+R2S1—q2.

The other extreme point on the available CSIT is the Instantaneous-CSIT
model. The capacity region in this case is given in the following theorem which

is proved in Appendices A.1 and A.2.

Theorem 2.1 [Capacity Region with Instantaneous-CSIT] The capacity region

of the two-user Binary Fading IC with Instantaneous-CSIT (and no output feedback),
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C'SIT s the set of all rate tuples (R, R,) satisfying

OSRZSP, i:1927
CICSIT — (210)

R +R, <1-¢*+pq.

Remark 2.1 Comparing the capacity region of the two-user BFIC with No-CSIT (2.9)
and Instantaneous-CSIT (2.10), we observe that the bounds on individual rates remain
unchanged while the sum-rate outer-bound is increased by pq. This increase can be
intuitively explained as follows. The outer-bound of 1 — g* corresponds to the fraction
of time in which at least one of the links to each receiver is equal to 1. Therefore, this
outer-bound corresponds to the fraction of time that each receiver gets “useful” signal.
This is tight with No-CSIT since each receiver should be able to decode both messages.
However, once we move to Instantaneous-CSIT, we can send a private message to one
of the receivers by using those time instants in which the link from the corresponding
transmitter to that receiver is equal to 1, but that transmitter is not interfering with the

other receiver. This corresponds to pq fraction of the time.

Now that we have covered the benchmarks, we are ready to present our

main results.

2.3.2 Main Results

As first step, we consider the Delayed-CSIT model. In this case, the following

theorem establishes our result.

Theorem 2.2 [Capacity Region with Delayed-CSIT] The capacity region of the
two-user Binary Fading IC with Delayed-CSIT (and no output feedback), C°S'T, is the
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set of all rate tuples (Ry, R,) satisfying

0<Ri<p, i=1,2,
CDCSIT — (211)

R+(1+q9R<p(+qg)?, i=1,2.

Remark 2.2 Comparing the capacity region of the two-user BFIC with Delayed-
CSIT (2.11) and Instantaneous-CSIT (2.10), we can show that for 0 < p < (3 - \/3) /2,
the two regions are equal. However, for (3 - \/5) /2 < p < 1, the capacity region of the
two-user BFIC with Delayed-CSIT is strictly smaller than that of Instantaneous-CSIT.
Moreover, we can show that the capacity region of the two-user BFIC with Delayed-
CSIT is strictly larger than that of No-CSIT (except for p = 0 or 1).

Furthermore, since the channel state information is acquired through the
feedback channel, it is also important to understand the impact of output feed-
back on the capacity region of the two-user BFIC with Delayed-CSIT. In the
study of feedback in wireless networks, one other direction is to consider the
transmitter cooperation created through the output feedback links. In this con-
text, it is well-known that feedback does not increase the capacity of discrete
memoryless point-to-point channels [47]. However, feedback can enlarge the
capacity region of multi-user networks, even in the most basic case of the two-
user memoryless multiple-access channel [20, 39]. In [50, 59], the feedback ca-
pacity of the two-user Gaussian IC has been characterized to within a constant
number of bits. One consequence of these results is that output feedback can
provide an unbounded capacity increase. This is in contrast to point-to-point
and multiple-access channels where feedback provides no gain and bounded
gain respectively. In this work, we consider the scenario in which an output

feedback link is available from each receiver to its corresponding transmitter on
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top of the delayed knowledge of the channel state information as depicted in

Figure 2.3(a).
Ve - RN
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Figure 2.3: Two-user Binary Fading Interference Channel: (a) with output feed-
back links from each receiver to its corresponding transmitter. In this
setting, the transmit signal of Tx; at time instant t, would be a func-
tion of the message W;, the available CSIT, and the output sequences
Y= i =1,2; and (b) with output feedback links from each receiver to

both transmitters. In this setting, the transmit signal of Tx; at time

instant t, would be a function of the message W;, the available CSIT,

and the output sequences Y{™', Y, i = 1,2.

In the presence of output feedback and Delayed-CSIT, we have the following

result.

Theorem 2.3 [Capacity Region with Delayed-CSIT and OFB] For the two-user
binary IC with Delayed-CSIT and OFB, the capacity region C°“S"TOFB is given by

CPUSITOPB — (R Ry € R s.t. Ri+ (1 + )R < p(1 + )%, i = 1,2}, (2.12)
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Remark 2.3 The outer-bound on the capacity region with only Delayed-CSIT (2.11) is
in fact the intersection of the outer-bounds on the individual rates (i.e. R; < p,i=1,2)
and the capacity region with Delayed-CSIT and OFB (2.12). Therefore, the impact of
OFB is to remove the constraints on individual rates. This can be intuitively explained
by noting that OFB creates new path to flow information from each transmitter to its
corresponding receiver (e.g., Tx; — Rxy — Tx, — Rx;). This opportunity results in

elimination of the individual rate constraints in this case.

Remark 2.4 As we will see in Section 2.8, same outer-bounds hold in the presence of
global output feedback where output feedback links are available from each receiver
to both transmitters, see Figure 2.3(b). Therefore, the capacity region of two user binary
IC with Delayed-CSIT and global output feedback is the same as the capacity region de-
scribed in (2.12). This implies that in this case, global output feedback does not provide
new coding opportunities, nor does it enhance the existing ones. Similar observation
has been made in the context of MIMO Interference Channels [52, 70], even though the

coding opportunities in Binary IC and MIMO IC are not the same.

Finally, we present our result for the case of Instantaneous-CSIT and output
teedback. Note that in this scenario, although transmitters have instantaneous
knowledge of the channel state information, the output signals are available at
the transmitters with unit delay. This scenario corresponds to a slow-fading
channel where output feedback links are available from the receivers to the

transmitters.

Theorem 2.4 [Capacity Region with Instantaneous-CSIT and OFB] For the

two-user binary IC with Instantaneous-CSIT and OFB, the capacity region C'SIT-OFB,
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is the set of all rate tuples (Ry, R,) satisfying

0<R <1-¢, i=1,2,
CICSIT,OFB — (213)

R +R, <1-¢*+pq.

Remark 2.5 Comparing the capacity region of the two-user BFIC with Instantaneous-
CSIT, with OFB (2.13) or without OFB (2.10), we observe that the outer-bound on
the sum-rate remains unchanged. However, the bounds on individual rates are further
increased to 1 — q*. Similar to the previous remark, this is again due to the additional
communication path provided by OFB from each transmitter to its intended receiver.
However, since the outer-bound on sum-rate with Instantaneous-CSIT and OFB (2.13)
is higher than that of Delayed-CSIT and OFB (2.12), the bounds on individual rates

cannot be eliminated.

The proof of the results is organized as follows. The proof of Theorem 2.2
is presented in Sections 2.5 and 2.6. The proof of Theorem 2.3 is presented in
Sections 2.7 and 2.8, and finally, the proof of Theorem 2.4 is presented in Sec-
tions 2.9 and 2.10. We end this section by illustrating our main results via an

example in which p = 0.5.

2.3.3 Illustration of Main Results for p = 0.5

For this particular value of the channel parameter, the capacity region with
Delayed-CSIT and Instantaneous-CSIT with or without output feedback is
given in Table 2.1, and Figure 2.4 illustrates the results presented in this table.

We notice the following remarks.
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Table 2.1: llustration of our main results through an example in which
p =0.5.

Capacity Region Capacity Region
with Delayed-CSIT | with Instantaneous-CSIT

R <! R <1
No-OFB
3p. 9 1
Rl+§RLS§ Rzﬁi
3 9 3
OFB R, +§R2S 3 R; < i
%R1+R2<% Ri+R, <1

Remark 2.6 Note that for p = 0.5, we have

CNO—CSIT c CDCSIT C CICSIT'

In other words, the capacity region with Instantaneous-CSIT is strictly larger than
that of Delayed-CSIT, which is in turn strictly larger than the capacity region with
No-CSIT. Moreover, we have

CDCSIT,OFB - CICSIT,OFB’

meaning that the instantaneous knowledge of the CSIT enlarges the capacity region of

the two-user BFIC with OFB compared to the case of Delayed-CSIT.

Remark 2.7 In Figure 2.4(c), we have illustrated the capacity region with Delayed-
CSIT, with and without output feedback. First, we observe that OFB enlarges the capac-
ity region. Second, we observe that the optimal sum-rate point is the same for p = 0.5.
However, this is not always the case. In fact, for some values of p, output feedback can

even increase the optimal sum-rate. Using the results of Theorem 2.2 and Theorem 2.3,
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Figure 2.4: Two-user Binary Fading IC: (a) the capacity region with No-CSIT,
Delayed-CSIT, and Instantaneous-CSIT, without OFB; (b) the capac-
ity region with No-CSIT, Delayed-CSIT, and Instantaneous-CSIT,
with OFB; and (c) the capacity region with Delayed-CSIT, with and
without output feedback.

we have plotted the sum-rate capacity of the two-user Binary Fading IC with and with-
out OFB for the Delayed-CSIT model in Figure 2.5. Note that for 0 < p < (3 - \/3) /2,

the sum-rate capacity with OFB is strictly larger than the no OFB scenario.

Remark 2.8 Comparing the capacity region of the two-user BFIC with Instantaneous-
CSIT, with OFB (2.13) or without OFB (2.10), we observe that OF B enlarges the capac-
ity region. Moreover, similar to the Delayed-CSIT scenario, the optimal sum-rate point
is the same for p = 0.5. Again, this is not always the case. In fact, for 0 < p < 0.5, out-
put feedback can even increase the optimal sum-rate. Using the results of Theorem 2.1

and Theorem 2.4, we have plotted the sum-rate capacity of the two-user Binary Fading
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Figure 2.5: The sum-rate capacity of the two-user BFIC with Delayed-
CSIT, with and without output feedback. For 0 < p <

(3 - \/5) /2, the sum-rate capacity with OFB is strictly larger
than the scenario where no OFB is available.

IC with and without OFB in Figure 2.6.

Remark 2.9 In Figures 2.5 and 2.6, we have identified the range of p for which output
feedback provides sum-rate gain. Basically, when the sum-rate capacity without OFB is
dominated by the capacity of the direct links (i.e. 2p), and the additional communication

paths created by the means of output feedback links help increase the optimal sum-rate.
Remark 2.10 While our capacity results in Theorems 2.2 and 2.3 are for binary fading
interference channels, in [63], we have shown how they can also be utilized to obtain

capacity results for a class of wireless packet networks.

In the following section, we present the main ideas that we incorporate in

this work.
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Figure 2.6: The sum-rate capacity of the two-user BFIC with
Instantaneous-CSIT, with and without output feedback.
For 0 < p < 0.5, the sum-rate capacity with OFB is strictly
larger than the scenario where no OFB is available.

2.4 Opverview of Key Ideas

Our goal in this section is to present the key techniques we use in this work
both for achievability and converse purposes. Although we will provide de-
tailed explanation of the achievability strategy and converse proofs for all dif-
ferent scenarios, we found it instructive to elaborate the main ideas through sev-
eral clarifying examples. Furthermore, the coding opportunities introduced in
this section can be applicable to DoF analysis of wireless networks with linear
schemes (Section III.A of [30]) or interference management in packet collision

networks (Section IV of [63]).
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2.4.1 Achievability Ideas with Delayed-CSIT

As we have described in Section 2.2, the channel gains are independent from
each other and over time. This way, transmitters cannot use the delayed knowl-
edge of the channel state information to predict future. However, this informa-
tion can still be very useful. In particular, Delayed-CSIT allows us to evaluate
the contributions of the desired signal and the interference at each receiver in
the past signaling stages and exploit it as available side information for future

communication.

Interference-free Bits

Using Delayed-CSIT transmitters can identify previously transmitted bits such
that if retransmitted, they do not create any further interference. The following

examples clarify this idea.

Example 1 [Creating interference channels with side information]: Suppose
at a time instant, each one of the transmitters simultaneously sends one data
bit. The bits of Tx; and Tx, are denoted by a, and b, respectively. Later, using
Delayed-CSIT, transmitters figure out that only the cross links were equal to 1 at
this time instant as shown in Figure 2.7(a). This means that in future, transmis-

sion of these bits will no longer create interference at the unintended receivers.

Example 2 [Creating interference channels with swapped receivers and side
information]: Assume that at a time instant, transmitters one and two simulta-
neously send data bits, say a, and b, respectively. Again through Delayed-CSIT,

transmitters realize that all links except the link between Tx; and Rx, were equal
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Figure 2.7: Achievability ideas with Delayed-CSIT: (a) via Delayed-CSIT trans-
mitters can figure out which bits are already known at the unintended
receivers, transmission of these bits will no longer create interference
at the unintended receivers; and (b) to decode the bits, it is sufficient
that Tx, provides Rx; with b, while this bit is available at Rx,; (c)
similar to (b). Note that in (b) and (c) the intended receivers are
swapped.

to 1, see Figure 2.7(b). In a similar case, assume that at another time instant,
transmitters one and two send data bits a; and b3 at the same time. Through
Delayed-CSIT, transmitters realize that all links except the link between Tx, and
Rx, were connected, see Figure 2.7(c). Then it is easy to see that to successfully
tinish delivering these bits, it is enough that Tx; sends a3 to Rx,, while this bit is
already available at Rx;; and Tx, sends b, to Rx;, while it is already available at

Rx,. Note that here the intended receivers are swapped.

Remark 2.11 As described in Examples 1 and 2, an interference free bit can be retrans-
mitted without worrying about creating interference at the unintended receiver. These
bits can be transferred to a sub-problem, where in a two-user interference channel, Rx;

has apriori access to W; as depicted in Figure 2.8, i = 1,2. Since there will be no
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interference in this sub-problem, such bits can be communicated at higher rates.

lin

TX1 Gril RX1

W1—> X;‘ V Yll‘ — VAVl
Wy—» X; - Y; — \X/z
Tx, G2 Rx,

W,

Figure 2.8: Interference channel with side information: the capacity region
with no, delayed, or instantaneous CSIT is the same.

Bits of Common Interest

Transmitters can use the delayed knowledge of the channel state information
to identify bits that are of interest of both receivers. Below, we clarify this idea

through several examples.

Example 3 [Opportunistic creation of bits of common interest]: Suppose at
a time instant, each one of the transmitters sends one data bit, say a4 and b,
respectively. Later, using Delayed-CSIT, transmitters figure out that all links
were equal to 1. In this case, both receivers have an equation of the transmitted
bits, see Figure 2.9(a). Now, we notice that it is sufficient to provide either of the
transmitted bits, a4 or by, to both receivers rather than retransmitting both bits.
We refer to such bits as bits of common interest. Since such bits are useful for

both receivers, they can be transmitted more efficiently.

Remark 2.12 (Pairing bits of common interest) We note that in Example 3, one of

the transmitters takes the responsibility of delivering one bit of common interest to both
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Figure 2.9: In each case, it is sufficient to provide only one of the transmitted bits
to both receivers. We refer to such bits as bits of common interest.

receivers. To improve the performance, we can pair this problem with another similar
problem as follows. Assume that in another time instant, each one of the transmitters
sends one data bit, say as and bs respectively. Later, transmitters figure out that all
links were equal to 1, see Figure 2.9(b). In this case, similar to Example 3, one of the
bits as and bs, say bs, can be chosen as the bit of common interest. Now we can pair
cases depicted in Figures 2.9(a) and 2.9(b). Then transmitters can simultaneously send
bits a, and bs, to both receivers. With this pairing, we take advantage of all four links

to transmit information.

Remark 2.13 (Pairing ICs with side information (pairing Type-I)) The advan-
tage of interference channels with side information, explained in Examples 1 and 2,
is that due to the side information, there is no interference involved in the problem. The
downside is that half of the links in the channel become irrelevant and unexploited. More
precisely, the cross links in Example 1 and the direct links in Example 2 are not utilized
to increase the rate. Here we show that these two problems can be paired together to form
an efficient two-multicast problem through creating bits of common interest. Referring
to Figure 2.7, one can easily verify that it is enough to deliver a, ® as and b, ® b, to both
receivers. For instance, if a ® a3 and b, & b, are available at Rx,, it can remove b, from
by @ b, to decode b,, then using b, and a, ® b, it can decode a,; finally, using as and

a; ® as it can decode a,. Indeed, bit a; ® as available at TXx,, and bit b; ® b, available at
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Tx,, are bits of common interest and can be transmitted to both receivers simultaneously
in the efficient two-multicast problem as depicted in Figure 2.10. We note that for the
two-multicast problem, the capacity region with no, delayed, or instantaneous CSIT is

the same. We shall refer to this pairing as pairing Type-I throughout the paper.

TX1 Gllll RXl

Wy— X; - Yo — W, W,

TX2 G22 RX2

Figure 2.10: Two-multicast network. Transmitter Tx; wishes to reliably
communicate message W; to both receivers, i = 1,2. The ca-
pacity region with no, delayed, or instantaneous CSIT is the
same.

Example 4 [Pairing interference-free bits with bits of common interest to cre-
ate a two-multicast problem (pairing Type-II)]: Suppose at a time instant, each
one of the transmitters sends one data bit, say as and bs respectively. Later,
using Delayed-CSIT, transmitters figure out that all links were equal to 1, see
Figure 2.11(a). In another time instant, each one of the transmitters sends one
data bit, say a; and b; respectively. Later, transmitters figure out that only the
cross links were equal to 1, see Figure 2.11(b). Now, we observe that provid-
ing a¢ ® a; and be ® by to both receivers is sufficient to decode the bits. For
instance if Rx; is provided with as ® a; and bs ® b7, then it will use b7 to decode
be, from which it can obtain a6, and finally using as and a¢ @ a7, it can decode
a;. Thus, bit a¢ ® a7 available at Tx,;, and bit bs ® b; available at Tx,, are bits of
common interest and can be transmitted to both receivers simultaneously in the
efficient two-multicast problem. We shall refer to this pairing as pairing Type-II

throughout the paper.
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Figure 2.11: Pairing Type-11: providing as ® a; and be & b; to both receivers is
sufficient to decode the bits. In other words, bit as ® a; available
at Tx,, and bit be ® by available at Tx,, are bits of common interest
and can be transmitted to both receivers simultaneously in the effi-
cient two-multicast problem. Note that in (b), the cross links would
have been irrelevant for future communications, however, using this
pairing, we exploit all links.

Example 5 [Pairing bits of common interest with interference-free bits with
swapped receivers to create a two-multicast problem (pairing Type-III)]: Sup-
pose at a time instant, each one of the transmitters sends one data bit, say as
and bg respectively. Later, using Delayed-CSIT, transmitters figure out that all
links were equal to 1 as in Figure 2.12(a). In another time instant, each one of
transmitters sends one data bit, say ay and by respectively. Later, transmitters
tigure out that all links were equal to 1 except the link from Tx, to Rx;, see Fig-
ure 2.12(b). In a similar case, assume that at another time instant, transmitters
one and two send data bits a,y and b, at the same time. Through Delayed-CSIT,
transmitters realize that all links except the link between Tx, and Rx, were con-
nected, see Figure 2.12(c). We observe that providing ag ® ay and bg @ b, to both
receivers is sufficient to decode the bits. For instance, if Rx, is provided with
ag ® ag and bg @ by, then it will use aq to decode ag, from which it can obtain bg,
then using bg and bg @ b, it gains access to b, finally using b, it can decode
ayo from a;y ® byy. Thus, bit ag ® ay available at Tx;, and bit bg & b, available at

Tx,, are bits of common interest and can be transmitted to both receivers simul-
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taneously in the efficient two-multicast problem. We shall refer to this pairing

as pairing Type-III throughout the paper.

TXI RX1 TX1 RXI

ag ag ®bg ag ag
b ag®b b ag®b
* TX2 RX2 * s ’ TXg RXZ ? ?
(a) (b)
Tx; Rx;
ag a10® by
b b
b TX2 RX2 10

(©

Figure 2.12: Pairing Type-II1: providing ag & ay and bs & b, to both receivers is
sufficient to decode the bits. In other words, bit ag @ ay available at
Txy, and bit bg @by available at Tx,, are bits of common interest and
can be transmitted to both receivers simultaneously in the efficient
two-multicast problem.

As explained in the above examples, there are several ways to exploit the
available side information at each transmitter. To achieve the capacity region,
the first challenge is to evaluate various options and choose the most efficient
one. The second challenge is that different opportunities may occur with dif-
ferent probabilities. This makes the process of matching, combining, and up-
grading the status of the bits very difficult. Unfortunately, there is no simple
guideline to decide when to search for the most efficient combination of the op-
portunities and when to hold on to other schemes. It is also important to note
that most of the opportunities we observe here, do not appear in achieving the

DoF of the Gaussian multi-antenna interference channels (see e.g., [25, 68]).
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2.4.2 Achievability Ideas with Output Feedback

In this subsection, we focus on the impact of the output feedback in the presence
of Delayed-CSIT. The first observation is that through output feedback, each
transmitter can evaluate the interference of the other transmitter, and therefore
has access to the previously transmitted signal of the other user. Thus, output
feedback can create new path of communication between each transmitter and

the corresponding receiver, e.g.,

Tx; — Rx, — Tx, — RX;.

Although this additional path can improve the rate region, the advantage
of output feedback is not limited to that. We explain the new opportunities

through two examples

Example 6 [Creating two-multicast problem from ICs with side information]:
In the previous subsection, we showed that interference-free transmissions can
be upgraded to two-multicast problems through pairing. However, it is impor-
tant to note that the different channel realizations used for pairing do not occur
at the same probability. Therefore, it is not always possible to fully implement
pairing in all cases. In particular, in some cases, some interference-free trans-
missions are left alone without possibility of pairing. In this example, we show
that output feedback allows us to create bits of common interest out of these
cases, which in turn allows us to create two-multicast problems. Referring to
Figure 2.13, one can see that through the output feedback links, transmitters
one and two can learn b;; and a;; respectively. Therefore, either of the transmit-
ters is able to create a;; @ by;. It is easy to see that a;; ® by, is of interest of both

receivers. Indeed, feedback allows us to form a bit of common interest which
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can be delivered through the efficient two-multicast problem.

Txq Rx; Tx, Rxy
all [ ] [ ] bll
[ ] all b11 @
TXQ RXQ TX2 RXQ

Figure 2.13: Opportunistic creation of bits of common interest using output feed-
back: bit by, is available at Tx, via the feedback link from Rx,; it is
sufficient that Tx, provides ay, @ by, to both receivers.

Example 7 [Creating two-multicast problem from ICs with swapped re-
ceivers and side information]: As another example, consider the two channel
gain realizations depicted in Figure 2.14. In these cases, using output feedback
Tx; can learn the transmitted bit of Tx;, (i.e. by;), and then form a3 ® by,. It is
easy to see that a;3 ® by, is useful for both receivers and thus is a bit of com-
mon interest. Similar argument is valid for the second receiver. This means
that output feedback allows us to upgrade interference-free transmissions with
swapped receivers to bits of common interest that can be used to form efficient

two-multicast problems.

TX1 RX1
a12 a12®bio a3 a3

bis b1a bis a13® by
Tx, Rx, Txo X9

Figure 2.14: Opportunistic creation of bits of common interest using output feed-
back: using output feedback Tx, can learn the transmitted bit of Tx,
(i.e. b12); now, we observe that providing a;s @ by, to both receivers
is sufficient to decode the intended bits.
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2.4.3 Key Idea for Converse Proofs with Delayed-CSIT

While we provide detailed proofs in Sections 2.6 and 2.8, we try to describe the
main challenge in deriving the outer-bounds in this subsection. Consider the
Delayed-CSIT scenario and suppose rate tuple (R, R,) is achievable. Then for

B >0, we have

n(Ry + BRy) = HW W, G") + BH(W,|G")

(Fano)
< LWy YTIW,, G™) + BI(Wy; Y3IG™) + ne,

= BH(Y}|G") + H(G",X!|G") — BH(G',X!|G") +ne,. (2.14)

We refer the reader to Section 2.6 for the detailed derivation of each step.

Here, we would like to find a value of 8 such that
H(G), X}IG") - BH(G},X]IG") < 0, (2.15)

for any input distribution. Note that since the terms involved are only a function
of X! and the channel gains, this term resembles a broadcast channel formed by
Tx; and the two receivers. Therefore, the main challenge boils down to under-
standing the ratio of the entropies of the received signals in a broadcast channel,

and this would be the main focus of this subsection.

RXI n
G Y1
. Tx
Yy
RX2

Figure 2.15: A transmitter connected to two receivers through binary fad-
ing channels.
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Consider a transmitter that is connected to two receivers through binary
fading channels as depicted in Figure 2.15. We would like to understand how
much this transmitter can privilege receiver one to receiver two, given outdated
knowledge of the channel state information. Our metric would be the ratio of
the entropies of the received signals®>. In other words, we would like to un-
derstand what is the lower-bound on the ratio of the entropy of the received
signal at Rx, to that of Rx;. We first point out the result for the No-CSIT and
Instantaneous-CSIT cases. With No-CSIT, from transmitter’s point of view the
two receivers are identical and it cannot favor one over the other and as a result,
the two entropies would be equal. However with Instantaneous-CSIT, transmit-
ter can choose to transmit at time ¢ only if G[f] = 1 and G,[t] = 0. Thus, with
Instantaneous-CSIT the ratio of interest could be as low as 0. For the Delayed-
CSIT case, we have the following lemma which we will formally prove in Sec-
tion 2.6. Here, we try to provide some intuition about the problem by describing
an input distribution that utilizes delayed knowledge of the channel state infor-
mation in order to favor receiver one. It is important to keep in mind that this
should not be considered as a proof but rather just a helpful intuition. Also,
we point out that for the two-user BFIC with Delayed-CSIT and OFB, we will

derive a variation of this lemma in Section 2.8.

Lemma 2.1 [Entropy Leakage] For the channel described above with Delayed-CSIT,
and for any input distribution, we have

n n p n n
H(Y}|G") > 1_—qu(Y1 IG"). (2.16)

As mentioned before, we do not intend to prove this lemma here. We only

provide an input distribution for which this lower-bound is tight. Consider m

2We point out that if H(G',X{|G") = 0, then ratio is not defined. But we keep in mind that
what we really care about is (2.15).
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Figure 2.16: Four possible channel realizations for the network in Figure 2.15.
The transmitter sends out a data bit at time instant t, and at the
next time instant, using Delayed-CSIT, he knows which channel re-
alization has occurred. If either of the realizations (a) or (b) occurred
at time t, then we remove the transmitted bit from the initial queue.
However, if either of the realizations (c) or (d) occurred at time t, we
leave this bit in the initial queue. This way the transmitter favors
receiver one over receiver two.

bits drawn from i.i.d. Bernoulli 0.5 random variables and assume these bits are
in some initial queue. At any time instant 7, the transmitter sends one of the bits
in this initial queue (if the queue is empty, then the scheme is terminated). At
time instant ¢ + 1, using Delayed-CSIT, the transmitter knows which one of the
four possible channel realizations depicted in Figure 2.16 has occurred at time
t. If either of the realizations (a) or (b) occurred at time ¢, then we remove the
transmitted bit from the initial queue. However, if either of the realizations (c)
or (d) occurred at time 7, we leave this bit in the initial queue (i.e. among the bits
that can be transmitted at any future time instant). Note that this way, any bit
that is available at Rx, would be available at Rx;, however, there will be bits that

are only available at Rx;. Hence, the transmitter has favored receiver one over
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receiver two. If we analyze this scheme, we get

H(%1G") = 5 f?qu(Y?IG”), (2.17)

meaning that the bound given in (2.16) is achievable and thus, it is tight.

Now that we have described the key ideas we incorporate in this paper, start-

ing next section, we provide the proof of our main results.

2.5 Achievability Proof of Theorem 2.2 [Delayed-CSIT]

ForO0<p< (3 - \/5) /2, the capacity of the two-user BFIC with Delayed-CSIT is
depicted in Figure 2.17(a) and as a result, it is sufficient to describe the achiev-
ability for point A = (p, p). However, for (3 — \/5) /2 < p <1, all bounds are
active and the region, as depicted in Figure 2.17(b), is the convex hull of points
A, B, and C. By symmetry, it is sufficient to describe the achievability for points

A and C in this regime.

We first provide the achievability proof of point A for 0.5 < p < 1 in this sec-
tion. Then, we provide an overview of the achievability proof of corner point C
and we postpone the detailed proof to Appendix A.4. Finally in Appendix A.3,

we present the achievability proof of point A for 0 < p < 0.5.
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Figure 2.17: Capacity Region of the two-user Binary Fading IC with Delayed-
CSIT for: @) 0 < p < (3= V5)/2;and (b) (3- V5) /2 <p < 1.

2.5.1 Achievability Strategy for Corner Point A

In this subsection, we describe a transmission strategy that achieves a rate tuple
arbitrary close to corner point A for 0.5 < p < 1 as depicted in Figure 2.17(b), i.e.

(1-4%

R, =R, = .
I =-

(2.18)

Let the messages of transmitters one and two be denoted by W, =
a,a,...,ay, and W, = by, by, ..., b, respectively, where data bits a;'s and b;’s
are picked uniformly and independently from {0, 1}, i = 1,...,m. We show that

it is possible to communicate these bits in
n= (1 - qz)_l m+ (1 - qz)_z pm + O(m2/3) (2.19)

time instants® with vanishing error probability (as m — o). Therefore achieving
the rates given in (2.18) as m — oco. Our transmission strategy consists of two

phases as described below.

Phase 1 [uncategorized transmission]: At the beginning of the communication

3Throughout the paper whenever we state the number of bits or time instants, say n, if the
expression for a given value of p is not an integer, then we use the ceiling of that number [#],
where [.] is the smallest integer greater than or equal to n. Note that since we will take the limit
as m — oo, this does not change the end results.
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block, we assume that the bits at Tx; are in queue Q,,; (the initial state of the
bits), i = 1,2. At each time instant 7, Tx; sends out a bit from Q;_,;, and this bit
will either stay in the initial queue or transition to one of the following possible
queues will take place according to the description in Table 2.2. If at time instant

t, Qi is empty, then Tx;, i = 1,2, remains silent until the end of Phase 1.

(A) Qic,: The bits that at the time of communication, all channel gains were

equal to 1.

(B) Qi-12): The bits that are of common interest of both receivers and do not

tall in category (A).

(C) Qi The bits that are required by Rx; but are available at the unintended
receiver Rx;. A bitisin Q,,;; if Rx; gets it without interference and Rx; does

not get it with or without interference.

(D) Qi-: The bits that are required by Rx; but are available at the intended
receiver Rx;. More precisely, a bit is in Q,;; if Rx; gets the bit without

interference and Rx; gets it with interference.

(E) Q,r: The bits that we consider delivered and no retransmission is re-

quired.

More precisely, based on the channel realizations, a total of 16 possible con-
figurations may occur at any time instant as summarized in Table 2.2. The tran-

sition for each one of the channel realizations is as follows.

e Casel (Z;) If at time instant ¢, Case 1 occurs, then each receiver gets a
linear combination of the bits that were transmitted. Then as illustrated

in Figure 2.18, if either of such bits is provided to both receivers then the
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receivers can decode both bits. The transmitted bit of Tx; leaves Q,_,; and
joins Q;c,*, i = 1,2. Although we can consider such bits as bits of com-
mon interest, we keep them in an intermediate queue for now and as we

describe later, we combine them with other bits to create bits of common

interest.
Tx; Rx;
a a®b
aorb
b a®b
Txs Rx,

Figure 2.18: Suppose transmitters one and two send out data bits a and b
respectively and Case 1 occurs. Now, if either of the transmit-
ted bits is provided to both receivers, then each receiver can
decode its corresponding bit.

e Case 2 (S) In this case, Rx; has already received its corresponding bit
while Rx, has a linear combination of the transmitted bits, see Table 2.2.
As a result, if the transmitted bit of Tx, is provided to Rx,, it will be able to
decode both bits. In other words, the transmitted bit from Tx, is available
at Rx, and is required by Rx,. Therefore, transmitted bit of Tx; leaves Q,_,
and joins Q. Note that the bit of Tx, will not be retransmitted since
upon delivery of the bit of Tx;, Rx, can decode its corresponding bit. Since
no retransmission is required, the bit of Tx, leaves Q,_,, and joins Q, ¢ (the

final state of the bits).

e Case3 (Z) This is similar to Case 2 with swapping user IDs.

“In this paper, we assume that the queues are ordered. Meaning that the first bit that joins
the queue is placed at the head of the queue and any new bit occupies the next empty position.
For instance, suppose there are ¢ bits in Q) ¢, and ¢ bits in Q5 ¢,, then the next time Case 1 occurs,
the transmitted bit of Tx; is placed at position £+ 1in Q;¢,,i = 1,2.
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o Case 4 (:) In this case, each receiver gets its corresponding bit without
any interference. We consider such bits to be delivered and no retransmis-
sion is required. Therefore, the transmitted bit of Tx; leaves Q,_,; and joins

Qir,i=12.

e Case 5 (_>) and Case 6 (Y) In these cases, Rx; gets its corresponding bit
interference free. We consider this bit to be delivered and no retransmis-
sion is required. Therefore, the transmitted bit of Tx; leaves Q,_,; and joins

0, r, while the transmitted bit of Tx, remains in Q,_,;.

e Case7 (7’) In this case, Rx; has a linear combination of the transmitted
bits, while Rx, has not received anything, see Table 2.2. It is sufficient to
provide the transmitted bit of Tx, to both receivers. Therefore, the trans-
mitted bit of Tx, leaves Q,_,, and joins Q1 2. Note that the bit of Tx; will
not be retransmitted since upon delivery of the bit of Tx,, Rx, can decode

its corresponding bit. This bit leaves Q;_,; and joins Q) . Similar argument

holds for Case 8 (Xf)

e Cases9,10,11, and 12: Similar to Cases 5,6,7, and 8 with swapping user IDs

respectively.

e Case 13 (): In this case, Rx; has received the transmitted bit of Tx, while
Rx, has not received anything, see Table 2.2. Therefore, the transmitted
bit of Tx, remains in Q,_,;, while the transmitted bit of Tx, is required by
Rx, and it is available at Rx;. Hence, the transmitted bit of Tx, leaves Q,_,,
and joins Q5. Queue Q,_,,; represents the bits at Tx, that are available

at Rx;, but Rx, needs them.

e Case 14 (\}): This is similar to Case 13 with swapping user IDs.
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e Case 15 ()X): In this case, Rx; has received the transmitted bit of Tx, while
Rx, has received the transmitted bit of Tx;, see Table 2.2. In other words,
the transmitted bit of Tx, is available at Rx, and is required by Rx,; while
the transmitted bit of Tx, is available at Rx, and is required by Rx,. There-

fore, we have transition from Q;_,; to Q;;;, i = 1, 2.

e Case 16: The transmitted bit of Tx; remains in Q,_,;, i = 1, 2.

Phase 1 goes on for

2
3

(1-¢?) ' m+m (2.20)

time instants, and if at the end of this phase, either of the queues Q,,; is not
empty, we declare error type-(i) and halt the transmission (we assume m is cho-

sen such that m? € Z).

Assuming that the transmission is not halted, let N;c,, N, 5, and Ni_; 5 de-
note the number of bits in queues Q;¢,, O, ; and Q,_ 2 respectively at the end
of the transitions, i = 1,2, and j = i,i. The transmission strategy will be halted

and an error type-(ii) will occur, if any of the following events happens.

WIS
I>

Ni,C] > E[Ni,C]] + m- ni,C]’ i = 172’

2 A . . .
Nisj; > E[N ;1 +m? =n; i=1,2,and j=14,i;

Wit

A

Nisp2 > E[Nisuyl +m nispg, 1=1,2. (2.21)

From basic probability, we know that

Pr(Case 1) 91 4
E Ni = " = 1 - ,
Nic.] 1 = Xizo.10.13,16 Pr(Case l)m (L=q)pim
2 j=14.15 Pr (Case j)
E[N,_ ] = ’ — (1= A pm,
[N I = Xic9.10,13.16 Pr (Case i)m (I=q) pgm
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Pr(Case 2)
Ni_ul = —m
1 - Zi:9,10,13,16 Pr (Case 1)
2 j=11.12 Pr(Case j) =
1 = >ic0.10.13.16 Pr(Case 1)

E[ = -¢)"'pgm,

E[Ni-n2] = (1-¢")"'p*gm. (2.22)

Furthermore, we can show that the probability of errors of types I and II
decreases exponentially with m. More precisely, we use Chernoff-Hoeffding
bound?, to bound the error probabilities of types I and II. For instance, to bound
the probability of error type-I, we have

Pr [error type — I] < Z Pr[Q;_; is not empty]

1

<d4e -
X —_—
ST G

2
=1

3

=4
exp(4(l PP |1 =) ' m+m

- ] , (2.23)
'
which decreases exponentially to zero as m — co.

At the end of Phase 1, we add 0’s (if necessary) in order to make queues Q;¢,,
0,5, and Qi1 of size equal to n;c,, n;, 5, and n,_ 5 respectively as defined
in (2.21),i = 1,2, and j = i,i. For the rest of this subsection, we assume that

Phase 1 is completed and no error has occurred.

We now use the ideas described in Section 2.4.1, to further create bits of com-
mon interest. Depending on the value of p, we use different ideas. We break
the rest of this subsection into two parts: (1) 0.5 < p < (\/3 - 1) /2; and (2)
(\/§ - 1) /2 < p < 1. In what follows, we first describe the rest of the achiev-
ability strategy for 0.5 < p < (\/5 - 1) /2. In particular, we demonstrate how

to incorporate the ideas of Section 2.4.1 to create bits of common interest in an

>We consider a specific form of the Chernoff-Hoeffding bound [29] described in [41], which
is simpler to use and is as follows. If X,..., X, are r independent random variables, and M =

Zle X,', then Pr [lM -E [M] | > (Z] < ZCXP(AT%;(X’))
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optimal way.

e Type I Combining bits in Q;_;;, and Q,_,;: Consider the bits that were trans-
mitted in Cases 2 and 14, see Figure 2.19. Observe that if we provide a;®a;
to both receivers then Rx; can decode bits a; and a,, whereas Rx, can de-
code bit b,. Therefore, a; ® a, is a bit of common interest and can join
Qi Hence, as illustrated in Figure 2.20, we can remove two bits in
Q121 and Q;,1p, by inserting their XOR in Q)1 2, and we deliver this bit
of common interest to both receivers during the second phase. Note that

due to the symmetry of the channel, similar argument holds for Q,_,;, and

Q2—>2|1 .

TX] R,Xl TXl RXl
a1 al a9 ([ J
b1 a1 @ b1 b2 ([ J ag
TX2 RX2 TX2 RX2

Figure 2.19: Suppose at a time instant, transmitters one and two send out
data bits a; and b, respectively, and later using Delayed-CSIT,
transmitters figure out Case 2 occurred at that time. At an-
other time instant, suppose transmitters one and two send out
data bits a, and b, respectively, and later using Delayed-CSIT,
transmitters figure out Case 14 occurred at that time. Now, bit
a; ® a, available at Tx; is useful for both receivers and it is a
bit of common interest. Hence, a; @ a, can join Q2.

For05<p< (\/3 — 1) /2, we have E[N,_;;] < E[N,_;;]. Therefore, after this
combination, queue Q;_;; becomes empty and we have
-1
E[Niil = BNl = (1= ) pg(q—p*)m (2.24)
bits left in Ql_)lﬁ
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A | 8y | & Q121 P Qi1p2
Qs ¢—[[zo=m]zea]
53 52 a1

Figure 2.20: Creating XOR of the bits in two different queues. We pick one
bit from each queue and create the XOR of the two bits.

e Type II Combining the bits in Q;¢, and Q,_;;: Consider the bits that were
transmitted in Cases 1 and 15, see Figure 2.21. It is easy to see that pro-
viding a; ® a, and b, @ b, to both receivers is sufficient to decode their
corresponding bits. For instance, Rx; removes b, from b; & b, to decode
b;, then uses b, to decode a; from a; ® b,. Therefore, a; ® a, and b, & b,
are bits of common interest and can join Q2 and Q,_ 5 respectively.
Hence, we can remove two bits in Q,¢, and Q,_;; by inserting their XOR
in Qiu2, i = 1,2, and then deliver this bit of common interest to both

receivers during the second phase.

For05<p< (\/5 - 1) /2, we have (1 - qz)_l Pq (q - pz)m < E[N;c,]. There-

fore after combining the bits, queue Q;_,;; becomes empty and we have
2 -1 2
E[Nic, ] +m3 - (E[N,-_,,-|;] - E[N,-_,;|,-]) = (1 - qz) p(p—qm+m’  (2.25)

bits leftin Q;¢,, i = 1,2.

Finally, we need to describe what happens to the remaining

2
3

(1-4) pp-gm+m

bits in Q;¢,. As mentioned before, a bit in Q; ¢, can be viewed as a bit of common

interest by itself. For the remaining bits in Q, c,, we put the first half in Q,_ 5
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aq a1® by ag b
by a1® by by ap
Txo Rxs Txo Rxo

Figure 2.21: Suppose at a time instant, transmitters one and two send out
data bits a; and b, respectively, and later using Delayed-CSIT,
transmitters figure out Case 1 occurred at that time. At an-
other time instant, suppose transmitters one and two send out
data bits a, and b, respectively, and later using Delayed-CSIT,
transmitters figure out Case 15 occurred at that time. Now,
bit a; ® a, available at Tx; and bit b, & b, available at Tx, are
useful for both receivers and they are bits of common interest.
Therefore, bits a; ® a, and b, ® b, can join Q12 and Q12
respectively.

(suppose m is picked such that the remaining number of bits is even). Note
that if these bits are delivered to Rx,, then Rx, can decode the first half of the

remaining bits in Q,¢, as well. Therefore, the first half of the bits in Q,¢, can

join O, f.

Then, we put the second half of the remaining bits in Q, ¢, in Q1 7). Similar

to the argument presented above, the second half of the bits in Q, ¢, join O, r.

Hence at the end of Phase 1, if the transmission is not halted, we have a total

of
(1-g>" pq + g’ +0.5(p* - pg® + pPq)|m + 2.5m*?
—— N——
Cases 11 and 12 XOR opportunities remaining Case 1
-1
=(1-¢*) 05pm+2.5m*" (2.26)

number of bits in Q7). Same result holds for O, 5.
This completes the description of Phase 1 for 0.5 < p < (\/5 - 1) /2. For
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(\/5 - 1) /2 < p < 1, we combine the bits as follows. Fot this range of p, after
Phase 1, the number of bits in each queue is such that the mergings described

above are not optimal and we have to rearrange them as decsribed below.

e Type I Combining Q, ;; and Q,,;;: We have already described this oppor-
tunity for 0.5 < p < ( V5 - 1) /2. We create the XOR of the bits in Q;_,,; and
Qi-1p and put the XOR of them in Q;_,; 5. Note that due to the symmetry

of the channel, similar argument holds for Q,_,1p and Q>_:.

For (\/5— l) /2 < p <1,E[N;] < E[N_z], i = 1,2. Therefore after com-
bining the bits, queue Q,_,;; becomes empty, and we have

E[N;ii] - Nl = (1= ¢%) ' pa(p® - q)m (2.27)
bits leftin Q;_;;, i = 1,2.

e Type III Combining the bits in Q,¢, and Q;_;;: Consider the bits that were
transmitted in Cases 1,2, and 3, see Figure 2.22. Now, we observe that
providing a ® ¢ and b @ f to both receivers is sufficient to decode their
corresponding bits. For instance, Rx; will have a® b, ¢, e ® f, a ® ¢, and
b ® f, from which it can recover a,c, and e. Similar argument holds for
Rx,. Therefore, a @ c and b @ f are bits of common interest and can join
Qi and Qs respectively. Hence, we can remove two bits in Q,¢,
and Q;_;;, by inserting their XORs in Q;_,(12), i = 1,2, and then deliver this
bit of common interest to both receivers during the second phase.

For (\/5— 1) /2 < p <1, we have (1 - qz)_l Pq (p2 - q)m < E[N;c,]. There-
fore after combining the bits, queue Q,_;; becomes empty and we have
E[Nig,1+m* = (BNl - EIN_gl) = (1= &) (0" - g + pg?)m+m?
(2.28)
bits left in Q;¢,.
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a a®b c d e e f
b a®b d cod f f
TX2 R,X2 TXQ RX2 TX2 RXQ

Figure 2.22: Consider the bits transmitted in Cases 1,2, and 3. Now, bit a®c
available at Tx; and bit & f available at Tx, are useful for both
receivers and they are bits of common interest. Therefore, bits
a®cand b® f can join Q)12 and O, 7 respectively.

We treat the remaining bits in Q; ¢, as described before. Hence at the end of

Phase 1, if the transmission is not halted, we have a total of

(1- 612)_1 PZCI + p3q +0.5 (p4 - p3q + pqz) m+ 2.5m*"3

Cases 11 and 12 XOR opportunities remaining Case 1

= (1 - qZ)_l 0.5pm + 2.5m*"? (2.29)
number of bits in Q7). Same result holds for O, 5.

To summarize, at the end of Phase 1 assuming that the transmission is not
halted, by using coding opportunities of types I, II, and III, we are only left with

-1
(1 - qz) 0.5pm + 2.5m*? bits in queue Q1) i = 1,2.

We now describe how to deliver the bits of common interest in Phase 2 of the
transmission strategy. The problem resembles a network with two transmitters
and two receivers where each transmitter Tx; wishes to communicate an inde-
pendent message W; to both receivers, i = 1,2. The channel gain model is the
same as described in Section 2.2. We refer to this network as the two-multicast
network as depicted in Figure 2.23. We have the following result for this net-

work.
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TX1 Gll RX1

Wy— X5 Yo — W, W,

TX2 Glzlz RXZ

Figure 2.23: Two-multicast network. Transmitter Tx; wishes to reliably
communicate message W; to both receivers, i = 1,2. The ca-
pacity region with no, delayed, or instantaneous CSIT is the
same.

Lemma 2.2 For the two-multicast network as described above, we have

CNo-CSIT _ ~DCSIT  _ ~ICSIT (2.30)

multicast multicast multicast?

and, we have

Ri < p, i=12,
Comalticast = (2.31)

multicast —

R +R, <1-¢%

This result basically shows that the capacity region of the two-multicast net-
work described above is equal to the capacity region of the multiple-access
channel formed at either of the receivers. The proof of Lemma 2.2 is presented

in Appendix A.5.

Phase 2 [transmitting bits of common interest]: In this phase, we deliver the
bits in Q12 and Q12 using the transmission strategy for the two-multicast
problem. More precisely, the bits in Q,,; 5 will be considered as the message
of Tx; and they will be encoded as in the achievability scheme of Lemma 2.2,

i =1,2. Fix€,6 > 0, from Lemma 2.2, we know that rate tuple

(R1,Ry) = ((1 - -6,0-¢> - 6)

M| —
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is achievable with decoding error probability less than or equal to €. Therefore,

transmission of the bits in Q12 and Q,,12, will take

(1 —qz)_lpm+5m2/3
I-g-6

liotal =

(2.32)

Therefore, the total transmssion time of our two-phase achievability strategy

is equal to

-1
5 1—q2 pm+5mz/3
=g 'm+ms + ( (1)_ T , (2.33)

hence, if we let €,6 — 0 and m — oo, the decoding error probability of delivering

bits of common interest goes to zero, and we achieve a symmetric sum-rate of

1-— 2
Rl = R2 = lim n = ( | ) .
;16_7’03 Tiotal 1+ (1 - q2)—1p

(2.34)

This completes the achievability proof of point A for 0.5 < p < 1.

2.5.2 Overview of the Achievability Strategy for Corner Point

C

We now provide an overview of the achievability strategy for corner point C

depicted in Figure 2.17 for (3 - \/5) /2<p<l,ie.
(R1,Ry) = (pg(1 + q), p)+ (2.35)
and we postpone the detailed proof to Appendix A 4.

Compared to the achievability strategy of the sum-rate point, the challenges

in achieving the other corner points arise from the asymmetricity of the rates.
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At this corner point, while Tx, (the primary user) communicates at full rate of
p, Tx; (the secondary user) communicates at a lower rate and tries to coexist
with the primary user. The achievability strategy is based on the following two

principles.

(a) If the secondary user creates interference at the primary receiver, it is the

secondary user’s responsibility to resolve this interference;

(b) For the achievability of the optimal sum-rate point A (see Figure 2.17(b)),
the bits of common interest were transmitted such that both receivers
could decode them. However, for corner point C, when the primary re-
ceiver obtains a bit of common interest, we revise the coding scheme in a

way that favors the primary receiver.

Our transmission strategy consists of five phases as summarized below.

e Phase 1 [uncategorized transmission]: This phase is similar to Phase 1 of
the achievability of the optimal sum-rate point A. The main difference is
due to the fact that the transmitters have unequal number of bits at the
beginning. In Phase 1, Tx; (the secondary user) transmits all its initial bits
while Tx, (the primary user) only transmits part of its initial bits. Trans-

mitter two postpones the transmission of its remaining bits to Phase 3.

e Phase 2 [updating status of the bits transmitted when either of the Cases
7 or 8 (11 or 12) occurred]: For the achievability of optimal sum-rate point
A, we transferred the transmitted bits of Tx, (Tx;) to the two-multicast
sub-problem by viewing them as bits of common interest. However, this
scheme turns out to be suboptimal for corner point C. In this case, we

retransmit these bits during Phase 2 and update their status based on the
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channel realization at the time of transmission. Phase 2 provides coding

opportunities that we exploit in Phases 4 and 5.

e Phase 3 [uncategorized transmission vs interference management]: In this
phase, the primary user transmits the remaining initial bits while the sec-
ondary user tries to resolve as much interference as it can at the primary
receiver. To do so, the secondary user sends the bits that caused interfer-
ence at the primary receiver during Phase 1, at a rate low enough such
that both receivers can decode and remove them regardless of what the
primary transmitter does. Note that pg of the time, each receiver gets
interference-free signal from the secondary transmitter, hence, the sec-
ondary transmitter can take advantage of these time instants to deliver

its bits during Phase 3.

e Phases 4 and 5 [delivering interference-free bits and interference manage-
ment]: In the final phases, each transmitter has two main objectives: (1)
communicating the bits required by its own receiver but available at the
unintended receiver; and (2) mitigating interference at the unintended re-
ceiver. This task can be accomplished by creating the XOR of the bits sim-
ilar to coding type-I described in Section 2.4 with a modification: we first
encode these bits and then create the XOR of the encoded bits. Moreover,
the balance of the two objectives is different between the primary user and

the secondary user.

As mentioned before, the detailed proof of the achievability for corner point
C is provided in Appendix A.4. In the following section, we describe the con-

verse proof for the two-user BFIC with Delayed-CSIT.
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2.6 Converse Proof of Theorem 2.2 [Delayed-CSIT]

In this section, we provide the converse proof for Theorem 2.2. As mentioned
in Remark 2.3, The outer-bound on the capacity region with only Delayed-
CSIT (2.11) is in fact the intersection of the outer-bounds on the individual rates
(i.e. R < p,i =1,2) and the capacity region with Delayed-CSIT and OFB (2.12).
Therefore, the converse proof that we will later present in Section 2.8 for the case
of Delayed-CSIT and OFB suffices. However, specific challenges arise when
OFB is present and careful considerations must be taken into account. Here, we
independently present the converse proof of Theorem 2.2 to highlight the key

techniques without worrying about the details needed for the case of OFB.

We first present the Entropy Leakage Lemma that plays a key role in deriving
the converse. Consider the scenario where a transmitter is connected to two
receivers through binary fading channels as in Figure 2.24. Suppose G,[] and
G,[t] are distributed as i.i.d. Bernoulli RVs (i.e. G;[¢] 4 B(p)), i = 1,2. In this

channel the received signals are given as

Yi[1] = Gilr]X[1], i=1,2, (2.36)
where X[7] is the transmit signal at time . We have the following lemma.
Lemma 2.3 [Entropy Leakage] For the channel described above with Delayed-CSIT
and for any input distribution, we have

H(Y3|G") =

H(Y7|G"). (2.37)
2-p

Remark 2.14 Note that with No-CSIT, from the transmitter’s point of view, the two

receivers are identical and it cannot favor one over the other and as a result, we have
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o Tx
X
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Y,
RXQ

Figure 2.24: A transmitter connected to two receivers through binary fad-
ing channels. Using Delayed-CSIT, the transmitter can privi-
lege reveiver one to receiver two. Lemma 2.3 formalizes this
privilege.

H (Y;’IG") =H (YflG"). With Instantaneous-CSIT this ratio can become zero®. There-

fore, this lemma captures the impact of Delayed-CSIT on the entropy of the received

signals at the two receivers.

Proof: For time instant r where 1 < ¢ < n, we have

H(v[1v5, G")

= pH (X[Yy™, G,l1] = 1,G™")

< pH (X115, G')

()
> pH (X[Y{, v5™,G')

©_p
1-¢?

H (V[ vl vs, 6Y), (2.38)

where (a) holds since X[7] is independent of the channel realization at time in-
stant #; (b) follows from the fact that conditioning reduces entropy; and (c) fol-

lows from the fact that Pr[G,[f] = G[f] = 0] = ¢*. Therefore, we have

iH(Yz[t]lYH,G’) > 1

-1 yr-1
) 2_p;H(Y1[t],Yz[t]IY§ VLG, (239)

®This can be done by simply remaining silent whenever G»[f] = 1.
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and since the transmit signals at time instant # are independent from the channel

realizations in future time instants, we have

1
2-p

Zn] H(n[05 . 6") 2 Z H(NA, iy vy 6"), (240)
=1 =1

hence, we get

1
H(Y31G") > pH (Y1, Y31G") > H(Y{IG"). (2.41)

2 2-p

This completes the proof of the lemma. |

We now derive the converse for Theorem 2.2. The outer-bound on R; is
the same under no, delayed, and instantaneous CSIT, and we present it in Ap-

pendix A.2. In this section, we provide the proof of

R+ (1 +¢)R; < p(1 +q)*, i=1,2. (2.42)

By symmetry, it is sufficient to prove it for i = 1. Let 8 = (1 + ¢), and suppose

rate tuple (R, R,) is achievable. Then we have

n(R; +BRy) = HW,) + BH(W,)

@D H(W,|Wa, G") + BH(W,|G™)

(Fano)
< I(Wy; Y] |W,, G") + BI(Wy; YI|G") + ne,

= H(Y[|W>,G") — H(Y{|Wy, W5, G") +BH(Y;|G") — BH(Y;|W>,G") + ne,

=0

b n n n n n n n n
QD BH(YIG") + H(Y"|Wa, X2, G") — BH(Y!|W), X2, G") + né,

= BH(Y;|G") + H(G|, X{IW», X}, G") — BH(G',X{|W», X},G") + ne,

< BH(YAIG") + H(G!, X}|W», G") — BH(G', X |W>,G") + ne,

@ n)n n yn|on n yen|on
2 BH(Y!|G") + H(G", X"|G") — BH(G",X!|G") + ne,

Lemma 2.3

<  BH(Y;|G") + ne,
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=B ) HW[AIYS',G") + ne,
=1

(6) n
<B Y HWMIG") + ne,
t=1
) ) )
< nB(l —q°) + €, =np(l + q)° + ne,. (2.43)

where (a) holds since W, W, and G" are mutually independent; (») and (c) hold
since X} is a deterministic function of W, and G”"; (d) follows from
0 < H(G,X!IG") — H(G,X{IW,,G")

= 1 (G, X!; W,|G") < I (Wy, G, X0 WalG")

= I (W;; Wo|G™) +1(G},X]; Wo|W,,G") =0, (2.44)
~——— ———
= 0 since W LW, 1G" = 0 since X=f;(W;, G")

which implies H(G} X]|G") = H(G} X[|W,,G"), and similarly H(G',X[|G") =
H(G',X{IW,,G"); (e) is true since conditioning reduces entropy; and (f) holds
since the probability that at least one of the links connected to Rx, is equal to 1

at each time instant is (1 — ¢?). Dividing both sides by n and let n — co, we get

R, +(1+ )R, < p(1 + g)*. (2.45)

This completes the converse proof for Theorem 2.2.

2.7 Achievability Proof of Theorem 2.3 [Delayed-CSIT and

OFB]

We now focus on the impact of the output feedback in the presence of Delayed-
CSIT. In particular, we demonstrate how output feedback can be utilized to fur-

ther improve the achievable rates. The capacity region of the two-user BFIC
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with Delayed-CSIT and OFB is given by
CPESTTOE = R, Ry € R” s.t. Ri+ (1 + @)R; < p(1 + )%, i = 1,2}, (2.46)

and is depicted in Figure 2.25.

Rl A

Figure 2.25: Capacity region of the two-user BFIC with Delayed-CSIT and
output feedback.

The achievability strategy of the corner points (1 - qz,()) and (0,1 - qz), is
based on utilizing the additional communication paths created by the means of

the output feedback links, e.g.,
TX1 - RX2 - TX2 - RXl,

and is presented in Appendix A.6. Here, we only describe the transmission
strategy for the sum-rate point, i.e.

(1-4%

R, =R, = .
I+ -g)p

(2.47)

Let the messages of transmitters one and two be denoted by W, =
ay,as,...,ay, and Wy = by, by, ..., b, respectively, where data bits a;'s and b;’s
are picked uniformly and independently from {0, 1}, i = 1, ..., m. We show that

it is possible to communicate these bits in
n= (1 - qz)_l m+ (1 - qz)_z pm+ O (m2/3) (2.48)
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time instants with vanishing error probability (as m — o). Therefore achieving
the rates given in (2.47) as m — oco. Our transmission strategy consists of two

phases as described below.

Phase 1 [uncategorized transmission]: This phase is identical to Phase 1 of Sec-
tion 2.5. At the beginning of the communication block, we assume that the bits
at Tx; are in queue Q;_,;, i = 1,2. At each time instant ¢, Tx; sends out a bit from
Qi-.;, and this bit will either stay in the initial queue or transition to a new queue
will take place. The transitions are identical to what we have already described

in Table 2.2, therefore, we are not going to repeat them here. Phase 1 goes on for
(1 - qz)_l m+m3 (2.49)

time instants and if at the end of this phase, either of the queues Q,_,; or 0,_,, is

not empty, we declare error type-I and halt the transmission.

The transmission strategy will be halted and an error type-II will occur, if

any of the following events happens.

1\71',(;1 > E[Ni,Cl] +m

—Jlj

2 .
Niopay > BNl +m3 2 nisugy, 0= 1,2. (2.50)

From basic probability, we know that

Pr(Case 1) 9] 4
E N,' = " = 1 - .
Nic.] 1 = >lic9.10.13.16 Pr (Case l)m (L=a)pim
2 j=1415 Pr (Case j) _
E[ / =(1-¢)"'pg’m,

Nl = 1 = Xiz0.10,13,16 Pr(Case i)m
_ Pr (Case 2)

1= Xisg.10,13.16 Pr(Case i)m
_ Zj=nn Pr(Case j) ~
S 1- Zi:9,10,13,16 Pr (Case i)m B

E[N:j;] =(1-¢)"'plgm,

E[Niou2] (1 -g> "' p*qm. (2.51)
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Using Chernoff-Hoeffding bound, we can show that the probability of errors

of types I and II decreases exponentially with m.

At the end of Phase 1, we add 0’s (if necessary) in order to make queues Q;¢,,
05, and Q; 12 of size equal to n;¢,, n,, 5, and n;_(1 5 respectively as defined in
(2.50),i = 1,2, and j = i,i. For the rest of this subsection, we assume that Phase
1 is completed and no error has occurred. We now use the ideas described in

Section 2.4 for output feedback, to further create bits of common interest.

e Updating the status of bits in Q; ¢, to bits of common interest: A bitin Q;¢,
can be considered as a bit of common interest. Also note that it is sufficient
to deliver only one of the two bits transmitted simultaneously during Case 1.
Therefore, Tx; updates the status of the first half of the bits in Q;¢, to Q112
whereas Tx, updates the status of the second half of the bits in O, ¢, to Oy1.2}-
Hence, after updating the status of bits in Q;¢,, we have

3
m+ >m? (2.52)

1
2 4
+_
rq p )

PN |
(I -9 >

bits in Qi—>{l,2}/ i= 1, 2.

e Upgrading ICs with side information to a two-multicast problem using
OFB: Note that through the output feedback links, each transmitter has access
to the transmitted bits of the other user during Phase 1. As described above,
there are E[N,_;] + m3 bits in Qi at the end of Phase 1. Now, Tx, creates the
XOR of the first half of the bits in Q)1 and Q,_,; and updates the status of the
resulting bits to Q2. Note that as described in Example 6 of Section 2.4, the
XOR of these bits is a bit of common interest. On the other hand, Tx, creates the

XOR of the second half of the bits in Q;_,1, and Q,,,; and updates the status of
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the resulting bits to 0,1 2. Thus, we have

_ 1 1 2
(1- qz) ! pzq + §p4 + quz m+ 2m3 (2.53)

bits in Qi—>{1,2}/ i= 1, 2.

e Upgrading ICs with side information and swapped receivers to a two-
multicast problem using OFB: As described above, there are E[N,_;] + m3 bits
in Q;;, Tx; creates the XOR of the first half of the bits in Q;_,; and Q,_,p and
updates the status of the resulting bits to Q2. Note that as described in Ex-
ample 7 of Section 2.4, the XOR of these bits is a bit of common interest. On the
other hand, Tx, creates the XOR of the second half of the bits in Q;_,,; and Q,,1p
and updates the status of the resulting bits to 0,1 ;. Hence, we have

_ 1 1 1 5 2 _ 5 2
A-g>" p2q+§p4+§pq2+§p3q m+§m§ =(1-¢% 1§m+ Em% (2.54)

bits in Q;_12), i = 1,2. This completes the description of Phase 1.

Phase 2 [transmitting bits of common interest]: In this phase, we deliver the
bits in Q)12 and Q5,12 using the transmission strategy for the two-multicast
problem. More precisely, the bits in Q,_,(; 5y will be considered as the message
of Tx; and they will be encoded as in the achievability scheme of Lemma 2.2,

i =1,2. Fix€,6 > 0, from Lemma 2.2 we know that the rate tuple
1
(Ri.Ry) = 5 (1= %) = 8/2.(1 - ¢*) = 6/2)

is achievable with decoding error probability less than or equal to €. Therefore,

transmission of the bits in Q)12 and Q,_,(1 2 requires

(1 - qz)_l pm + 5m*3
1-¢>)-0

(2.55)

liotal =
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time instants. Therefore, the total transmission time of our two-phase achiev-
ability strategy is equal to
-1
(1 — q2) pm + Sm*?
(I-g)-6

A-¢>"'m+ ms + (2.56)

The probability that the transmission strategy halts at any point can be
bounded by the summation of error probabilities of types I and II, and the prob-
ability that an error occurs in decoding the encoded bits. This probability ap-

proaches zero for €,6 — 0 and m — oo.
Hence, if we let €,0 — 0 and m — oo, the decoding error probability goes to
zero, and we achieve a symmetric sum-rate of

1= 2
R1:R2:lim m = ( q2)1 .
fr’l‘s_?og Tiotal 1+(1_q )_ V4

(2.57)

2.8 Converse Proof of Theorem 2.3 [Delayed-CSIT and OFB]

In this section, we prove the converse for Theorem 2.3. Suppose rate tuple

(R1,R,) is achievable, then by letting 8 = 1 + g, we have

n(R; +BR,y) = HW,) + BH(W,)

< H(W\|W», G") + BH(W,IG")
" Wy YW, G + BI(Wy; YIIG™) + ne,
< I(W; Y7, Y2 Wa, G™) + BI(Wo; Y2IG™) + ne,

= H(Y{, Y;|W,,G") — H(Y{, Y3 |W,, W), G") +BH(Y;|G") — BH(Y;|W,,G") + ng,

=0

= BH(Y;|G") + H(Y], Y3 |W,,G") — BH(Y;|W>,G") + ne,

= BH(Y3IG") + Y HO[1], YaltlWa, Y7, Y5, G = B " H(G[AIWa, Y57, G") + ne,

t=1 t=1
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(Z) nyn C t—1 t—1 t n
< BH(Y3IG") + Y HYG [, Va[AIW), Y7 Y5, X5, G")

t=1

—B Y HDlAIWa, Y5 X5, G") + ne,

=1

=BH(Y;IG") + Z H(Gn [1X1[1], GulfX []IW,, G X, G X, X3, G7)

t=1

—B Y HGulXi[1IW2, G5 Xi™, X5, G") + ne,

=1

2 BH(YIIG" + ) HGHIAX 1], Gl X [IWa, G X{, G X, X3, G

=1

=B ) HGulfX\[1IW, G5 X1, X5, G + né,

=1

(%) BHY;|G") + ne,

< p(1 +q)’n + ne,, (2.58)
where (a) holds since the channel gains and the messages are mutually indepen-
dent; (b) follows from the fact that X} is a deterministic function of (Wz, Y£‘1)7 and
the fact that conditioning reduces entropy; (c) follows from the fact that condi-
tion on W, X!™!, X!, X,[¢] is independent of the channel realization at future time

instants, hence, we can replace G" by G'; and (d) follows from Lemma 2.4 below.

Dividing both sides by n and let n — oo, we get

R, +(1+ @R, < p(1 + g)*. (2.59)
Similarly, we can get (1 + )R, + R, < p(1 + ¢)*.
Lemma 2.4

D HGuIX AW, G X, X3, G

=1

7We have also added Y {‘1 in the condition for the scenario in which output feedback links
are available from each receiver to both transmitters.
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1

2

> Z H(G X111, GliX [[IW,, G XL GR' XL X5,GD. (2.60)
=1

Remark 2.15 Lemma 2.4 is the counterpart of Lemma 2.3 when Output Feedback is
available. Note that in the condition we have X', and due to the presence of output

feedback the proof is different than that of Lemma 2.3.

Proof: We have
H(G )X [IW,, G5 X7, X5, GY)
= pHX\[1]IGolt] = 1, Wo, G'XT, X5, G

D pHX, [IWs, G55 X XL, G

(] —1yi-
= pH(Xl[t:”WZ’ GliZIXi 17X£a Gt)

= 1 _pqu(Gll[t]Xl [t], GIZ[Z]X] [l:”WZ’ Gli_zlxi_l,Xé, Gt)
© 1
> s HGuIAX\[1. GlX AW, G XL G XL X3.G). (261)

where (a) and (b) follow from the fact that condition on W,, G;'X!™!, X! and
G", X,[1] is independent of the channel realization at time #; and (c) holds since

conditioning reduces entropy.

Therefore, we have

> HGlX W), G X X4, GY)
t=1

1
2-p

> >—— > HGulAXi[1, GultIXi [1IW, G X1, G X, X5, GY).
t=1

In the following two sections, we consider the last scenario we are interested
in, i.e. Instantaneous-CSIT and OFB, and we provide the proof of Theorem 2.4.
First, we present the achievability strategy, and we demonstrate how OFB can

enhance our achievable rate region. We then present the converse proof.
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2.9 Achievability Proof of Theorem 2.4 [Instantaneous-CSIT

and OFB]

In this section, we describe our achievability strategy for the case of
Instantaneous-CSIT and output feedback. Note that in this scenario, although
transmitters have instantaneous knowledge of the channel state information,
the output signals are available at the transmitters with unit delay. We first pro-

vide a brief overview of our scheme.

2.9.1 Overview

By symmetry, it suffices to describe the achievability scheme for corner point
(R, Ry) = (1 - qz,pq),

as depicted in Figure 2.26. Similarly, we can achieve corner point (R;,R;) =
( pq,1— qz), and therefore by time sharing, we can achieve the region.
Ry

(1-¢2,pq)

(pq,1-q%)

R

Figure 2.26: Two-user Binary Fading IC: capacity region with
Instantaneous-CSIT and output feedback. By symmetry,
it suffices to describe the achievability scheme for corner

point (R}, R;) = (1 - qz,pq).
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Our achievability strategy is carried on over b + 1 communication blocks,
each block with n time instants. Transmitters communicate fresh data bits in the
tirst b blocks and the final block is to help the receivers decode their correspond-
ing bits. At the end, using our scheme, we achieve a rate tuple arbitrary close
to (1 - ¢, pq) as n — oo. Finally letting b — oo, we achieve the desired rate

tuple.

2.9.2 Achievability Strategy

Let W{ be the message of transmitter i in block j, i = 1,2, and j = 1,2,...,b.
Moreover, let W{ = a{,aé,...,ai;,, and Wé = b{,bé,...,bi},z, for j = 1,2,...,b,
where data bits a/’s and b!’s are picked uniformly and independently from {0, 1},

i=1,2,...,m,and

my = —1 m. (2.62)

We also set n = m/(1 — ¢*) + m*"®, where n is the length of each block.

Achievability strategy for block 1: In the first communication block, at each
time instant ¢, if at least one of the outgoing links from Tx; is on, then it sends one
of its initial m bits that has not been transmitted before (note that this happens
with probability (1 — ¢*)). On the other hand, Tx, communicates a new bit (a bit
that has not been transmitted before) if the link to its receiver is on and it does
not interfere with receiver one (i.e. Gy [f] = 1 and Gy;[t] = 0). In other words, Tx,
communicates a new bit if either one of Cases 2,4,9, or 11 in Table 2.2 occurs

(note that this happens with probability pg).
The first block goes on for n time instants. If at the end of the first block,
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there exists a bit at either of the transmitters that has not yet been transmitted,

we consider it as error type-I and halt the transmission.

Assuming that the transmission in not halted, using output feedback links,
transmitter two has access to the bits of transmitter one communicated in the
tirst block. In particular, Tx, has access to the bits of Tx; transmitted in Cases
2,11,12,14, and 15 during block 1. Note that the bits communicated in Cases
11,12, 14, and 15 from Tx; have to be provided to Rx;. However, the bits com-
municated in Case 2 from Tx; are already available at Rx; but needed at Rx,,
see Figure 2.27. Transmitter two will provide such bits to Rx, in the following

communication block.

Tx; Rx;
a a
b adb
TX2 RXZ

Figure 2.27: The bit communicated in Case 2 from Tx, is already available
at Rx; but it is needed at Rx,. Transmitter two learns this bit
through the feedback channel and will provide it to Rx; in the
following communication block.

Now, Tx, transfers the bits of Tx; communicated in Cases 2,11, 12, 14, and
15, during the first communication block to queues {,Cz, Q}’CH, Q{’Clz, Q{,CM,

and Q| . . respectively.

Let random variable N, denote the number of bits in O], ¢ =
2,11,12,14,15. Since transition of a bit to this state is distributed as indepen-

dent Bernoulli RV, upon completion of block 1, we have

3 Pr (Case ¢)
1 - Zi:9,10,13,16 Pr (Case 1)

E[N},o[] m = (1 — g*)"' Pr(Case ) m, (2.63)
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for £ =2,11,12,14,15.

If the event [NII’C[ > ]E[NII,C[] + m%] occurs, we consider it as error type-II and
we halt the transmission. At the end of block 1, we add 0’s (if necessary) to Q{’C[

2
3

so that the total number of bits is equal to E[NII,C[] + m3. Furthermore, using
Chernoff-Hoeffding bound, we can show that the probability of errors of types

I and II decreases exponentially with m.

Achievability strategy for block j, j = 2,3,...,b: The transmission strategy
for Tx, is the same as block 1 for the first b blocks (all but the last block). In
other words, at time instant ¢, Tx; transmits one of its initial m bits (that has not
been transmitted before) if at least one of its outgoing links is on. On the other
hand, Tx, communicates W5 using similar strategy as the first block, i.e. Txa

communicates a new bit if either one of Cases 2,4, 9, or 11 occurs.

Transmitter two transfers the bits communicated in Cases 2,11, 12, 14, and
15, during communication block j to queues Q{’C2, Q{,C“, Q{,Clz, Q{’CM, and Q{,Cls

respectively.

Moreover, at time instant ¢,

e if Case 3 occurs, Tx, sends one of the bits from Q{_Clz and removes it from
this queue since it has been delivered successfully to Rx,, see Figure 2.28.

i—-1 . . .
If Case 3 occurs and Q{ c, s empty, Tx, remains silent;

e if Case 10 occurs, Tx, sends one of the bits from Q{_CIH and removes it from
this queue, see Figure 2.29. If Case 10 occurs and Q{EH is empty, Tx, re-

mains silent;

e if Case 12 occurs, it sends one of the bits from Q{_Cllz and removes it from
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i TX1 RX1 i 2 TX1 RX1 .
al a a dda
1 1
b a®b a a
TXQ RX2 TXQ RXQ
a A\ /
N o _-

Figure 2.28: In block j when Case 3 occurs, Tx, retransmits the bit of Tx,
communicated in Case 2 during block j — 1. Note that this bit
does not cause interference at Rx; and it is needed at Rx,.

RX1 TX1
TXQ RXQ
Figure 2.29: In block j when Case 10 occurs, Tx, retransmits the bit of Tx;

communicated in Case 11 during block j— 1. Note that this bit
is needed at both receivers.

this queue. If Case 12 occurs and Q{,_o].z is empty, Tx, remains silent;

e if Case 13 occurs, it sends one of the bits from Q{_CIM and removes it from

this queue. If Case 13 occurs and Q{_CIM is empty, Tx, remains silent;

e if Case 15 occurs, it sends one of the bits from Q{_CllS and removes it from

this queue. If Case 15 occurs and Q{,_Clw is empty, Tx, remains silent.

If at the end of block j, there exists a bit at either of the transmitters that has
not yet been transmitted, or any of the queues Q1 02' Ql i Ql Cu’ Ql i’ OF Ql Cls

is not empty, we consider this event as error type-I and halt the transmission.

Assuming that the transmission is not halted, let random variable N{ c, de-

note the number of bits in Q{,C[' ¢ =2,11,12,14,15. From basic probability, we
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have

3 Pr (Case ¢)
1 = >ic9.10.13,16 Pr(Case 1)

for £=2,11,12,14,15.

E[N’ . ]

e, m = (1—-¢*)"' Pr(Case £) m, (2.64)

If the event [N{,C{ > ]E[N{"C[] + m%] occurs, we consider it as error type-II and
we halt the transmission. At the end of block 1, we add 0’s (if necessary) to

J

5
1.Ce :

so that the total number of bits is equal to E[Ni/,o/] + m3. Using Chernoff-
Hoeffding bound, we can show that the probability of errors of types I and II

and decreases exponentially with m.

Achievability strategy for block 4 + 1: Finally in block b + 1, no new data bit
is transmitted (i.e. W2*',W5*" = 0), and Tx, only communicates the bits of Tx;
communicated in the previous block in Cases 2, 11,12, 14, and 15 as described

above. If at the end of block b + 1, any of the queues Q}f,czf Q}f,c“f Qi”clz, Qlf,cmf or

b

| .. is not empty, we consider this event as error type-I and halt the transmis-
15

sion.

The probability that the transmission strategy halts at the end of each block
can be bounded by the summation of error probabilities of types I and II. Using
Chernoff-Hoeffding bound, we can show that the probability that the transmis-

sion strategy halts at any point approaches zero as m — co.

2.9.3 Decoding

At the end of block j+ 1, Rx; has acces to W{ with no interference, j = 1,2,...,b.
At the end of block b+ 1, Rx, uses the bits communicated in Cases 3 and 10 from

Tx, to cancel out the interference it has received from Tx; during the previous
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block in Cases 2 and 11. Therefore, at the end of block » + 1, Rx; has access to
WS} with no interference. Then, Rx, follows the same strategy for blocks b and
b — 1. Therefore, using similar idea, Rx, uses backward decoding to cancel out

interference in the previous blocks to decode all messages.

Now, since each block has n = m/(1-¢*)+m?? time instants and the probabil-
ity that the transmission strategy halts at any point approaches zero for m — oo,

we achieve a rate tuple

Eé;I(l_wf,pq), (2.65)

as m — co. Finally letting b — co, we achieve the desired rate tuple.

2.10 Converse Proof of Theorem 2.4 [Instantaneous-CSIT and

OFB]

To derive the outer-bound on individual rates, we have

a) n
nR, = HW,) 2 H(W,|G")

(Fano)

< I(W; YTIG") + ne,
= H(Y]|G") — H(Y{|W,,G") + ne,
< H(Y{|G") + ne,

<1 -¢>n +ne, (2.66)

where ¢, - 0 as n — o0; (a) holds since message W, is independent of G".

Similarly, we have

nRy < (1 — g»n + ne,, (2.67)
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dividing both sides by n and let n — oo, we have

(2.68)

The outer-bound on R; + R,, i.e.
R +R, <1—-¢*+pq, (2.69)
can be obtained as follows.
n(R, + R, — 2¢,)
< HW\ W, G") + HW,IG™)
" Wy YW, G + I(Wa: Y2IG™)

= H(Y{|W>,G") — H(Y[IW\, W2, G") +1(W>; Y31G")

=0

= H(Y{|W>,G") + H(Y}IG") — H(Y;|Wy, G")
= H(Y[|W5,G") + H(Y}IG") — [H(Y], Yi|W>,G") — H(Y}|Y}, W5,G")]
= H(Y!|Y!, W,,G") + H(Y!|G")

2 HWIG" + Y H AWy, Y5, Yi™, X5, G, X}, G")

t=1

(c)
< H(Y;|G") + H(Y{|G}, X7, G5, X3, G")

<N HWIIE) + Y HA[AIGRIAX [0, G l1X (1. G")

=1 =1

(eﬁ) (1 - qz) n+ pgn, (2.70)

where €, = 0 as n — oo; and (a) follows from the fact that the messages and G”
are mutually independent; (b) holds since X} is a function of W5, Y{‘l, Yé‘l, and
G’; (¢) and (d) follow from the fact that conditioning reduces entropy; and (e)

holds since

H(Y,[1IG™) < 1 - ¢,
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HY,\[1]IG2[t1X1[1], G2 [1]1X2[2], G") < pg. (2.71)

Dividing both sides by n and let n — oo, we get

R +R, <1-¢*+pq. (2.72)

We also note this outer-bound on R, + R, can be also applied to the case of

Instantaneous-CSIT and no output feedback (i.e. Theorem 2.1).

211 Extension to the Non-Homogeneous Setting

In this section, we discuss the extension of our results to the non-homogeneous
case. More precisely, we consider the two-user Binary Fading Interference

Channel of Section 2.2 where
Gl L Bpa),  Giltl £ B(po), (2.73)

for0 < ps,pe <1,i=3—i,andi = 1,2. Wedefineg, = 1-psand g. = 1 — p..
We study the non-homogeneous BFIC in two settings: (1) Delayed-CSIT and
output feedback; and (2) Delayed-CSIT (and no output feedback). For the case
of Delayed-CSIT and output feedback, we fully characterize the capacity region

as follows.
Theorem 2.5 The capacity region of the two-user Binary Fading IC with Delayed-
CSIT and output feedback, CP"OF8B (py, p,) is given by

COSTOB (5 ) = (R, Ra € RY sit. poy+ (1 = qug) Rs < (1 = qag ), i = 1,2).

(2.74)
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Proof: We first prove the converse. The converse proof follows similar steps as
the case of the homogeneous setting described in Scetion 2.8 for Theorem 2.3.

Set8

- (- QdQC) (2.75)
Pe

We have

n(Ry + BRy) = HWy) + BH(W,)
< HW\|W,,G") + BH(W,IG")
Wy YW, G + BI(Wy: YIIGT) + ne,
< I(Wy; YT, Y5 W), G") + BI(Wy; Y5|G™) + ne,

= H(Yna Y§|W25 Gn) - H(Yl’l, Yg|W1a WZa Gn) +ﬁH(Y;|Gn) _ﬁH(YﬂWZ, Gn) + ne,

=0

= BH(Y;IG") + H(Y{, Y;|W>, G") — BH(Y;|W>,G") + ne,

= BH(Y}IG") + Y HON[A, YaltllWa, Yi Y5 .G = Y H[HIWa, Y57, G") + ne,

=1 t=1

(Z) nyn C t—1 t—1 t n C t—1 t n
< BH(YIG") + Y HO1], ValflIWa, Yi Y5 X0, G") = B ) HO[AIWa, Y57 X5, G) + ne,

=1 =1

= BH(Y;|G") + Z H(G[t1X,[1], Gia[t]X, [£]| W2, Gtﬂ]Xi_] , th_lei_] , X5, G
t=1

=B ) HGulXi[1IW, G X{, X5, G") + né,
=1
© n|n C -1 yit- —1y1—
£ BH(YIG" + Y HGH X (1], Gl X\ [11Wa, G X G X1, X5, GY)

=1
=B HGulX, (MW, G X{™, X5, G") + e,
=1
@)
< BH(Y;|G") + ne,

_ 2
< (I - quq.)

n + ne,, (2.76)
Pc

8For p. = 0 the result is trivial, so we assume that 8 is well defined.
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where (a) holds since the channel gains and the messages are mutually indepen-
dent; (b) follows from the fact that X} is a deterministic function of (Wg, Y )9 and
the fact that conditioning reduces entropy; (c) follows from the fact that condi-
tion on W, Xﬁ‘l, X}, X,[t]is independent of the channel realization at future time
instants, hence, we can replace G” by G’; and (d) follows from Lemma 2.5 below.

Dividing both sides by n and let n — oo, we get

PRy + (1 = qaqe) Ry < (1 = qaqe)*, (2.77)

and the derivation of the other bound would be similar.

Lemma 2.5 [Non-Homogeneous Entropy Leakage with Output Feedback] For
the broadcast channel described in Fig. 2.24 with parameters p, and p., and with

Delayed-CSIT and output feedback, for any input distribution, we have

(1 = quqd) ) HGulAXi (AW, G X, X3, GY)
t=1
> Pe Z H(G[1X[1], Golf1Xi[]IWa, G XL G X, X5, G, (2.78)
t=1

The proof of Lemma 2.5 follows the same steps as the proof of Lemma 2.4.
We note that this lemma, is the generalization of the Entropy Leakage Lemma
to the case where G, [7] 4 B(py) and G,[t] 4 B(p.) and where the output feedback

is present.

We now describe the achievability proof. The achievability proof is also sim-
ilar to that of the homogeneous setting described in Section 2.7. Hence, we

provide an outline of the achievability strategy here. The achievability strategy

*We have also added Y!™! in the condition for the scenario in which output feedback links
are available from each receiver to both transmitters.
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of corner points (1 — g.q.,0) and (0, 1 — g4q.), is based on utilizing the additional

communication paths created by the means of the output feedback links, e.g.,

Tx; — Rx, — Tx, — RX;.

In the rest of the proof, we provide the outline for the achievability of corner

point

R =Ry= — 0 449 (2.79)
1+ (1= q49.)~" pe

The strategy is carried on over two phases similar to Phase 1 and Phase 2 of
Section 2.7. We assume that at the beginning of the communication block, there
are m bits in Q;_,;, i = 1,2. Phase 1 is the uncategorized transmission, and it goes
on for

2
3

(1- qdqc)_1 m+m (2.80)

time instants and if at the end of this phase, either of the queues Q,_,; or 0>,
is not empty, we declare an error and halt the transmission. Upon completion
of Phase 1, using the ideas described in Section 2.4 for output feedback, we fur-
ther create bits of common interest. More precisely, we use the following ideas:
we update the status of bits in Q;¢, to bits of common interest; as described
in Example 6 of Section 2.4, using output feedback, we combine bits in Q;_,;
and Q,_,y; to create bits of common interest; as described in Example 7 of Sec-
tion 2.4, using output feedback, we combine bits in Q,_,; and O, to create

bits of common interest.

In the second phase, we deliver the bits in Q;_,(; ) and Q,_,1 ») using the trans-

mission strategy for the two-multicast problem. For

0<p < fdpd, (2.81)
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the cross links become the bottleneck for the two-multicast network depicted
in Figure 2.23, and as a result, using the two-multicast problem as discussed
in Lemma 2.2 is sub-optimal. However, using the output feedback link, Tx;
learns the interfering bit of Tx;, i = 1,2; and considering this side information
available at the transmitters, we can show that a sum-rate of (1 — g4q.) for the
two-multicast problem is in fact achievable. At the end of Phase 2, all bits are

delivered. It takes
(1~ gaqo) > pem + O (mg) (2.82)
time instants to complete Phase 2. Therefore, we achieve a symmetric sum-rate

of

(I —qaq.)

R =R, = ,
T T T (1= qug0)pe

(2.83)
as m — oo. [ |

For the case of Delayed-CSIT (and no output feedback), we partially solve

the problem as described below.

Theorem 2.6 [Capacity Region with Delayed-CSIT and Non-Homogeneous
Channel Gains] The capacity region of the two-user Binary Fading IC with Delayed-
CSIT (and no output feedback), C°S'T (py, p,.) for

Pa
<p.<1, 2.84
1+pd_p (2.84)

is the set of all rate tuples (R, R,) satisfying

OSRiSpd7 i:1’2’
(pd’ pt) = (2.85)
PR+ (1 = quq ) R; < (1 — qaq.)*, i=1,2.

DCSIT
CCS
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Proof: The proof of converse follows from the previous theorem since the outer-
bound of Theorem 2.5 also serves as an outer-bound for Theorem 2.6. Here,
we discuss the achievability strategy. The achievability proof is similar to that
of the homogeneous setting as described in Section 2.5 for Theorem 2.2. The

corner points are as follows.

(Ri.Ry) = (min {pd (1 - quq.) } min {pd (1 - quq.) })
’ "1+ =qug)'pe )’ "1+ -quq)'pe))’

(Ry,Ry) = (pg, min{py, (1 — quq.) q.4}) ,

(R1,Ry) = (min{py, (1 — g4q.) g4}, Pa) - (2.86)

Here, we provide the outline for the achievability of the first corner point,

ie.

. (1 - QdCIc)
R =R, = , . 2.87
1= mm{p T = qag0) ' pe (2.87)

We assume that at the beginning of the communication block, there are m bits
in Q;.;, i = 1,2. Phase 1 is the uncategorized transmission. Upon completion of
Phase 1, using the ideas described in Section 2.4.1, we upgrade the status of the

bits to bits of common interest. We use the following coding opportunities.

e Type I Combining bits in Q;_;; and Q,_;; to create bits of common interest,
i=1,2

e Type II Combining the bits in Q;c, and Q,,; to create bits of common
interest, i = 1,2;

e Type III Combining the bits in Q;¢c, and Q,_;; to create bits of common

interest, i = 1, 2.

Then, in the final phase, we deliver the bits in Q.12 and Q2 using the

transmission strategy for the two-multicast problem. |
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Remark 2.16 We note that in Theorem 2.6, we partially characterized the capacity

region. In fact, for

0<p. <+ fdpd, (2.88)

our achievability region does not match the outer-bounds. Closing the gap in this regime
could be an interesting future direction. The reason one might think the achievability
could be improved is that in this regime the cross links become the bottleneck for the
two-multicast network depicted in Figure 2.23, and as a result, using the two-multicast
problem might be sub-optimal. On the other hand, as we demonstrated in [64], even
under No-CSIT assumption, this regime requires a different outer-bound compared to

other regimes.

2.12 Conclusion and Future Directions

We studied the impact of delayed knowledge of the channel state informa-
tion at the transmitters, on the capacity region of the two-user binary fading
interference channels. We introduced various coding opportunities, created
by Delayed-CSIT, and presented an achievability strategy that systematically
exploits the coding opportunities. We derived an achievable rate region that
matches the outer-bounds for this problem, hence, characterizing the capacity
region. We have also derived the capacity region of this problem with Delayed-
CSIT and output feedback.

A future direction would be to extend our results to the case of two-user
Gaussian fading interference channel with Delayed-CSIT. As discussed in the
introduction, one can view our binary fading model as a fading interpretation

of the linear deterministic model where the non-negative integer associated to
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each link is at most 1. Therefore, one approach is to extend the current results
to the case of fading linear deterministic interference channel and then, further
extend that result to the case of Gaussian fading interference channel, in order
to obtain approximate capacity characterization. This approach has been taken
for the No-CSIT assumption in [55], in the context of fading broadcast channels,
and in [78] in the context of one-sided fading interference channels. In fact, one
can view our Binary Fading model as the model introduced in [55, 78] with only

one layer.

Another future direction is to consider the k-user setting of the problem.
In [38], authors have shown that for the k-user fading interference channel with
instantaneous knowledge of the channel state information, sum degrees of free-
dom (DoF) of k/2 is achievable. However, in the absence of the CSIT, the achiev-
able sum DoF collapses to 1. As a result a large degradation in network capac-
ity, due to lack of the CSIT, is observed. It has been recently shown that, with
Delayed-CSIT, it is possible to achieve more than one sum DoF [1, 37], how-
ever, the achievable sum DoFs are less than 1.5 for any number of users. This
together with lack of nontrivial DoF upper bounds leaves the problem of sum
DoF characterization of interference channels with Delayed-CSIT still open and
challenging, to the extent that it is even unknown whether the sum DoF of such
networks scales with the number of users or not. A promising direction may be
to study this problem in the context of our simpler binary fading model, to un-
derstand whether the sum capacity of such network with Delayed-CSIT scales

with the number of users or it will saturate.

Finally, motivated by recent results that demonstrate that, with Instantaneous-

CSIT, multi-hopping can significantly increase the capacity of interference net-
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works (e.g., [26, 49] for two-unicast networks and [48] for multi-unicast net-
works), an interesting future direction would be explore the impact of Delayed-

CSIT on the capacity of muti-hop binary interference networks.

87



Table 2.2: All possible channel realizations and transitions from the initial
queue to other queues; solid arrow from tranmsitter Tx; to re-
ceiver Rx; indicates that G;;[t] = 1,i,j € {1,2},t = 1,2,...,n. Bit

“" _7

a” represents a bit in Q,_,; while bit “b” represents a bitin Q,_,,.

1D ch. at transition 1D ch. at transition

jmy
=
)
3
=
3
)
S

o o e a.b a — Ql,C1 s e a — Ql—>1
1 P 9

b Tx, Rx;a‘b b i QZ,C] b Tx, Rx: b b i Q2_>F

. a— Qi . . a— 011
2 DN 10 i

b Txy mza'b b i Q2_>F b Txz Rxy b b i Q2_>F

.o o' a:b a — Q1—>F oo o a — Q1_>{],2}
3 e 11 i

b ol b— Q2_>1|2 b T b— Q2_>F

e a— Qi-r « o . a— Q15012
4 12 i

b Rx, b b - QZ—)F b Tx, m,,a'b b - Q2_>F

aTo—nX‘ o' a a — Q1—>F aTox‘ -y b a — Qlﬁl

b b b— Q2_>2 (4 b4 b— Q2_)2|1

o« . o a — Ql—)F oo s a — Ql—)l|2
6 : 14 \

b e b— Q2_>2 b e b— Q2_>2

e o' a:b a — Ql—?F S - a — Q1—>1|2
7 7 15 ><

4 2. b— 0y "R . b— Qo

. o a:b a — Q1—>F oo B a — Ql—)l
8 ; 16

4 o b— Q2_>{1,2} b o b— Q2_>2
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CHAPTER 3
CAPACITY RESULTS FOR GAUSSIAN NETWORKS WITH DELAYED
CHANNEL STATE INFORMATION

3.1 Introduction

In wireless networks, receivers estimate the channel state information (CSI) and
pass this information to the transmitters through feedback mechanisms. The
extent to which channel state information is available at the transmitters has a
direct impact on the capacity of wireless networks and the optimal strategies.
In fast-fading scenarios where the coherence time of the channel is smaller than
the delay of the feedback channel, providing the transmitters with up-to-date
CSI is practically infeasible. Consequently, we are left with no choice but to

understand the behavior of wireless networks under such constraint.

Our objective is to understand the effect of lack of up-to-date CSI on the ca-
pacity region of wireless networks by considering a fundamental building block,
namely the multiple-input single-output (MISO) broadcast channel (BC). In the
context of MISO BC, it has been shown that even completely stale CSIT (also
known as delayed CSIT) can still be very useful and can change the scale of the
capacity, measured by the degrees of freedom (DoF) [36]. The degrees of free-
dom by definition provides a first order approximation of the capacity, thus it
is mainly useful in understanding the behavior of the capacity in high power
regimes. However, it is not a suitable measure for practical settings with finite

signal-to-noise ratio (SNR).

We first consider the two-user MISO BC and we focus on the effect of de-
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layed CSIT at finite SNR regimes as opposed to the asymptotic DoF analysis.
While there is a strong body of work on broadcast channels with perfect chan-
nel state information (see [40, 72, 73]), no capacity result has been reported for
the delayed CSIT scenario. There are some prior results in the literature (for
example [75]) that have proposed and analyzed several achievability strategies
at finite SNR regimes. Nonetheless, characterizing the capacity region of the

two-user MISO BC with delayed CSIT has remained open.

In this paper, we provide the first constant-gap approximation of the capac-
ity region of the two-user MISO BC with delayed CSIT. We obtain an achievable
scheme and an outer-bound on the capacity region, and we analytically show
that they are within 1.81 bits/sec/Hz per user, for all values of the transmit
power. Our numerical analysis shows that the gap is in fact smaller and in the

worst case, it is at most 1.1 bits/sec/Hz per user.

The proposed achievability scheme for the two-user MISO BC with delayed
CSIT has three phases. In Phase 1 and Phase 2, transmitter respectively sends
messages intended for receivers one and two. In each one of these phases, the
unintended receiver overhears and saves some signal (interference) which is
only useful for the other receiver. At this point, transmitter can evaluate the
overheard signals using the delayed CSI. In the third phase, the transmitter
will swap the overheard signals between the receivers by sending a signal of
common interest. This signal is the quantized version of the summation of the
previously transmitted signals. The swapping is performed by exploiting the
overheard signals as available side-information at receivers side. The overall
information that each receiver collects in the three phases is enough to decode

the intended message. Although the above three phases follows the scheme
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of [36], as we will show, some important additional ingredients are needed to

make an approximately optimal scheme.

To derive the outer-bound, we create a physically degraded BC by provid-
ing the received signal of one user one to the other user. Then, since we know
that feedback does not enlarge the capacity region of a physically degraded
BC [22], we ignore the delayed knowledge of the channel state information at
the transmitter (i.e. no CSIT assumption). We then derive an outer-bound on
the capacity region of this degraded broadcast channel which in turn serves as
an outer-bound on the capacity region of the two-user MISO BC with delayed
CSIT. We show that the achievable rate region and the outer-bound are within
1.81 bits/sec/Hz per user. Using numerical analysis, we can show that the gap

is in fact smaller than 1.1 bits/sec/Hz per user.

We then consider the K-user MISO BC with delayed CSIT and we focus on
the symmetric capacity. We show how to extend our ideas for the achievability
and converse to this setting, and we show that for the symmetric capacity the
gap between the achievable rate and the outer-bound is less than 2log,(K + 2)

bits/sec/Hz independent of the transmit power.

In the literature, there have been several results on the impact of delayed
CSIT in wireless networks. However, these results are either focused on the DoF
region (e.g, [13, 52, 68]) or capacity results for noiseless channels (e.g., [63, 67]).
The present work provides constant-gap approximation of the capacity region
of the two-user Complex Gaussian MISO BC with delayed CSIT which is of
great importance in practical wireless settings. Existing results on constant-
gap approximation of the capacity region of wireless networks mainly consider

the scenario in which transmitters have perfect instantaneous knowledge of
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the channel state information (e.g, [11, 50, 59]). Thus the current result opens
the door for constant-gap approximation of the capacity region of wireless net-

works with delayed CSIT.

The rest of the paper is organized as follows. In Section 3.2, we formulate
our problem. In Section 3.3, we present our main results. We describe our
achievability strategy in Section 3.4. Section 3.5 is dedicated to deriving the
outer-bound. In Section 3.6, we show that our inner-bound and outer-bound
are within constant number of bits. We extend our results to the K-user MISO

BC with delayed CSIT in Section 3.7. Finally, Section 3.8 concludes the paper.

3.2 Problem Setting

We start by considering the two-user multiple-input single-output (MISO) com-
plex Gaussian broadcast channel (BC) with Rayleigh fading as depicted in
Fig. 3.1. The channel gains from the transmitter to receivers one and two are
denoted by h[7], g[z] € C**!, respectively, where the entries of h[7] and g[7] are
distributed as i.i.d. CN(0, 1) (independent across time, antenna, and users). At

each receiver, the received signal can be expressed as follows.

yilt] = W' [1x[2] + z1[7], yaltl = g' [11x[1] + za[1], (3.1)

where x[t] € C**! is the transmit signal subject to average power constraint P,
ie. E [X*[t]x[t]] < P for P > 0. The noise processes are independent from the
transmit signal and are distributed i.i.d. as z[f] ~ CN(0, 1). Furthermore, we

define
s1[1] = h'[7]x[1], s:[t] = g [1x[1], (3.2)

92



to be the noiseless versions of the received signals.

h] wilt] = T [A)x[t] + =4
x[t] [Tx

gl feduelt] = & T[] + 1]

Figure 3.1: Two-user Multiple-Input Single-Output (MISO) Complex
Gaussian Broadcast Channel.

Transmitter wishes to reliably communicate independent and uniformly dis-
tributed messages w; € {1,2,...,2""} and w, € {1,2,...,2"} to receivers 1 and
2, respectively, during n uses of the channel. We denote the channel state infor-

mation at time ¢ by
(h[z], g[z]), t=1,2,...,n. (3.3)
The transmitter has access to the delayed (outdated) channel state informa-
tion, meaning that at time instant ¢, the transmitter has access to
(h[¢], g[€D)Z) t=12,...,n (3.4)
Due to the delayed knowledge of the channel state information, the encoded

signal x[7] is a function of both the messages and the previous channel realiza-

tions.

Each receiver k, k = 1,2, uses a decoding function ¢y, to get the estimate
from the channel outputs {y[7] : t = 1,...,n}. An error occurs whenever Wy # wy.

The average probability of error is given by

Aen = E[PG #w))l,  k=1,2, (3.5)
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where the expectation is taken with respect to the random choice of the trans-

mitted messages w; and wy.

We say that a rate pair (R;, R») is achievable, if there exists a block encoder at
the transmitter, and a block decoder at each receiver, such that 4, goes to zero
as the block length n goes to infinity, k = 1, 2. The capacity region C is the closure

of the set of the achievable rate pairs.

3.3 Statement of Main Result

Our main contributions are: (1) characterization of the capacity region of
the two-user MISO complex Gaussian BC with delayed CSIT to within 1.6
bits/sec/Hz; and (2) characterizing the symmetric capacity of the K-user MISO

complex Gaussian BC to within 2 log, (K + 2) bits/sec/Hz.

For the two-user setting, the achievability scheme has three phases. In
Phase 1 and Phase 2, the transmitter respectively sends messages intended for
receiver one and receiver two. In each of these phases, the unintended receiver
overhears and saves some signal (interference), which is only useful for the
other receiver. Later, in the third phase, the transmitter evaluates what each
receiver overheard about the other receiver’s message using the delayed knowl-
edge of the channel state information and provides these overheard signals ef-
ficiently to both receivers exploiting available side information at each receiver.
Transmitter provides the overheard signals to the receivers by sending a signal
of common interest. This way transmitter reduces the overall communication

time and in turn, increases the achievable rate.
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The outer-bound is derived based on creating a physically degraded broad-
cast channel where one receiver is enhanced by having two antennas. In this
channel, feedback and in particular delayed knowledge of the channel state in-
formation, does not increase the capacity region. Thus, we can ignore the de-
layed knowledge of the channel state information and consider a degraded BC

with no CSIT. This would provide us with the outer-bound.

We then show how to extend our arguments for achievability and converse
to the K-user setting to derive approximate symmetric capacity under delayed

CSIT assumption. Before stating our results, we need to define some notations.

Definition 3.1 For a region R C R?, we define

RO (1,7) = {(R1,R) IR\, R, 2 0,(R, + T,R, + T) € R}.. (3.6)
Definition 3.2 The ergodic capacity of a point-to-point complex Gaussian channel
with k transmit antennas and € receive antennas with no CSIT, transmit power P,

and additive zero-mean Gaussian noise process of variance m; at the receive antenna j,

is denoted by
Cixe (Pymy,my, ... ,mg). (3.7)

For simplicity of notations, we drop P, and whenever noise variances are all equal to 1,
we do not mention them. Fig. 3.2 depicts a point-to-point complex Gaussian channel

with k transmit antennas and k receive antennas.

Definition 3.3 Rate region Cy, k = 1,2, is defined as
Ci={Ri,R, 2 0|R; + 2R; < 2Csy1} k=1,2, (3.8)
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yilt] = H (5, 1) [t "x[t] + 21 [{]
21[t] ~ CN (0,mq)

H
H[t] )._ yalt] = H(:,2) [t] x[t] + 22[t]
H

]
Rx 2[t] ~ CA (0, ms)
Z 5 ]

yelt] = B k) [t]"x[t] + 2 [t]
/v,z,g[t] CN (0, m,;,f)
Figure 3.2: Point-to-point complex Gaussian channel with k transmit and
receive antennas and no CSIT, where z;[f] ~ CN (O, m j). Here,
H[¢] denotes the channel transfer matrix at time #; and H (;, ) [¢]
denotes the channel gains from all transmit antennas to receive
antenna j at time z.

A eee L L

where k = 3 — k, and as shown in [54], we have

P
Co = Elog, [1 + ngg], (3.9)

where g is a 2 by 1 vector where entries are i.i.d. CN (0, 1).

Remark 3.1 As we will show in Section 3.5, Ci, k = 1,2, is an outer-bound on the
capacity region of a two-user complex Gaussian MIMO BC with no CSIT where Rx;
has two antennas and Rx; has only one antenna (additive noise processes all having

zero-mean and variance 1). The corner points of Cy are given by (0, Cox;) and (2Cax4, 0).

The following theorem states our contribution for the two-user MISO BC

with delayed CSIT.

Theorem 3.1 The capacity region of the two-user MISO BC with delayed CSIT, C, is
within 1.81 bits/sec/Hz per user of (C; N C»), i.e.

CinCye(8l,1.8)cCc(CinCy, (310)
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\ Achievable Region

A P
\ Coyx1 = Elogy {1+5g7g]

A (C2><2(1,5) sz2(175))

o 3 ’ 3
\.
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C:(Cox1,0) N | R
C&xl 2Cbx1 }%1

Figure 3.3: The outer-bound on the capacity region of the two-user MISO
BC with delayed CSIT is the intersection of C, and C,. We prove
that the capacity region is within 1.81 bit/sec/Hz per user of
this outer-bound. The achievable rate region is shown by the
shaded area. C,; is defined in (3.9) and C,.»(1,5) is given in
Definition 3.2.

where C and C, are given in Definition 3.3.

Remark 3.2 Fig. 3.3 pictorially depicts our result for the two-user MISO BC with
delayed CSIT. We have defined Cay and Cayo(1,5) in Definition 3.2. We analytically
show that the achievable region is within 1.81 bits/sec/Hz per user of the outer-bound.
Our numerical analysis shows that the gap is in fact smaller and in the worst case, it is

at most 1.1 bits/sec/Hz per user.

We then consider the K-user MISO BC with delayed CSIT. We only focus on

the symmetric capacity defined as follows.

Definition 3.4 The symmetric capacity of the K-user MISO BC with delayed CSIT,
CE, v is given by

CEm=sup{R: R<R;Vj=1.2._. K (R.Ry....Rg)eCK], (3.11)
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where C* is the capacity region of the K-user MISO BC with delayed CSIT.
The following theorem states our contribution for the K-user setting.
Theorem 3.2 For the K-user MISO BC with delayed CSIT, C §YM is lower-bounded by

Cxx (1,5,...,1+(G-D({+2),...,1 +(K—-1)K +2))
Kk, j! ’

(3.12)

and upper-bounded by (Zf: . j‘l)_1 Cixl.

Remark 3.3 For Theorem 3.2, our numerical analysis shows that the gap is at most 2.3
bits/sec/Hz per user for K < 20 and P < 60dB. In general, we show that the gap is at

most 21og,(K + 2) bits/sec/Hz.

3.4 Achievability Proof of Theorem 3.1

In this section, we describe the achievability strategy of Theorem 3.1. To charac-
terize the capacity region of the two-user MISO complex Gaussian BC to within
1.81 bits/sec/Hz per user, we need to show that the (C; N C,) © (1.81,1.81) is

achievable.

We define rate region R(D) for parameter Dy4 as follows!

0£R1+( 30 —1)R2SC2x1

A Cox2(1,14D)
R(D) £ { (Ri,Ry) . (3.13)
0< (C2x2(1,1+D) — I)Rl +R2 < C2X1
1 As we will see later in this section and Section 3.6, we have (% - 1) > 0 for Dy4 and

P > 0dB.
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Later in Section 3.6, we show that (C; N C,) ©(1.81,1.81) € R(4), and thus, to
characterize the capacity region to within 1.81 bit/sec/Hz per user, it suffices to

show that R(4) is achievable.

The shadowed region in Fig. 3.3 corresponds to R(4), which is a polygon
with corner points A, B, and B’. Corner points B and B’ of R(4), are achievable
using the result on point-to-point MISO Gaussian channels with no CSIT [54].
Therefore, we only need to describe the achievability strategy for corner point

A.

3.4.1 Transmission Strategy for Corner Point A

Here, we present the achievability strategy for corner point A. We show that for

any € > 0, we can achieve

Crn(1,5) — € Crn(1,5) —€
(R1.Ry) = 2><2(3 ) , 2><2(3 ) ’

(3.14)

with vanishing decoding error probability as the communication length goes to

infinity.

The achievability strategy is carried on over n blocks, each block consisting
of 3 phases each of length n channel uses. Denote by w?, the message of user k
inblock b, k € {1,2}, b =1,2,...,n. Fixe > 0 and set R = Cyxo(1,1 + D) — e. We
assume that wf € {1,2,...,2"%} and that the messages are distributed uniformly

and independently. The encoding is carried on as described below.

e Encoding: At the transmitter, the message of user k during block b, i.e. w?,

is mapped to a codeword of length n denoted by x.” where any element of this
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codeword is drawn i.i.d. from CN (0, P/21,)>.

e Communication during Phase j of block b: During this phase, the transmit-
ter communicates xf” from its two transmit antennas, j = 1,2, and b =1,2,...,n.

Receiver one obtains yll’ j and receiver two obtains y;”;

e Communication during Phase 3 of block b: Using the delayed CSIT, the

transmitter creates

bn _ bn b.n
s7t = sy 8T, (3.15)

b.n

51, minus the

where SZZT is the received signal at Rx, during Phase 1 of block b, y
noise term as defined in (3.2), and sll’:g is the received signal at Rx; during Phase

2 of block b, yi”g, minus the noise term.

Note that sgz'l’ + slfzg is useful for both receivers since each receiver can subtract
its previously received signal to obtain what the other receiver has (up to the
noise term). Therefore, the goal in this phase, is to provide s5% + s’f:;’ to both

receivers with distortion D = 4.

Remark 3.4 We note that the idea of creating quantized version of previously received
signals has been utilized in prior works for asymptotic degrees of freedom analysis.
However for finite SNR regime, we need to take into account the fact that the quan-
tization noise is neither independently distributed over time nor is it independent from

the signal; and we need to overcome these challenges.

The input signal to a lattice quantizer needs to be independently distributed

over time (see [76, 77]). Thus, in order to quantize this signal using lattice quan-

21, is the 2 x 2 identity matrix.
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tizer, we need

(s3,001+ st,L01),

to be an independently distributed sequence. However, given message w?, the
transmit signal xi’" is correlated across time and as a result, the aforementioned
signals are not independent anymore. In order to overcome this issue, we in-
corporate an interleaving step according to the following mapping which is de-

picted in Fig. 3.4.
31t] = 55, [b] + s, (D], (3.16)

where b = 1,2,...,nand t = 1,2,...,n. It is important to notice that with this
interleaving, the resulting signal at different time instants of a given phase at a
given block are independent from each other. This is due to the fact that these
signals are created from independent messages.

n,n n,n 2n 2n 1,n 1,n
Soi + 815 So1 t 813 So1 815

SSNEEN

Figure 3.4: The interleaving step: the resulting signal at different time in-
stants of a given phase at a given block are independent from
each other.

Note that given the previous channel realizations, the signal in (3.16) at each
time has a Gaussian distribution but its variance varies from each time instant to
the other. Thus, in order to be able to quantize it, we need a generalization of the
rate-distortion function to include non-identically distributed sources. Below,

we discuss this issue.
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Lemma 3.1 [Rate distortion for non-identically distributed Gaussian Source] Consider
a independently non-identically distributed Gaussian source u, where at time instant
1, it has zero mean and variance o[t]. Assume that o*[1] is drawn from some i.i.d.
continuous distribution with E [0-2] < o0. The sequence of o*[t] is non-causally known
by both encoder and decoder. Then, with squared-error distortion, we can quantize the
signal at any rate greater than or equal to

2 +
min E[log2 O-D—[t]] , (3.17)

D, E[Dy]1<D

and achieve distortion D (per sample), where the expectation is with respect to the dis-

tribution of 0.

Proof sketch: Suppose o could only take m finite values o7 with probabil-
ity p;, i = 1,2,...,m. The problem would then be similar to that of m par-
allel Gaussian channels where waterfilling gives the optimal solution ((Theo-
rem 10.3.3 [15])). For the time instants where source has variance o7, we choose
a distortion D; such that } ", p;D; < D. Note that in order to derive the optimum
answer, we need to optimize over the choice of D;’s. The case where o take val-
ues in a continuous set can be viewed as the limit of the discrete scenario using

standard arguments. u

It is easy to see that any rate greater than or equal to

E [k)g2 (1 + Ugt] )] (3.18)

is also achievable at distortion D (per sample). Basically, we have ignored the

optimization over D and added a 1 to remove max{., 0} (or .*).

Moreover, we would like the distortion to be independent of the signals. In

order to have a distortion that is independent of the signal and is uncorrelated
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across time, we can incorporate lattice quantization with “dither” as described
in [76]. Basically, dither is a random vector distributed uniformly over the basic
Voronoi that is added to the signal before feeding it to the quantizer. At the

decoder, this random vector will be subtracted.

From (3.18), we conclude that we can quantize §*" with squared-error dis-

tortion D at rate Ry(D) (per sample), defined as

Ro(D) 2 [tog, (1 + 5. (Il + i) 319

where g, h € C>! with i.i.d. CN(0, 1) entries.

We can reliably communicate the quantization index over

nRo(4)
— 2
" C2><1 “ (3 O)

time instants. Next, we need to show that given the appropriate choice of pa-
rameters, receivers can recover the corresponding messages with vanishing er-

ror probability as n — co.

3.4.2 Decoding

Upon completion of Phase 3 of block b, each receiver decodes the quantized sig-
nal. We know that as n — oo, this could be done with arbitrary small decoding

error probability. Therefore, each receiver has access to

3+ 2 (3.21)

where zg” is the quantization noise with variance D which is independent of the

transmit signals. Note that zlé[tl] and z’é[tz] are uncorrelated but not necessarily

independent, t,,, = 1,2,...,n, 1, # t.
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Receiver 1 at the end of the n™ communication block, reconstructs signals
by reversing the interleaving procedure described above, and removes )% to

obtain
Vo =+ 2 (3.22)

here Zg" is the quantization noise with variance D which is independent of the

transmit signals. Moreover, Z’é [£];_, is an independent sequence.

Note that since the messages are encoded at rate C,,(1, 1 + D) — € for € > 0, if
receiver one has access to y?j’f up to distortion D, it can recover w’ with arbitrary
small decoding error probability as € — 0 and communication length goes to

b

infinity. Thus, from y’f’ll and y.|, receiver one can decode w’l’, b =12,...,n

Similar argument holds for receiver two.

An error may occur in either of the following steps: (1) if an error occurs in
decoding message w? provided required signals to the receiver, k = 1,2; (2) if an
error occurs in quantizing >; and (3) if an error occurs in decoding 5" + zz’" at
either of the receivers, b = 1,2,...,n. The probability of each one of such errors
decreases exponentially in n (see [24, 54] and references therein). Using union
bound and given that we have O (nz) possible errors and the fact that each error
probability decreases exponentially to zero, the total error probability goes to

Zero asn — oo,
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3.4.3 Achievable Rate

Using the achievable strategy described above, as n — oo, we can achieve a

(symmetric) sum-rate point of

(3.23)

R Ry = ( Cra(1,5)  Cra(l,5) )

2+ Rp(4)/Caxi” 2+ Rp(4)/Cos

In Appendix B.2, we show that Ry(4)/Cax; < 1 for all values of P. Therefore,
Phase 3 of each block has at most n time instants. Thus, we conclude that a

(symmetric) sum-rate point of

R Ry = (CM(LS) CMO,S)),

3.24
R (324)

is achievable.

3.5 Converse Proof of Theorem 3.1

In this section, we provide the converse proof of Theorem 3.1. The converse
consists of two main parts. In part 1, we show that the capacity region of the
problem is included in the capacity region of a (stochastically) degraded BC,
and in part 2, we derive an outer-bound on the capacity region of the degraded

BC.

Part 1: We create the stochastically degraded BC as follows. We first provide the
received signal of Rx,, i.e. y,[t], to Rx; as depicted in Fig. 3.5. Note that the result-
ing channel is physically degraded, and we know that for a physically degraded
broadcast channel, feedback does not enlarge the capacity region [22]. There-

fore, we can ignore the delayed knowledge of the channel state information at
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the transmitter (i.e. no CSIT assumption). The resulting channel is stochastically

degraded.

Figure 3.5: By providing y; to Rx;, we create a physically degraded BC.
We then ignore the delayed knowledge of the channel state in-
formation at the transmitter because for a physically degraded
broadcast channel, feedback does not enlarge the capacity re-
gion. The resulting channel is stochastically degraded.

Thus, we form a stochastically degraded channel as shown in Fig. 3.5, and we
formally define it in Definition 3.5 below. Let us denote an outer-bound on the

capacity region of this channel by C,. The argument above shows that C € C;.

Definition 3.5 The input-output relationship of a two-user stochastically degraded
MIMO BC as depicted in Fig. 3.5, is given by

yilt]l = HIZX[1] + zi[t],  yolf] = g [1]x[1] + za[1], (3.25)
for
h h
HI/ = 17l holf] ’ olf] = gilz] ’ (3.26)
gilt]l golr] gol1]

where hj[t] and g;[t] are distributed as i.i.d. (independent over time and from each other)

CN(0, 1) as described in Section 3.2 for j = 1,2. We have

yilfl = l yuld } . (3.27)
yialf]
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We assume z,[t] € C*! and z,[t] ~ CN(0,1), and the transmit signal is subject to
average power constraint P. We further assume that the transmitter has no knowledge

of the channel gains besides their distributions (no CSIT assumption).

Part 2: In this part, we derive an outer-bound, C;, on the capacity region of
the stochastically degraded broadcast channel. For the stochastically degraded
BC defined in Definition 3.5, suppose there exists encoders and decoders at the
transmitter and receivers such that each message can be decoded at its corre-

sponding receiver with arbitrary small decoding error probability.

n(R; + 2R, — 3¢,) Fgo T(wis Yy wa, HY, g") + 21 (wo; v H", g")
QL w13y Yialwa, B, ) + 1 (w3 Y HY, @) + T (wa: Yo H, €)
=h (s Yiolwa, H', g") = h (11, Yiolwi, wo, H", g7)
+h(yyH", g") — h () Iw2, H", g") + h (), IH", g") — h (,Iw2, H", g")
2 h (5 H, g") — h (& H ) + h (VLIH, ") = h (2, ", ")
+h (O Yiowe, HY, g") = h (v w2, H', 8") — h (), lw2, H', g7)
(g 2E log, [1 + Igg?g] =15y Lwa, HY, g) (é) 2E log, [l + ggfg] 2,
(3.28)

where (a) follows from the fact that due to no CSIT assumption, we have
h (W2|yrll] ’ Hn’ gﬂ) < ne, h (W2|y,112’ Hn’ gﬂ) < ney; (329)
(b) holds since

h (y'1l|W1 ,wy, HY, g") =h (y’flwl ,wor, X', HY, g”)

= h(Z},,Zd,wi, wy, x", H", g") = h (Z},[H", g") + h (], H", g") ; (3.30)

(¢) follows from the results in [54]; and (d) follows from fact that mutual in-

formation is always positive. Dividing both sides by n and letting n — oo, we
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obtain the desired result. This completes the derivation of C;. Similarly, we can
derive C,, and we have C C C; N C, which completes the converse proof for

Theorem 3.1.

3.6 Gap Analysis

In this section, we evaluate the gap between our achievable rate-region and the
outer-bound. We analytically prove that the gap is at most 1.81 bits/sec/Hz per

user. We show that
(CiNnCy)e(1.81,1.81) € RM4). (3.31)
Since the achievable rate region and the outer-bound (see Fig. 3.3) are formed
by time sharing among the corresponding corner points (and thus, character-

ized by straight lines), we only need to consider the symmetric capacity, Cgy,,,

defined in Definition 3.4.

We evaluate the gap between the inner-bound in (3.24), i.e.

Cr(1,5) Crn(1,5)

, 3.32
3 3 (3.32)

(R1,R>) =(

and the symmetric point (CEYM, CEYM), obtained from Theorem 3.1.

A numerical evaluation of the gap between the sum-rate inner-bound and

outer-bound is plotted in Fig. 3.6.

To analyze the gap between the two bounds, we first study the gap between
Cao(1,5) and 2Cyy;.
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Figure 3.6: Numerical evaluation of the per-user gap between the sum-
rate inner-bound and outer-bound.

Corollary 3.3 Consider a MIMO point-to-point channel with 2 transmit antennas and
2 receive antennas as described in [54]. The only difference is that the additive noise at
one antenna has variance 1 while the additive noise at the other antenna has variance

(1 + D). The ergodic capacity of this channel, Cox2(1, 1 + D), satisfies

P +
Coo(1,14+D) > (E log, det [12 + EHHT] “log, (1+ D)) . (3.33)

Proof:

Corxo(1,1+ D)

(@) P h11 h12 hL ]’l;/ Vvi+D
> Elog, det|I, + =
Mot/ NT+D hyp/NT+D || hl, hl,/VI+D
P P + ol (P1ihl, + hihly) / NT+D
= Elog, det|I, + B
(] oy + hiyhon) [NT+ D (Jhal? + hP) / (1 + D)
I 1+ 2lhy 2 + |l 2 (hiihly + hiohl,) /NT+ D
= [Llog, de
| 2(] ko1 + Hyho) [NT+D 1+ % (| P + [hnl?) / (1 + D)
' 1+ 21y + |y E(hnhl, + hiphl) /NT+ D
ZElngdet 2| 11| | 12| 2( 11751 12 22)/

| 2() ko1 + hyh) INT+D (14 2 (Jhoa P + 1)) / (1 + D)
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P
— Elog, det [12 + SHH' ] “log,(1+ D), (3.34)

SCra
where (a) holds since the right hand side is obtained by evaluating the mutual
information between the input and output, for a complex Gaussian input with

covariance matrix E [XTX] = P/21,. [

Therefore, the gap between the sum-rate inner-bound and outer-bound can

be upper-bounded by
4C2><1 _ 2C2X2(1, 1+ D) < 2 (2C2><1 - C2><2 + logz (1 + D)) (3 35)
3 3 - 3 ’ '
where
P
Cro £ Elog, det [12 + ZHH' ] . (3.36)

Remark 3.5 While in this work we evaluate the gap for Rayleigh fading channels, our
expressions for the inner-bounds and the outer-bounds hold for general i.i.d. channel
realizations. The challenege to evaluate the gap for distributions other than Rayleigh
fading, asises from determining the optimal covariance matrix for the transmit signal

and evaluating the capacity result as discussed in [54] Section 4.1.

For P < 2, the sum-rate outer-bound is smaller than 2 bits (smaller than the

gap itself). So, we assume P > 2. We have

P P
2Csy1 - oo = 2E log, | 1 + Eng] _ Elog, det [12 +HH' ]

[ 2 P
=2Elog, 5t g'g| +2log, (5) - Elog, det

2 . P?
FIQ + HH ] - 10g2 (Z)

[2 2
=2Elog, |~ + g'g| - Elog, det| =1, + HH'
| P P
< 2Elog, [1 + ng] — Elog, det [HHT] . (3.37)
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Figure 3.7: Using numerical analysis, we can show that Ry(3)/Cay; < 1.

Thus, we have

4Cra  2C0(1,1+ D)
3 3

(2E log, [1 + ng] — Elog, det [HHT] +log, (1 + D)) < 3.62, (3.38)

<

W

which implies that the gap is less than 1.81 bits per user independent of power
P. We could also use numerical analysis to evaluate the gap. In particular, using
numerical analysis, we can show that Ry(3)/Cax1 < 1 (see Fig. 3.7). We have

plotted

46:;2><1 B 2C2><2(13’ 1+ D) (3.39)

in Fig. 3.6 for D = 4, and for P between 0 dB and 60 dB. As we can see from
Fig. 3.6, the sum-rate inner-bound and outer-bound are at most 2.2 bits (or 1.1

per user) away from each other for P between 0 dB and 60 dB.

3.7 Extension to K-user MISO BC

Now that we have presented our results for the two-user multiple-input single-

output complex Gaussian broadcast channel with delayed CSIT, we consider the

111



K antennas

K-1 antennas

Figure 3.8: Left: K-user Multiple-Input Single-Output (MISO) Complex
Gaussian Broadcast Channel; and right: degraded MIMO BC.

K-user setting as depicted in Fig. 3.8. The channel matrix from the transmitter
to the receivers is denoted by H € C**X, where the entries of H[7] are distributed
as i.i.d. CN(0,1) (independent across time, antenna, and users). The transmit
signal x[f] € C¥*! is subject to average power constraint P, i.e. E [x*[t]x[t]] <P
for P > 0. The noise processes are independent from the transmit signal and
are distributed i.i.d. as z[t] ~ CN(0, 1). The input-output relationship in this

channel is given by

yilz] zil7]

P i + Zz_m . (3.40)

| yelr] | | 1] |

3.7.1 Outer-bound

The derivation of the outer-bound in Theorem 3.2 is based on creating a de-
graded MIMO BC where Rx; has access to the received signal of Rx; for jy¢,

t=1,2,...,K. This channel is physically degraded, and thus feedback does not
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enlarge the capacity region [22]. Therefore, we can ignore the delayed knowl-
edge of the channel state information at the transmitter (i.e. no CSIT assump-
tion). See Fig. 3.8 for a depiction. For the resulting multiple-input multiple-
output (MIMO) broadcast channel denote the channel matrix by Hjj, eraded” Then,

under no CSIT assumption, the following result is known for the MIMO BC.

Lemma 3.2 ([69])

K-j+1 )
h(y?|Wj+l,-..,WK,Hn)2—Kij h(y;!_‘_lle_'_],...,WK,Hn), ‘]:1,.“,1{_1.
(3.41)
Using Lemma 3.2, similar to the argument presented in (3.28), we get
(R + K Ry + Ry +...+ KR )
n e — - - €,
k-1 k-2 K
n n K n n
=7 (Wl;y1|W2, .o WK Hdegraded) + HI (Wz; y2|W3, o WK, Hdegraded)
+...+KI (wK;y’}Anggraded)
n n K n n
<h (Y1|W2, <o WK, degraded) - Hh (y2|W2, <o WK, Hdegraded)
K n n K n n
+ Hh (y2|W3, <o WK Hdegraded) - mh (y3|W3’ <o WK Hdegraded)
ot K (Vi)
Lemma 3.2 " en P (3.9)
< Kh (yK|Hdegraded) <KE 10g2 [1 + ?ng] = KCKXI’ (342)

where g is a K by 1 vector where entries are i.i.d. CN (0, 1). Then, for the sym-

metric sum-rate point we have R = R, = ... = Rx = R, which gives us
K
[Z j‘l]R < KCiyi, (3.43)
=1

which implies that
R (3.44)
Zf: 1 J!

This completes the converse proof of Theorem 3.2.
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3.7.2 Achievability

In this subsection, we focus on achievability and discuss the extension of our
achievability results to the K-user MISO BC with delayed CSIT. The transmis-
sion strategy follows the steps of [36], but similar to the two-user case, some
additional ingredients are needed to make an approximately optimal scheme.
We first demonstrate the techniques and the required ingredients for the three-
user MISO BC with delayed CSIT. Then, we discuss how the result is extended

to the general case.

Transmission strategy for the three-user MISO BC: Each communication

block includes eight phases and we focus on a specific block b. Fix € > 0.

e During Phases 1,2, and 3 of block b, the message of user k (w?) is encoded

as XZ’" at rate

C3><3 (1’5’ 11) — €, (345)

where any element of this codeword is drawn i.i.d. from CN (0, P/3L5)°; and

Csx3 (1,5, 11) is given in Definition 3.2.

Remark 3.6 The reason for the encoding rate of (3.45) becomes apparent as we describe
the achievability strategy. Basically the quantization noise accumulates on top of the
previous noises throughout some of the phases and thus, we need to adjust the encoding

rate accordingly.

Definition 3.6 We define sZ:;.‘ to be the noiseless version of yi;? for appropriate choice of

indices. This is similar to Definition 3.2 for the two-user case.

315 is the 3 x 3 identity matrix.

114



Transmitter communicates these codewords and receiver one obtains yb "
receiver two obtains y;’"., and receiver three obtains yé”’f, Jj = 1,2,3. Note that at
the end of the third phase, transmitter has access to s> 1 . s2 g and sé’ . Due to the
rate given in (3.45), if szz’l’ and s3:’1’ are provided to receiver one with distortions
4 and 8 respectively, then receiver one will be able to decode its message with
arbitrary small decoding error probability. Similarly receiver two is interested

in 51 " " and s3 5, and receiver three is interested in s1 g »and sb n

Based on the discussion above and the available signal at each receiver, we
observe that s2 |+ s1 5 is of common interest to receivers one and two. Similarly,
s3 |+ s1 ; is of common interest to receivers one and three; and s 5+ s32 is of
common interest to receivers two and three. Therefore, the goal would be to

deliver these signals to their interested receivers during the following phases.

e Communication during Phase 4: Consider the communication during an-
other block #’, and the corresponding signal sgii” + sl]’:’z". Using Lemma 3.1, we
quantize s21 + s1 5 and s "+ s 5 at distortion 4, and we create the XOR of the
resulting bits*. Then these bits will be encoded as Vﬁ’” at rate Czxo (1,5) — €, and

will be transmitted during Phase 4. Ciy, (1,5) is given in Definition 3.2.

e Communication during Phase 5: Consider the communication during an-
other block &', and the corresponding signal s31 + 57 3+ Using Lemma 3.1, we
quantize s31 + sb % and sb 4+ sb " at distortion 4 and we create the XOR of the
resulting bits. Then these bits will be encoded at rate Cs, (1,5) — € denoted by
v2" and will be transmitted during Phase 5. Receiver two obtains y’;:g’ that is of

interest of users one and three.

“We note that we need these signals to be distributed independently, to handle this issue, we
can incorporate an interleaving step similar to Section 3.4.
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e Communication during Phase 6: Consider the communication during an-
other block &', and the corresponding signal s';g” + 513’:’2". Using Lemma 3.1, we
quantize s§:§ + sé’:; and sé’jé" + sg:’z" at distortion 4 and we create the XOR of the
resulting bits. Then these bits will be encoded at rate Cs, (1,5) — € denoted by
v" and will be transmitted during Phase 5. Receiver one obtains y ¢ that is of

interest of users two and three.

We now create two signals that are of interest of all three receivers:

1 1 1 1 -1 1
shn bun and T Ty L i p— L (3.46)

+ —39 s
2 S34 T V3 25 V6 1o g 34 325 T 501
Remark 3.7 The choice of coefficients in (3.46) is such that all users are assigned equal
powers and the linear combinations at the receivers remain independent. We also note

that using such coefficients results in a 1/3 power loss for each user.

Note that any receiver has access to both signals in (3.46), then it can recur-

sively recover the signals it is interested in, and decode the intended message.

e Communication during Phase 7: Using Lemma 3.1, we quantize
( \lrsé’z + ‘}sgg + 16) at distortion 5. Then these quantized bits will be en-
coded at rate Cs4; — € and transmitted during Phase 7.

e Communication during Phase 8: Using Lemma 3.1, we quantize

1  bn -1 bn . . . . .
( 54t Fhs t 7 ) at distortion 5. Then these quantized bits will be en-

coded at rate Csy; — € and transmitted during Phase 8.

Using the achievability strategy described above and for n — co and € — 0,

it can be shown that a per-user rate of 7Cax3 (1,5, 11) is achievable.
Transmission strategy for the K-user MISO BC: Now that we have de-
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scribed the transmission strategy for the 3-user MISO BC with delayed CSIT,
we explain the transmission strategy for the general case K > 3. As mentioned
before, the transmission strategy follows the steps of [36]. However, we high-

light the key differences that are needed to derive near optimal results.

The scheme includes K phases. For simplicity, we do not go into details
of the interleaving process. At the beginning of Phase j, transmitter has ac-
cess to signals that are of interest of j receivers, j = 1,2,...,K. There are
a total of (K- j+ 1)(';) such signals. Phase j has (I]() time-slots. Consider a
subset S of the receivers where |S| = j. Transmitter accumulates a total of
(K — j+ 1) signals that are of interest of all receivers in S using (K — j + 1) dif-
terent blocks (this is similar to Phase 4 for the 3-user MISO BC with delayed
CSIT). Similar to Lemma 3.1, transmitter quantizes these signals at distortion
(j +2), and creates the XOR of the resulting bits. The resulting bits are encoded
atrate Cgy;(1,5,...,1+ (j— 1) (j + 2)) — e and communicated during time slot zg

of Phase j.

Remark 3.8 The noise variance 1+(j — 1) (j + 2) results from the fact that each receiver
has to solve (j — 1) equations of the signals that he is interested in. This step results in

boosting up the noise variance.

Consider any subset S’ of the receivers where |S’| = j + 1. Upon completion
of Phase j, we observe that any receiver in $’ has a signal that is simultaneously
of common interest of all other receivers in §’. Transmitter has access to this
signal (up to noise) using delayed knowledge of the channel state information.
Transmitter forms j random linear combinations of such signals for each subset
S’ where |S’| = j + 1. Then transmitter creates j(jfl) signals that are simultane-

ously of interest of j + 1 receivers. These signals (after being quantized) will be
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delivered in Phases j+ 1,j + 2,..., K. The rest of the scheme is identical to that

of [36] and is omitted due to space limitations.

Recursively solving the achievable rate over K phases, we can show that a

per-user rate of
Cixx (1,5,...,1+(G-D(G+2),...,1+(K-1)(K+2))

KZ;; J!

(3.47)

is achievable.

3.7.3 Gap Analysis

In Fig. 3.9, we have plotted the numerical analysis of the per user gap between

the inner-bound and the outer-bound of Theorem 3.2 for P between 0 dB and

60 dB and K = 2,3,5, 10, 20.

Gap (bits)

Y

Figure 3.9: Numerical evaluation of the per user gap between the inner-
bound and the outer-bound in Theorem 3.2 for P between 0 dB

and 60 dB and K = 2,3, 5, 10, 20.

For the per user gap, we analytically show that the outer-bound and lower-

bound given in Theorem 3.2 are at most 2 log,(K+2) away from each other. How-
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ever as depicted in Fig. 3.9, we can see that the per-user gap is in fact smaller
than 2log,(K + 2). The argument is similar to the one we presented in (3.34).
To derive the gap, we first increase the noise term at all receive antennas to

1 + (K = 1)(K + 2). Then similar to (3.34), we obtain

Cixx (1,5,...,1+(G-D(G+2),...,1+(K-1)(K+2))

yCxxx — Klog, (1 + (K = 1)(K +2)). (3.48)

Using (3.48) and considering the gap between Ck,x and KCk,;, we can show
that the gap between the achievable symmetric rate and the symmetric capacity

is bounded by 2log,(K + 2).

3.8 Conclusion and Future Directions

In this paper, we studied the capacity region of the multiple-input single-output
complex Gaussian Broadcast Channels with delayed CSIT. We showed that a
modification of the scheme introduced in [36], can be applied in the finite SNR
regime to obtain an inner-bound that is within 2log,(K + 2) bits of the outer-
bound. Therefore the gap scales as the logarithm of the number of users. This
happens due to noise accumulation during the transmission strategy. Thus, an
interesting future direction would be to figure out whether there exists a trans-
mission strategy that results in constant gap (independent of channel parame-
ters, transmission power and number of users) approximation of the capacity

region.

Another direction is to consider a two-user MISO BC with delayed CSIT

where the noise processes and the channel gains are not distributed asi.i.d. ran-
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dom variables. For example, consider the scenario where the noise processes
have different variances. This model captures the scenario where users are lo-
cated at different distances to the base station. For this setting, even the (gener-

alized) DoF region is not known.
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CHAPTER 4
COMMUNICATION WITH LOCAL NETWORK VIEWS

4.1 Introduction

In dynamic wireless networks, channels between any subset of nodes undergo
constant changes. As a result, the network state information consisting of chan-
nel state information between different nodes is constantly changing. In large
networks, nodes often measure channels in their immediate neighborhood but
may have limited or no information about channels between nodes many hops
away. One reason of only acquiring local information at a node is to ensure scal-
ability of the overall measurement architecture, such that measurement over-
head is independent of network size. The local information architecture implies
that nodes are only aware of local network state. Then the key question is, how
do optimal decentralized decisions perform in comparison to the optimal cen-

tralized decisions which rely on full channel state information.

In this paper, we consider multi-source multi-destination two-layer wireless
networks and seek fundamental limits of communications when sources have
access to limited local CSI. To model local views at the nodes in this sequel, we
consider the case where each source-destination (S-D) pair has enough informa-
tion to perform optimally when other pairs do not interfere. Beyond that, the
only other information available at each node is the global network connectivity.
We refer to this model of local network knowledge as “local view.” The moti-
vation for this model stems from coordination protocols like routing which are

often employed in multi-hop networks to discover S-D routes in the network.
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In the absence of global channel state information, the only feasible solution
seems to be the orthogonalization of interfering information sessions. How-
ever, surprisingly we show that with inter-session coding, we can outperform
the interference avoidance (orthogonalization) techniques. In fact, we show that
the gain we obtain from inter-session coding over interference avoidance tech-

niques can be unbounded.

Our main contributions then are as follows. We propose an algebraic frame-
work for inter-session coding that only requires local view at the nodes and
combines coding with interference avoidance scheduling. The scheme is a com-
bination of three main techniques: (1) per layer interference avoidance; (2) rep-
etition coding to allow overhearing of interference; and (3) network coding to
allow interference neutralization. Our work reveals the important role of relays

in interference management over two-layer wireless networks with local view.

We characterize the achievable normalized sum-rate of our proposed
scheme. We note that the transmission strategy solely relies on the local view
assumption and guarantees the achievability of a fraction of the network ca-
pacity with full channel state knowledge, regardless of the actual values of the
unknown parameters at each node. We then analyze the optimality of the pro-
posed scheme for some classes of networks. We consider two-layer networks:
(1) with two relays and any number of source-destination pairs; (2) with three
source-destination pairs and three relays; and (3) with folded-chain structure
(defined in Section 4.5). We also show that the gain from inter-session coding
over interference avoidance scheduling can be unbounded in L-nested folded-
chain networks (defined in Section 4.5). To derive information-theoretic outer-

bounds in these networks, we seek a worst case channel realization in which
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achieving beyond a certain fraction of the network capacity would be infeasible

with local view.

It is worth noting that since each channel gain can range from zero to a max-
imum value, our formulation is similar to compound channels [10, 44] with
one major difference. In the multi-terminal compound network formulations,
all nodes are missing identical information about the channels in the network,
whereas in our formulation, the local view results in asymmetric information

about channels at different nodes.

In the literature, many models for imprecise network information have been
considered for interference networks. These models range from having no chan-
nel state information at the sources, delayed channel state information, or rate-
limited feedback links. Most of these works assume fully connected network
topology or a small number of users. A study to understand the role of limited
network knowledge, was first initiated in [5, 6] for general single-layer networks
with arbitrary connectivity, where the authors used a message-passing abstrac-
tion of network protocols to formalize the notion of local view of the network at
each node. The key result was that local-view-based (decentralized) decisions
can be either sum-rate optimal or can be arbitrarily worse than the global-view
(centralized) sum-capacity. In this work, we focus on two-layer setting and we
show that several important additional ingredients are needed compared to the

single-layer scenario.

The rest of the paper is organized as follows. In section 4.2, we introduce
our network model and the new model for partial network knowledge. In Sec-
tion 4.3, via a number of examples, we motivate our transmission strategies and

the algebraic framework. In Section 4.4, we formally define the algebraic frame-
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work and we characterize the performance of the transmission strategy based
on this framework. In Section 4.5, we prove the optimality of our strategies for

several network topologies. Finally, Section 4.6 concludes the paper.

4.2 Problem Formulation

In this section, we introduce our model for channel and network knowledge
at nodes. We also define the notion of normalized sum-capacity which will be

used as the performance metric for strategies with local network knowledge.

4.2.1 Network Model and Notations

A network is represented by a directed graph

G = (V. &, {hijki jee) (4.1)

where V is the set of vertices representing nodes in the network, & is the set of
directed edges representing links among the nodes, and {%;;}; e represents the

channel gains associated with the edges and we have #;; € C.

We focus on two-layer networks where out of |'V| nodes in the network, K
are denoted as sources and K are destinations. We label these source and desti-
nation nodes by S;’s and D,’s respectively, i = 1,2,..., K. The remaining [V|-2K
nodes are relay nodes. The layered structure of the network imposes that a
source can be only connected to a subset of relays, and a relay can be only con-

nected to a subset of destinations.
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The channel input at node V; at time ¢ is denoted by Xy,[f] € C, and the

received signal at node V; at time ¢ is denoted by Yy [t] € C given by
Yol = > Xl + Zjle), (4.2)

where Z;[] is the additive white complex Gaussian noise with unit variance.
The noise processes are distributed independently across space and time, and
are independent from the transmit signals. We also assume a power constraint

of 1 at all nodes, i.e.
1 n
lim ~F [Z |Xvi[z]|2] <. (4.3)
=1

A route from a source S; to a destination D; is a set of nodes such that there
exists an ordering of these nodes where the first one is S;, last one is D;, and any

two consecutive nodes in this ordering are connected by an edge in the graph.

S D
. Q\ O b
5 O ° Oo. s D,
Ss Q/ ® O bs ®
(a) (b)

Figure 4.1: (a) A two-layer wireless network with three S-D pairs and two relays,
and (b) the induced subgraph Go,.

Definition 4.1 Induced subgraph G;; is a subgraph of G with its vertex set being the
union of all routes from source S; to a destination D;, and its edge set being the subset
of all edges in G between the vertices of G;;. Fig. 4.1(b) depicts the induced subgraph
G for the network in Fig. 4.1(a).

We say that S-D pair i and S-D j are non-interfering if G; and G;; have disjoint

vertex sets.
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The in-degree function d;,(V;) is the number of in-coming edges connected
to node V. Similarly, the out-degree function d,(V,) is the number of out-going
edges connected to node V;. Note that the in-degree of a source and the out-
degree of a destination are both equal to 0. The maximum degree of the nodes
in G is defined as

A
dmax - iE{III,l..E.l,I)SVI} (din(vi)’ dout(vi)) . (44)

4.2.2 Model for Partial Network Knowledge

We now describe our model for the partial network knowledge that we refer to

as local view.

e All nodes have full knowledge of the network topology, (V. &) (i.e. they
know which links are in G, but not necessarily their channel gains). The

network topology knowledge is denoted by side information Sl;

e Each source, S;, knows the gains of all the channels that are in G;;, i =

1,2,..., K. This channel knowledge at a source is denoted by Lg,;

e Each node V; (which is not a source) has the union of the information of
all those sources that have a route to it, and this knowledge at node is

denoted by Ly,.

For a depiction, consider the network in Fig. 4.2(a). Source S, has the knowl-
edge of the channel gains of the links that are denoted by solid red arrows in
Fig. 42(a). On the other hand, relay A has the union of the information of
sources S; and S,. The partial knowledge of relay A is denoted by solid red
arrows in Fig. 4.2(b).
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Remark 4.1 Our formulation is a general version of compound channel formulation

where nodes have mismatched asymmetric lack of knowledge.

S D: Dy
O\)" @/O ®<O
sOx[ O o< O o
$sO” 2O o / \O D,
(a) (b)

Figure 4.2: (a) The partial knowledge of the channel gains available at source S,
is denoted by solid red arrows, and (b) the partial knowledge of the
channel gains available at relay A denoted by solid red arrows.

4.2.3 Performance Metric

As mentioned before, our goal is to find out the minimum number of time-
slots such that each S-D pair is able to reconstruct any transmission snapshot in
their induced subgraph over the original network. It turns out that the afore-
mentioned objective is closely related to the notion of normalized sum-capacity
introduced in [3, 4]. The connection between the two concepts will be made
clear in Section 4.3. Here, we define the notion of normalized sum-capacity
which is going to be our metric for evaluating network capacity with local view.
Normalized sum-capacity represents the maximum fraction of the sum-capacity
with full knowledge that can be always achieved when nodes only have partial

knowledge about the network and is defined as follows.

Consider the scenario in which source S; wishes to reliably communicate
message W; € {1,2,..., 2NRiY to destination D; during N uses of the channel, i =

1,2,..., K. We assume that the messages are independent and chosen uniformly.
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For each source S;, let message W, be encoded as X§ using the encoding function
e,(W|Lg,, Sl), which depends on the available local network knowledge, Ls,, and

the global side information, Sl.

Each relay in the network creates its input to the channel Xy,, using the
encoding function fvi[t](Y\(f[_l)lLvi, Sl), which depends on the available network
knowledge, Ly,, and the side information, SI, and all the previous received sig-
nals at the relay Y\(,’i_l) = [Yy,[1], Yy,[2], ..., Yy,[t — 1]]. A relay strategy is defined
as the union of all encoding functions used by the relays, { fvi[t](Y\(,’l__l)lLvi, Sh},

tr=1,2,...,N.

Destination D, is only interested in decoding W; and it will decode the mes-
sage using the decoding function Wi = di(YS’i |Lp,, SI), where Lp. is the destination
D,’s network knowledge. Note that the local view can be different from node to

node.

Definition 4.2 A Strategy Sy is defined as the set of: (1) all encoding functions at the

sources; (2) all decoding functions at the destinations; and (3) the relay strategy, i.e.

ei(WilLs,, SI)
Sy =9 Ay "Ly, S (4.5)
di(Y}|Lo,. SI)

fort=1,2,...,N,andi=1,2,...,K.

An error occurs when W; # W; and we define the decoding error probability,
A, to be equal to P(W,- # W,). Arate tuple (R, R,, ..., Rg) is said to be achievable,
if there exists a set of strategies {S;}_, such that the decoding error probabilities

A1, Ay, ..., Ak g0 to zero as N — oo for all network states consistent with the side
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information. Moreover, for any S-D pair i, denote the maximum achievable rate
R; with full network knowledge by C;. The sum-capacity Cym, is the supremum
of X, R; over all possible encoding and decoding functions with full network

knowledge.

We will now define the normalized sum-rate and the normalized sum-

capacity.

Definition 4.3 ([4]) Normalized sum-rate of « is said to be achievable, if there exists
a set of strategies {S;}, such that following holds. As N goes to infinity, strategy Sy
yields a sequence of codes having rates R; at the source S;, i = 1,...,K, such that the

error probabilities at the destinations, A,, - - - A, 0 to zero, satisfying

K
Z RiyaCym — 7
i=1

for all the network states consistent with the side information, and for a constant t that

is independent of the channel gains.

Definition 4.4 ([4]) Normalized sum-capacity o, is defined as the supremum of all

achievable normalized sum-rates a. Note that o € [0, 1].

Remark 4.2 While it may appear that the notion of normalized sum-capacity is pes-
simistic, the results presented here are much like any other compound channel analysis
that aims to optimize the worst case scenario. We adopted the normalized capacity as
our metric which opens the door for exact (or near-exact) results for several cases as we
will see in this paper. We view our current formulation as a step towards the general
case, much like the commonly-accepted methodology where channel state information

is assumed known perfectly in first steps of a new problem (e.g., MIMO, interference
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channels, scaling laws), even though the assumption of perfectly known channel state

information is almost never possible.

4.3 Motivating Example

Before diving into the main results, we use an example to illustrate the mech-
anisms that allow us outperform interference avoidance with only local view.
Consider the two-layer network depicted in Fig. 4.3(a). For simplicity, we refer
to the relays as relay A, relay B, and relay C. It is straightforward to see that
interference avoidance requires the three information sessions to be orthogo-
nalized. Thus, it takes three time-slots to reconstruct the induced subgraphs of

Fig. 4.3(b), 4.3(c), and 4.3(d), which results in a normalized sum-rate of & = %

However, we now show that with inter-session coding, it is possible to
achieve e = § and reconstruct any transmission snapshot over the three induced
subgraphs in only two time-slots with local view. Therefore, a normalized sum-
rate of  is achievable'. In a sense, inter-session coding allows interfering infor-
mation sessions to co-exist. The key ingredient is the mixing of signals at the

relays as we describe shortly.

Consider any strategy for S-D pairs 1, 2, and 3 as illustrated in

Fig. 4.3(b), 4.3(c), and 4.3(d). We split the communication block into two time-

!The reason for achieving a normalized sum-rate of 1 if we can reconstruct any transmission
snapshot over the three induced subgraphs in only two time-slots, is as follows. Since any
transmission strategy for the induced subgraphs can be implemented in the original network
by using only two time-slots, we can implement the strategies that achieve the capacity for any
S-D pair i with full network knowledge, i.e. C;, over two time-slots up to a constant term which
is due to the difference in noise variances. Hence, we can achieve % (C1 +Cy +C3) — 1. On the
other hand, we have Cym < C; + C, + C3. As a result, we can achieve a set of rates such that
1

SR> 1Cqm — 7, and by the definition of normalized sum-rate, we achieve @ = 3.
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Yi= 9111 Xa+
921 Xs +Z3

(©) (d)

Figure 4.3: (a) a two-layer network in which we need to incorporate network
coding to achieve the normalized sum-capacity, (b), (c) and (d) the
induced subgraphs of S-D pairs 1,2,and 3 respectively.

slots of equal length and we describe the scheme for each layer separately.

Transmission scheme for the first layer: Over the first time-slot, source S,
transmits the same codeword as if it was in the induced subgraph, and S, trans-

mits the same codeword as if it was in the induced subgraph multiplied by —1.

Over the second time-slot, S; transmits the same codeword as if it was in
the induced subgraph and S, repeats its transmitted signal from the previous

time-slot.

I
Time-slot 1 | Time-slot 2
|

XS OEE—D Yall=huXi+7Zalt] | S (OL%A) Yal2l = by Xa + Zal2]

I

X, 8 . .);» e Ye[1] = ]1,Zg )[(11]— iz X | Xy S . ‘ e Ya[2] = 5o X + Zg[2]
+ Zp|

| |

>4 )
I

Yc[2] = 23 Xe +
hs3 Xz + Zg[2)

D2 X + Zp[2), 12Xy + 7n i

s Xz + Zo, By Xs + Zo

Figure 4.4: Achievability strategy for the first layer of the network in Fig-
ure 4.3(a).

131



Transmission scheme for the first layer: During first time-slot, relays A and

B transmit X, and X respectively, whereas relay C transmits —~ (Xé - Xé) as

depicted in Fig. 4.5.

During second time-slot , relays B and C transmit X3 and X} respectively,

whereas relay A transmits - (Xf\ -X ,i)

Recovering signals at relays: At the end of the first time-slot, relay A re-
ceives the signal from source S;, and relay C receives the signal from source S..

Relay B receives the summation of the signals from sources S; and S,.

Upon completion of the second time-slot, relay B receives the signal from
source S, and it can use its received signals over the two time-slots to recover
the signal of source S; as well. Now, if relay C adds its received signals over the

two time-slots, it also recovers the signal?® of source S; as depicted in Fig. 4.4.

Time-slot 1

5 )
X2 9 822 D, Ye=g»Xp+

T oguXe + I

Y[l = g Xh—gw| 2

Y52 = gu5 XA — 813
D; 3 D3
. ’ Xot+ g Xe + Zs[1] | .
!

Xat g1 X6 + Za[2)

gisXa + g5 Xo + Zs

Figure 4.5: Achievability strategy for the second layer of the network in Fig-
ure 4.3(a).

Decoding at destinations: At the end of the first time-slot, destination D,

receives the same signal as in Fig. 4.3(b) (with different noise variance).

2We note that the effective noise variance at relays B and C would be twice the noise vari-
ance of its induced subgraph for sources S; and S; respectively. However, by the definition of
normalized sum-capacity, this does not affect the achievable normalized sum-rate
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Finally, at the end of the second time-slot, destination D, receives the same
signal as in Fig. 4.3(c) (with different noise variance). If destination D; adds
its received signals over the two time-slots, it recovers the same signal as in
Fig. 4.3(d) (up to noise term). Therefore, each destination receives the same
signal as if it was only in its corresponding diamond network over two time-

slots. Hence, the normalized sum-rate of a = % is achievable.

In the following section, we generalize the ideas presented in this section by

introducing an algebraic framework for inter-session coding.

4.4 An Algebraic Framework for

Inter-Session Coding with Local View

In this section, we present an algebraic framework for inter-session coding with
local view in two-layer wireless networks over T € N time-slots. We first go
over some notations and definitions. Consider a two-layer wireless network

G = (V, &, {hij}i jee) With K source-destination pairs and |V| — 2K relay nodes.

We label the sources as Sy, ..., Sk, the destinations as D;,...,Dg, and the

relaysas Vi, ..., Viyax.

Definition 4.5 We assign a number Ny, to relay V ; defined as
Ny, = ‘{i|Vj € gii” , (4.6)
and we assign a number Np, to destination D; defined as

K
Np, = (number of routes from S; to D j). (4.7)
=1

1
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We now describe the assignment of transmit and receive matrices to each
node in the network where all entries to these matrices are in {—1,0, 1}. These

matrices form the basis for inter-session coding as described later in this section.

e We assign a transmit vector Tg, of size T X 1 to source S; where each row

corresponds to a time-slot;

e To each relay V;, we assign a receive matrix Ry, of size T X d;,(V;), and we
label each column with a source that has a route to that relay. The entry at

row ¢ and column labeled by S; in Ry, is equal to the entry at row ¢ of Ts;;

e We assign a transmit matrix Ty, of size T x Ny, to each relay where each

column corresponds to a S-D pair i where the relay belongs to G;;

e Finally, to each destination D;, we assign a receive matrix Rp, of size T'X Np,
where each column corresponds to a route from a source S; through a
specific relay V; and is labeled as S; : V. The entry at row ¢ and column
labeled by S; : V; in Rp, is equal to the entry at row ¢ and column labeled

by S; of Ty, .

Remark 4.3 Since nodes have only local view, they are unaware of the interfering chan-
nel gains. Thus, the entries to the vectors and matrices are only chosen to be —1,0, or 1.
This way they do not rely on the actual value of the interfering channel gains but rather

the topology.

We say that an assignment of transmit and receive matrices to the nodes in

the network is valid if the following conditions are satisfied:

C.1 [Source Condition] Fori=1,2,...,K,

Rank (Ts,) = 1. (4.8)
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Intuitively, condition C.1 guarantees that every transmitter communicates its

signal at least once during the T time-slots.

C.2 [Relay Condition] For any relay V;, if V; € G;;, then

Si

( 1 0 .. 0) € rowspan (Rvj). (4.9)

Intuitively, if condition C.2 is satisfied, then each relay has access to the signal

of any S-D pair that has a route through that relay.

C.3 [Destination Condition] For destination D;, if relays V;,...,V, ~are on
routes from S; to D;, then
S,’ . le Sl' . VjND,v
( 1 1 0 ... O)
€ rowspan (Rp,) . (4.10)

Finally, condition C.3 guarantees the feasibility of interference neutralization at

each destination.

Furthermore, we limit all linear operations in conditions C.2 and C.3 re-

quired to obtain (4.9) and (4.10), to simply be a summation of a subset of rows.

Remark 4.4 It is straightforward to show that a necessary condition for C.3 is for
each Ty, to have full column rank. This gives us a lower bound on T which is
maxy, HilV j € Qii}'. Moreover, TDMA is always a lower bound on the performance of

any strategy and thus, provides us with an upper bound on T. In other words, we have

(ivieGil| <T <k, 4.11)

max
Vj
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which implies that for two-layer wireless networks, we have

L ! . (4.12)
K maxy; ‘{le, S Q,-i”

Consider a transmission snapshot in each of the K induced subgraphs in the

absence of all other S-D pairs where

e Node V; (similarly a source) in the induced subgraph G;; transmits X{/,-'

e Node V; (similarly a destination) in the induced subgraph G;; receives

Yo = D huXy +7Z,. (4.13)
()&

We define a transmission strategy based on the assigned transmit and receive

matrices as follows. At any time-slot #:

e Source S; transmits

Xs (1] = Ts ()X, (4.14)
e Each relay V, transmits
1 K
Xy,[t] = — ) Ty,(1,S)Xy, (4.15)
\ \/T; \% V;
where t = 1,...,T, and the coefficient % is to guarantee the power con-

straint at nodes.

Before stating our main results, we show how to interpret the transmission
strategy of Section 4.3 in the algebraic framework presented above. We assign a

transmit vector Ts, of size 2 X 1 to source S,.

Ts, = . Ts, = . Ts, = . (4.16)
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To each relay, we assign a receive matrix of size 2 X 2 where each row corre-
sponds to a time-slot, and each column corresponds to a source that has a route
to that relay. This receive matrix is formed by concatenating the transmit vectors

of the sources that are connected to the relay. In our example, we have

81 S3 Sl S2
t=1]1 O t=111 -1
RA - s RB - s
=210 1 t=210 1
S, S
t=1]1-1 0
Rc = . (4.17)
=211 1

From the receive matrices in (4.17), we can easily check whether each relay
has access to the same received signals as if it was in the diamond networks of

Figures 4.3(b), 4.3(c), and 4.3(d). In fact all three matrices in (4.17) are full rank.

We also assign a transmit matrix of size 2x2 to each relay where each column
corresponds to a S-D pair i such that the relay belongs to G;;. During time-slot ¢,
the relay communicates the signal it has for S-D pair i multiplied by the entry at

row t and column S; of its transmit matrix. In our example, we have

S] 83 Sl SQ
t=111 0 t=1]11 0
TA = ) TB - ’
tr=2\1-1 1 =210 1
S, S;
tr=11-1 1
Tc = . (4.18)
=21 0
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Here, if in row ¢t more than one non-zero entry appears, then the relay creates
the normalized linear combination of the signals it has for the S-D pairs that

have a non-zero entry in their column and transmits it.

Now, to each destination D;, we assign a receive matrix Rp, of size 2 x 4
where each row corresponds to a time-slot, and each column corresponds to a
route from a source through a specific relay (e.g., a route from S, through relay
V, is denoted by S, : A). In fact, Rp, is formed by concatenating (and reordering
columns of) the transmit matrices of the relays that are connected to D,. In our

example, we have

S;:A S§:B S,:B S3:A

t=1 1 1 0 0
RDl_ s
r=2 -1 0 1 1

SllB SzZB SzZC S3ZC
t=1 1 0 -1 1
RD2: ’
t=2 0 1 1 0
S]ZA SzZC S3CA S3IC
r=1 1 -1 0 1
Rp, = . (4.19)
r=2 -1 1 1 0

From the receive matrices in (4.19), we can verify whether each destination
can recover its corresponding signals or not. For instance, from Rp,, we know
that in time-slot 1, the signals from S, through relays A and B are received
interference-free. From Rp,, we see that at each time-slot one of the two sig-
nals that D; is interested in is received. However with a linear row-operation,

we can create a row where 1’s only appear in the columns associated with S;.
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More precisely,

Rp, (1,:) + Rp, (2,:) (4.20)

SliA SziC S3IA S3ZC

(o 0 0 )

S;:A S$,:C S3:A S5:C

( 0 0 1 1 ) € rowspan (Rp,) . (4.21)

or equivalently

Thus, each destination can recover its intended signal interference-free (up to

noise term).

The following theorem characterizes the achievable normalized sum-rate of
transmission strategy described above for a valid choice of transmit and receive

matrices.

Theorem 4.1 For a K-user two-layer network G = (V, E, {hij} jee) with local view,
if there exists a valid assignment of transmit and receive matrices, then a normalized

sum-rate of & = = is achievable.

Proof: Network G has K S-D pairs. We need to show that any transmission
snapshot over these induced subgraphs can be implemented in G over T time-
slots such that all nodes receive the same signal as if they were in the induced

subgraphs (up to noise terms) using the transmission strategy described above.

At any time instant ¢ € {1,2,...,T}, relay V; (similarly a destination) receives
Yy [f] = Z hoiXy, (1] + 21, t=1,...,T. (4.22)
i":(i")eE
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Reconstructing the received signals: Based on the transmission strategy de-
scribed above, we need to show that at any relay V; (similarly a destination), the

received signal Y(,)_ can be obtained up to the noise term.

Based on Relay Condition C.2, we know that there exists a matrix Gy, of size

Ny, x T with entries in {0, 1}, and a choice of ¢, such that if V; € G;; then

Si
Gy,(¢, )Ry, = ( 1 0 ... ()). (4.23)
Therefore, we have
T . .
Z Gy, (6.0 [f] = Y +Z], (4.24)
t=1

where Z\J/ is a zero-mean noise term that is independent form the signals and has
variance (Z,T: | G(¢, t)) — 1. It is easy to see that the variance of Z\J, is bounded by
T — 1. This implies that V; is able to cancel out all interference by appropriately
summing the received signals at different time-slots (at the cost of a higher noise

variance).

Similar argument holds for any destination D;. Based on Destination Con-
dition C.3, we know that there exists a matrix Gp, of size Np, X T with entries in

{0, 1}, and a choice of ¢, such that if relays V;,,...,V,,_  are on routes from S; to

Jnp,
D,, then
Si:Vj] Si:VjND_
Go,(£, )Ry, = ( | 1 0 ... 0)- (4.25)
Therefore, we have
T
VT > Go(6,0)Yp 1] = Yi, + 7, (4.26)
t=1
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where Z{, is a zero-mean noise term that is independent form the signals and
has variance less than or equal to 7% — 1. In a sense, each destination is able
to cancel out all interference by appropriately summing the received signals at

different time-slots (at the cost of a higher noise variance).

As we have seen in (4.24) and (4.26), due to the row operations, the resulting
signal may have a noise variance that is different from the original noise process.
However, the resulting variance is independent of the channel gains. Thus, we
need to show that with the row operations performed on transmit and received
signals, the capacity for each S-D pair remains within a constant of the capacity
of the induced subgraphs when there is no interference. The following lemma

which is proved in Appendix C.2 provides us with this result.

Lemma 4.1 Consider a complex multi-hop Gaussian relay network with one source
S and one destination D represented by a directed graph G = (V, &, {h;j} i jes) where

{hij},jes represent the channel gains associated with the edges.

We assume that at each receive node the additive white complex Gaussian noise
has variance o?. We also assume a power constraint of P at all nodes, i.e.
lim, e *E(Z 0, [Xv,[711*) < P. Denote the capacity of this network by C(o, P). Then

forany k > 1, k € R, we have
C(c?, P) — 1 < C(ka?, P/x) < C(c?%, P), (4.27)

where T = |'V|(2logk + 17) is a constant independent of channel gains, P, and o,

Note that if we increase the noise variance at all nodes to (T2 - 1), we can
only decrease the capacity. Next, applying Lemma 4.1 (with xk = T? — 1), we
conclude that the achievable rate for each S-D pair after using inter-session cod-

ing, remains within a constant of the capacity of the induced subgraphs when
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there is no interference. The constant is independent of the channel gains and
the transmit power as described in Lemma 4.1. This completes the proof of

Theorem 4.1. [ |

In the following section, we analyze the optimality of the proposed scheme
for some classes of networks. We consider two-layer networks: (1) with
two relays and any number of source-destination pairs; (2) with three source-
destination pairs and three relays; and (3) with folded-chain structure. We
also show that the gain from inter-session coding over interference avoidance

scheduling can be unbounded in L-nested folded-chain networks.

4.5 Optimality of the Strategies

In this section, we consider several classes of networks and derive the mini-
mum number of time-slots such that any transmission snapshot over induced
subgraphs can be reconstructed as if there is no interference present. In other
words, we characterize the normalized sum-capacity of such networks. We
derive information-theoretic outer-bounds on the normalized sum-capacity in
these networks by providing a worst case channel realization in which achiev-
ing beyond a certain fraction of the network capacity would be infeasible with

local view.

As mentioned before, a key ingredient in inter-session coding is the role of
relays and the mixing of the signals that takes place at the relays. To gain a
better perspective of the role of relays in two-layer wireless networks with local
view, we consider several network topologies with different number of relays

and gradually increase this number. We first provide an overview of our results.
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4.5.1 Overview

We start by considering a class of two-layer networks with only two relays in
Section 4.5.2. The normalized sum-capacity of such networks is one over the

maximum node degree in the network dp.x given by

dmax é iE{Iln.ﬁll)SVI} (din(vi)’ dout(vi)) . (428)

It turns out that to achieve this normalized sum-capacity, relays have to smartly
schedule the information flows and no coding is necessary. However, we point
out that the performance of a naive orthogonalization scheme can be very poor.
In fact, the scheduling of information sessions in the two layers can be different

and this task is carried on by the relays.

We then increase the number of relays to three and consider networks with
three information sessions in Section 4.5.3. As we already know from Sec-
tion 4.3, there exists a network topology in this family where without inter-
session coding, achieving the normalized sum-capacity is not possible. We show
that for this class of networks, the normalized sum-capacity can only take values

in {1,1/2,1/3}.

Beyond three relays, we consider a class of two-layer wireless networks in
Section 4.5.4 that we refer to as two-layer (K, m) folded-chain networks. In such
networks, we have k information sessions and k relays connected in a specific
ordering such that the maximum degree is m. For this class, we show that
the normalized sum-capacity is equal to 1/m. To achieve this normalized sum-
capacity, inter-session coding is required and the performance of orthogonaliza-
tion schemes can be far from optimal. This class can be considered as a general-

ization of the network we considered in Section 4.3.
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Finally, in order to show that the gain of inter-session coding over inter-
ference avoidance techniques can be unbounded, we consider a single-layer
topology that we refer to as L-nested folded-chain network in Section 4.5.5.
We show that the gain of inter-session coding over interference avoidance tech-
niques grows exponentially with parameter L which depends on the number of

users in the network.

4.5.2 K x2x K Networks

We now move to two-layer networks and start with a special class of networks

with two relays as defined below.

Definition 4.6 A Kx2XxK network is a two-layer network (as defined in Section 4.2.1)
with |'V| - 2K = 2.

We establish the normalized sum-capacity of such networks in the following

theorem.

Theorem 4.2 The normalized sum-capacity of a K x 2 x K network with local view, is

a’* = s (429)

where dny is defined in (4.4).

Proof:

The result for K = 1 is trivial, so we assume K > 1. We refer to the two relays

as A, and A,, see Fig. 4.6.
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Figure 4.6: Illustration of a K x 2 x K network.

Achievability: We divide the S-D pair ID’s into 3 disjoint subsets as follows:

e 7. is the set of all the S-D pair ID’s such that the corresponding source is

connected only to relay A;, i = 1,2;

o J1»is the set of all the other S-D pair ID’s. In other words, 71, is the set of
all the S-D pair ID’s where the corresponding source is connected to both

relays.

Without loss of generality assume that di,(A;) > di,(A,), and rearrange

sources such that

Ji1=1{1,2,...,dn(AD},
Jo ={din(A) + 1,...,din(A)) + din(Ar)},

J12 = {din(A) +din(A) +1,...,K}. (4.30)

We pick the smallest member of J; and the smallest member of 7>, and we
set the first entry of the corresponding transmit vectors equal to 1 and all other
entries equal to zero. We remove these members from J; and J,. Then, we
pick two smallest members of 7, and J, and we set the second entry of the
corresponding transmit vectors equal to 1 and all other entries equal to zero.

We continue this process until ; is empty. For any remaining S-D pair ID j,
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we set the j* entry of the corresponding transmit vector equal to 1 and all other

entries equal to zero.

In the second layer, we divide S-D pair ID’s based on the connection of des-
tinations to relays, i.e. J! is the set of all the S-D pair ID’s such that the corre-
sponding destination is connected to relay A;, i = 1,2, and J7, is the set of all
the other S-D pair ID’s. To A;, we assign a transmit matrix of size T X (j [+ 1’2),

i = 1,2, as described below.

Without loss of generality assume that do,(A2) > dow(A,). We pick one mem-
ber of J| and one member of 7 randomly, and at the first row of Ta, and Ta,, we
set the entry at the column corresponding to the picked indices equal to 1 and
all other entries at those rows equal to zero. We remove these members from 7]
and J;. We then pick one member of J| and one member of J; randomly, and
at the second row of Ta, and Ta,, we set the entry at the column corresponding
to the picked indices equal to 1 and all other entries at those rows equal to zero.

We continue this process till 7 is empty.

We then pick one of the remaining S-D pair IDs (members of |, and the
remaining members of 7)) and assign a 1 at the next available row and to the
column corresponding to the picked index in the corresponding transmit matrix
and all other entries at those rows equal to zero. We continue the process until

no S-D pair ID is left.

Condition C.1 is trivially satisfied. The corresponding transmission strategy
in this case would be a “per layer” interference avoidance, i.e. if in the first hop
two sources are connected to the same relay, they do not transmit simultane-

ously, and if in the second hop two destinations are connected to the same relay;,
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they are not going to be served simultaneously. Therefore, since the scheme
does not allow any interference to be created, no row operations on the receive

matrices is required and conditions C.2 and C.3 are satisfied.

Note that according to the assignment of the vectors and matrices, we re-

quire

T = max {din(A2)9 dout(AZ)} = dmax- (431)
Hence from Theorem 4.1, we know that a normalized sum-rate of a = dl is
achievable.

Converse: Assume that a normalized sum-rate of « is achievable, we show that

a < ﬁ It is sufficient to consider two cases: (1) dnax = din(A1), and (2) dpax =
dow(A1). Here, we provide the proof for case (1) and we postpone the proof for

case (2) to Appendix C.1.

The proof is based on finding a worst case scenario. Thus to derive the upper
bound, we use specific assignment of channel gains. Consider D; for j € J;;
any such destination is either connected to relay A; or to both relays. If it is
connected to both, then set the channel gain from relay A, equal to 0. Follow
similar steps for the members of 7, (if the destination is connected to both, then

set the channel gain from relay A; equal to 0).

Now, consider D; for j € 1,; such destination is either connected to only one
relay or to both relays. If such destination is connected to both relays, assign the
channel gain of 0 to one of the links connecting it to a relay (pick this link at

random). For all other links in the network, assign a channel gain of 4 € C.
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With the channel gain assignment described above, it is straight forward to

see that
Vj e Ji: H(WiYs.La,.Sl) < ne, (4.32)

where €, —» 0 as n — oo. Thus, relay A, is able to decode all messages coming

from sources corresponding to the members of 7.

A similar claim holds for relay A, and all messages coming from 7. Relays
A, and A, decode the messages coming from members of J; and 7, respectively,

and remove their contributions from the received signals.

Now, it is easy to see that

Ve e Jn: H(WAY,. Xl La,.Sl) < ne,. (4.33)

Thus each relay is able to decode the rest of the messages (they receive same
signals with different noise terms). This means that relay A, is able to decode all
the messages from J; and 715, i.e.

> H(WiYa,La,S|) < ne, (4.34)
JEJ1VT12)

which in turn implies that

n[ Z Rj—en)sh(YzllLAl,Sl). (4.35)

JET1VI12)
Note that di,(A1) = |J1] + 1T 12l

Given the assumption of local view, in order to achieve a normalized sum-
rate of @, each source should transmit at a rate greater than or equal to log(1 +
|h|*) — 7 since from each source’s point of view, it is possible that the other S-D

pairs have capacity 0. From the MAC capacity at relay A,, we get

din(A))(alog(1 + |h*) = 7) < log(1 + din(A)) X |h), (4.36)
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(b)

Figure 4.7: The normalized sum-capacity of a 3 x 3 x 3 network with 1-local view,
«*, is equal to 1/3 if and only if one of the graphs in this figure is a
subgraph of G.

which results in
din(A)) (@ log(1 + |h*) — 1) < log(din(A))) + log(1 + x|A[*). (4.37)

Hence, we have
(din(ADa — 1) log(1 + 1) < log(din(A))) + din(A))T. (4.38)

Since this has to hold for all values of /, and a and 1 are independent of &, we

1
geta < 7755

Combining the argument presented above with the result in Appendix C.1,

we get
1
dmax ‘

a <

(4.39)

This completes the proof of the converse.

4.5.3 3 x3x 3 Networks

We then consider two-layer networks with three source-destination pairs and

three relays. Interestingly, we face networks in which we need to incorporate
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network coding techniques in order to achieve the normalized sum-capacity
with local view. The coding comes in the form of repetition coding at sources

and a combination of repetition and network coding at relays.

Definition 4.7 A 3 X3 x 3 network is a two-layer network (as defined in Section 4.2.1)

with K =3 and |'V| - 2K = 3.

Theorem 4.3 The normalized sum-capacity of a 3 x 3 x 3 network with local view, o,

is equal to

(a) 1ifand only if G; N G;; = 0 for i # j;

(b) 1/3 if and only if one of the graphs in Fig. 4.7 is a subgraph of the network

connectivity graph G;

(c) 1/2 otherwise.

As we show in this section, the transmission strategy is a combination of

three main techniques:

(a) per layer interference avoidance;
(b) repetition coding to allow overhearing of the interference;

(c) network coding to allow interference neutralization.

Remark 4.5 From Theorem 4.2 and Theorem 4.3, we conclude that for all single-layer
networks (not the main focus of this work), K x2x K, and 3 x3x 3 networks with 1-local
view, the normalized sum-capacity o = 1/K (i.e. TDMA is optimal), if and only if

when all channel gains are equal and non-zero, then there exists a node that can decode
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all messages. We refer to such node as an “omniscient” node. We conjecture that this
observation holds for much more general network connectivities with local view or in
fading networks with no channel state information at the transmitters. However, this is

a different line of research and it is beyond the scope of this paper.

Proof:

Achievability: The achievability proof for networks in category (a) is trivial as
there is no interference present in such networks. For networks in category (b),
a simple TDMA achieves a normalized sum-rate of 1/3. Thus, we only need to

prove the result for networks in category (c).

Suppose none of the graphs in Fig. 4.7 is a subgraph of the network connec-
tivity graph G and the network does not fall in category (a). This immediately

implies that

Anax = 2. (4.40)

Definition 4.8 The first layer conflict graph of a 3 x 3 x 3 network has three vertices
each corresponding to a source. Two vertices are connected by an undirected edge if
and only if the corresponding sources are both connected to a relay. Similarly, the sec-
ond layer conflict graph of a 3 x 3 x 3 network has three vertices each corresponding
to a destination. Two vertices are connected by an undirected edge if and only if the

corresponding destinations are both connected to a relay.

We have the following claim for a 3 x 3 x 3 network with dp, = 2.

Claim 4.1 For a 3 X 3 x 3 network with dy,.x = 2, the only connectivity that results in

a per layer fully connected conflict graph, is the one shown in Fig. 4.8.

151



Figure 4.8: The only connectivity that results in a per layer fully connected con-
flict graph in a 3 x 3 X 3 network with dy. = 2.

Proof of Claim 4.1 is straightforward and can be obtained by contradiction.

If neither of the layer conflict graphs is fully connected and the network
does not fall in category (a), then a normalized sum-rate of @ = 1/2 is easily
achievable using per layer interference avoidance. Moreover from Claim 4.1,
we know that with dy,.,« = 2, the folded-chain structure of Fig. 4.8 exists in at
least one of the layers and in Section 4.3, we showed that a normalized sum-rate

of @ = 1/2 is achievable.

We note that these cases can be easily described within the algebraic frame-
work of Section 4.4. In fact, if the folded-chain structure of Fig. 4.8 exists in
at least one of the layers, as shown in Section 4.3, the transmission can be ex-
pressed as a valid assignment of transmit and receive matrices; and if the per
layer conflict graphs are not fully connected and the network does not fall in
category (a), then the scheme is a per layer interference avoidance which can be

easily expressed in terms of a valid assignment of transmit and receive matrices.

Converse: The forward direction of the proof for networks in category (a) is
trivial as there is no interference present in such networks. For the reverse di-
rection, as shown in Lemma 4.2 below, for any network that does not fall into

category (a), an upper bound of 1/2 on the normalized sum-capacity can be eas-
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ily obtained. In fact, Lemma 4.2 also provides the outer-bound for networks in

category (c). Thus, we only need to consider 3 x 3 x 3 networks in category (b).

Lemma 4.2 In a 3 x 3 x 3 network with local view, if there exists a path from S; to D;,

for some i # j, then the normalized sum-capacity is upper-bounded by a = 1/2.

Proof of Lemma 4.2 is presented in Appendix C.3.

For 3 x3 x 3 networks in category (b), we first consider the forward direction.
One of the graphs in Fig. 4.7 is a subgraph of the network connectivity graph
G, say the graph in Fig. 4.7(b). Assign channel gain of 4 € C to the links of
the subgraph, and channel gain of 0 to the links that are not in the graph of
Fig. 4.7(b).

With this assignment of the channel gains, it is straightforward to see that
H(WiYs.La.Sl) < ne,  i=1,23. (4.41)

Basically, each destination D; is only connected to relay A;, and each relay A, has
all the information that destination D; requires in order to decode its message,

i=1,2,3.

Thus, Relay A, can decode W,. After removing the contribution of S, relay

A, is able to decode W,. Continuing this argument, we conclude that

3
n [Z R; - en} < (Y |La,.Sl). (4.42)

j=1
The MAC capacity at relay A, gives us

3(alog(l + |h*) — 1) < log(1 + 3 x |A]%), (4.43)
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which results in

Ga — Dlog(l + [hP) < log(3) + 3. (4.44)

Since this has to hold for all values of /, and a and 1 are independent of &, we

get a < 1. The proof for the graphs in Fig. 4.7(a) and Fig. 4.7(c) is very similar.

For the reverse direction, as shown above, if none of the graphs in Fig. 4.7
is a subgraph of the network connectivity graph G, a normalized sum-rate of

@ = 1 is achievable. This completes the converse proof. |

4.5.4 Folded-Chain Networks

We now consider a class of networks for which we need to incorporate network

coding in order to achieve the normalized sum-capacity with local view.

Definition 4.9 A two-layer (K, m) folded-chain network (1 < m < K) is a two-layer
network with K S-D pairs and K relays in the middle. Each S-D pair i has m disjoint
paths, through relays with indices 1 + [{(i — 1)* + (j — 1)} mod K| wherei = 1,...,K,

j=1,...,m.

Theorem 4.4 The normalized sum-capacity of a two-layer (K, m) folded-chain network

with local view is " = +.

Remark 4.6 In order to achieve the normalized sum-capacity of a two-layer (K, m)
folded-chain network with local view, we need to incorporate repetition coding at sources
and network coding at relays. Also, we note that a two-layer (K, K) folded-chain net-
work is basically the fully-connected structure and in that case with local view, interfer-

ence avoidance achieves the normalized sum-capacity of 1/K.
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Proof:

Achievability: The result is trivial for m = 1. For m = K, the upper bound of
a = + can be achieved simply by using TDMA. Suppose m < K < 2m (we will
later generalize the achievability scheme for arbitrary K). Let m" = K — m. To

each source S;,i = 1,..., K, we assign a transmit vector Ts, as follows.

Ts()=1ej<i<j+m, j=1,....m. (4.45)

It is straight forward to verify that this assignment satisfies conditions C.1

and C.2:

e C.1 is trivially satisfied since for any source S;, there exists at least one

value of j such that Tg,(j) = 1.

e C.2 is satisfied since for 1 < i < m, Ry, has a single 1 in row i and the
column labeled as S;; and for m < i < 2m, the matrix is in is in echelon

form.

For the second layer, we have K + 1 steps.

e Steps 1 through m: During step i, 1 <i < m, our goal is to provide destination
D; with its desired signal without any interference. Therefore, row i of any relay
connected to D; has a single 1 in the column associated with S-D pair i and 0’s

elsewhere;

e Steps m + 1 through K: During step i, m + 1 < i < K, our goal is to provide
destination D; with its desired signal (interference will be handled later). To do
so, consider the transmit matrix of any relay connected to D;; we place a 1 in the

column associated with S-D pair i and the row with the least number of 1’s and
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Figure 4.9: A (5, 3) two-layer folded-chain network.

the smallest index (we first find the rows with the least number of 1’s and then

among these rows, we pick the row that has the smallest index);

e Step K +1: During this step our goal is to resolve interference and goes through

the following loop:

(a) Let L; denote the set of row indices for which there exists at least a 1 in
the column associated with S-D pair j of the transmit matrix of a relay

connectedtoD;, m+ 1< j<K;

(b) Set j=m+ 1. Forany j # j, j €{1,2,...,K},if

2. 2. (esy)=o, (4.47)

V,, connected to D; (e L;

then make this summation 0 by making any of the Ty, (f, S j,)’s that is not
previously assigned, equal to 1 or —1 as needed®. Note that since each
route contributes at most once to any receive matrix, the summation in

(4.47) can only take values in {-1,0, 1};

3Tf Ty, (f, S_,-/) is not yet assigned a value, treat it as 0 in the summation.

156



End of Step: m K K+1

S, Ss Ss S, Sy S S, Sy Ss
1 0 0 1 0 0 1 0 0
Ty, : - - -1 - -1 1 o]
- - - - -1 1 -1 1
S S, Ss S S, S S, S Ss
1 0 0 1 0 0 1 0 0
Ty, : 0 1 0 0 1 0 0 1 0]
- - - 0 1 1 0 -1 1
SIS, S S S, S SIS, S
1 0 0 1 0 0 1 0 0
Ty, 0 1 0 0 1 0 0 1 0]
0 0 1 0 0 1 0 0 1
S, S S, S, S35 Sy S, S; Sy
- - - - -1 -1 0 1
Ty, 1 0 0 1 0 0 10 0]
0 1 0 0 1 0 0 1 0
S; Sy Ss S; Sy S Sy S, Ss
- - - -1 - 1 1 -1
Ty, : - - - - -1 -1 0 1 ]
1 0 0 1 0 0 1 0 0

Figure 4.10: The evolution of the relays’ transmit matrices at the end of steps m,
K, and K + 1. In this example, the loop in Step K + 1 is repeated
three times.

(c) Set j = j+1;If j > K and the during previous loop no change has occurred,
then set all entries that are not yet defined equal to zero and terminate;

otherwise, go to line 2 of the loop.
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SIIVI SQIV4 S3ZV4 S3ZV5 S4ZV1 S4IV4 S4ZV5 S5ZV1 S5IV5

| -1 0 1 0 1 1 0 -1
-1 1 0 -1 1 0 0 0 1
1 0 1 1 1 0 0 1 0
(4.46)

We need to show that the assignment of transmit and receive matrices de-
scribed above satisfies Conditions C.1, C.2 and C.3. Conditions C.1 and C.2 are
satisfied as shown before. Due to the construction described above, any interfer-
ing signal will be provided to the receive node such that it can be canceled out
later. This is guaranteed by making sure the summation in (4.47) remains equal
to zero. As a result, Condition C.3 is also satisfied. Thus, we only need to show
that the algorithm terminates in finite time. Note that each destination is only
served once via a relay that is connected to it and if that signal is retransmitted,
it is for interference neutralization purposes. Thus, if the summation in (4.47)
is not zero, then there exists an unassigned entry such that the summation can
be made zero. Since there are a total of mK? entries, the algorithm terminates
in finite time. This completes the description of transmit and receive matrices.

Using Theorem 4.1, we know that a normalized sum-rate of @ = = is achievable.

For general K the achievability works as follows. Suppose, K = c@m—1)+r,
where ¢ > 1 and 0 < r < (2m — 1), we implement the scheme for S-D pairs
1,2,...,2m — 1 as if they are the only pairs in the network. The same for source-
destination pairs 2m,2m + 1, ...,4m — 2, etc. Finally, for the last r S-D pairs, we

implement the scheme with m’ = max{r — m + 1, 1}. This completes the proof of

achievability.
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We now describe the K + 1 steps via an example of (5, 3) two-layer folded-
chain network of Fig. 4.9. In Fig. 4.10, we have demonstrated the evolution of
the relays’ transmit matrices at the end of steps m, K, and K+1. For this example,

the loop in Step K + 1 is repeated three times.

It is easy to verify Condition C.3 for destination D,, D, and D;. We have
provided Rp, in (4.46), and as we can see by adding the first and the second row,
we can have a row that has only 1’s in the columns corresponding to source S,.

Similarly, we can show that the condition holds for Ds.

Converse: Assume that a normalized sum-rate of « is achievable, i.e. there exists
a transmission strategy with local view, such that for all channel realizations, it

achieves a sum-rate satisfying

K
Z RiyaCgyy — T, (4.48)
i=1

with error probabilities going to zero as N — oo and for some constant 7 € R

independent of the channel gains.

Consider the first layer of the two-layer (K, m) folded-chain network, where
the channel gain of a link from source i to relays i,i + 1,...,misequal to h € C,
i =1,2,...,m, and all the other channel gains are equal to zero. In the second
layer, we set the channel gain from relay i to destination i equal to 4, and all

other channel gains equal to 0,i = 1,2,...,m. See Figure 4.11 for a depiction.

With this configuration, each destination D; is only connected to relay A,
and each relay A, has all the information that destination D, requires in order to

decode its message, i = 1,...,m. We have

H(WiIYR,La,Sl) <ne,  i=1,....m. (4.49)
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Figure 4.11: Channel gain assignment in a two-layer (K, m) folded-chain net-
work. All solid links have capacity h, and all dashed links have ca-
pacity 0.

At relay A,, after decoding and removing the contribution of S, relay A,, is

able to decode W,,_;. With a recursive argument, we conclude that

n[ Z Rj—en]sh(ygm|LAm,S|). (4.50)
i

i=1,2,...m
The MAC capacity at relay A,,, gives us
m(alog(1 + |h[*) = 1) < log(1 + m X |h%), (4.51)

which results in

(ma — 1)log(1 + |h[*) < log(m) + m. (4.52)

Since this has to hold for all values of 4, and @ and t are independent of 4, we

geta < n

lu
4.5.5 Gain of Coding over Interference Avoidance: Nested

Folded-Chain Networks

In this subsection, we show that the gain from using coding over interference

avoidance techniques can be unbounded. To do so, we first define the following
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class of networks.

Definition 4.10 An L-nested folded-chain network is a single-layer network with K =
3L S-D pairs, {Sy,...,Ss} and {Dy,...,Ds}. For L = 1, an L-nested folded-chain
network is the same as a single-layer (3,2) folded-chain network. For L > 1, an L-
nested folded-chain network is formed by first creating 3 copies of an (L — 1)-nested
folded-chain network. Then,

o The i-th source in the first copy is connected to the i-th destination in the second

copy,i=1,...,351

o The i-th source in the second copy is connected to the i-th destination in the third

copy,i=1,...,351,

o The i-th source in the third copy is connected to the i-th destination in the first

copy,i=1,...,35"
Fig. 4.12 illustrates a 2-nested folded-chain network.

Consider an L-nested folded-chain network. The conflict graph of this net-

work is fully connected, and as a result, interference avoidance techniques can
L

only achieve a normalized sum-rate of (%) . However, we know that for a single-

layer (3,2) folded-chain network, a normalized sum-rate of % is achievable.

Hence, applying our scheme to an L-nested folded-chain network, a normal-
ized sum-rate of (%)L is achievable. For instance, consider the 2-nested folded-
chain network in Fig. 4.12. We show that any transmission strategy over the
induced subgraphs can be implemented in the original network by using only
four time-slots, such that all nodes receive the same signal as if they were in the

induced subgraphs.
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Figure 4.12: A 2-nested folded-chain network.

To achieve a normalized sum-rate of a = (%)2, we split the communication
block into 4 time-slots of equal length. During time-slot 1, sources 1, 2, 4, and 5
transmit the same codewords as if they are in the induced subgraphs. During
time-slot 2, sources 3 and 6 transmit the same codewords as if they are in the
induced subgraphs and sources 2 and 5 repeat their transmit signal from the
tirst time-slot. During time-slot 3, sources 7 and 8 transmit the same codewords
as if they are in the induced subgraphs and sources 4 and 5 repeat their transmit
signal from the first time-slot. During time-slot 4, source 9 transmits the same
codewords as if it is in the induced subgraph and sources 5, 6, and 8 repeat their

transmit signal.

It is straight forward to verify that with this scheme, all destinations receive

the same signal as if they were in the induced subgraphs. Hence, a normalized

sum-rate of @ = (%)2 is achievable for the network in Figure 4.12. Therefore, the

. . . . . . L . . . .
gain of using coding over interference avoidance is (%) which goes to infinity

as L — oo. See Fig.4.13 for a depiction. As a result, we can state the following
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(b)

Figure 4.13: (a) Achievable normalized sum-rate of inter-session coding and in-
terference avoidance in an L-nested folded-chain network; and (b)
the performance gain of inter-session coding scheme over interfer-
ence avoidance.

lemma.

Lemma 4.3 Consider an L-nested folded-chain network. The gain of using MCL

scheduling over MIL scheduling is (%)L which goes to infinity as L — oo.

The scheme required to achieve a normalized sum-rate of & = (%)L for an L-
nested folded-chain network, can be viewed as a simple extension of the results
presented in Section 4.4. In a sense instead of reconstructing a single snapshot,
we reconstruct L snapshots of the network. The following discussion is just for

the completion of the results.
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To each source S;, we assign a transmit vector Ts, of size (LT) x 1 where
each row corresponds to a time-slot. If we denote the transmit signal of node
S; in the ¢™ snapshot by X5, then if Tg(j) = 1 and ¢T +1 < j < (c + DT for
c=0,1,...,L — 1, then S, communicates Xg“ The other transmit and receive
matrices can be described similarly. Conditions C.2 and C.3 have to be satisfies
for submatrices of Ry, corresponding to rows ¢T + 1,¢T +2,...,(c + DT — 1 for

c=0,1,...,L-1.

4.6 Concluding Remarks

In this paper, we studied the fundamental limits of communications over two-
layer wireless networks where each node has only limited knowledge of the
channel state information. We proposed an algebraic framework for inter-
session coding in such networks. We developed new transmission strategies
based on the algebraic framework that combines multiple ideas including in-
terference avoidance and network coding. We established the optimality of our
proposed strategy for several classes of networks in terms of achieving the nor-
malized sum-capacity. We also demonstrated several connections between net-

work topology, normalized sum-capacity, and the achievability strategies.

One major direction is to characterize the increase in normalized sum-
capacity as nodes learn more and more about the channel state information.
We have also focused on the case that the nodes know the network-connectivity
globally, but the actual values of the channel gains are only known for a sub-
set of flows. Another important direction would be to understand the effects of

local knowledge about network connectivity on the capacity and develop dis-
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tributed strategies to optimally route information with partial knowledge about

network connectivity.
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CHAPTER 5
COMMUNICATION WITH RATE-LIMITED FEEDBACK LINKS

5.1 Introduction

The history of feedback in communication systems traces back to Shannon. It is
well-known that feedback does not increase the capacity of discrete memoryless
point-to-point channels. However, feedback can enlarge the capacity region of
multi-user networks, even in the most basic case of the two-user memoryless
multiple-access channel [20, 39]. Hence, there has been a growing interest in
developing feedback strategies and understanding the fundamental limits of
communication over multi-user networks with feedback, in particular the two-

user interference channel (IC). See [23, 31-33, 45, 50, 53] for example.

Especially in [50], the infinite-rate feedback capacity of the two-user Gaus-
sian IC has been characterized to within a 2-bit gap. One consequence of this re-
sult is that interestingly feedback can provide an unbounded capacity increase.
This is in contrast to point-to-point and multiple-access channels where feed-

back provides no gain and bounded gain respectively.

While the feedback links are assumed to have infinite capacity in [50], a more
realistic feedback model is one where feedback links are rate-limited. In this
paper, we study the impact of the rate-limited feedback in the context of the
two-user IC. We focus on two fundamental questions: (1) what is the maximum
capacity gain that can be obtained with access to feedback links at a specific
rate of Crg? (2) what are the transmission strategies that exploit the available

feedback links efficiently? Specifically, we address these questions under three
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channel models: the El Gamal-Costa deterministic model [16], the linear deter-

ministic model of [7], and the Gaussian model.

Under the El Gamal-Costa deterministic model, we derive inner-bounds and
outer-bounds on the capacity region. As a result, we show that the capacity re-
gion can be enlarged using feedback by at most the amount of available feed-
back, i.e., “one bit of feedback is at most worth one bit of capacity”. Our achiev-
able scheme employs three techniques: (1) Han-Kobayashi message splitting;
(2) quantize-and-binning; and (3) decode-and-forward. Unlike the infinite-rate
teedback case [50], in the rate-limited feedback case, a receiver cannot provide
its exact received signal to its corresponding transmitter; therefore, the main
challenge is how to smartly decide what to send back through the available
rate-limited feedback links. We overcome this challenge as follows. We first split
each transmitter’s message into three parts: the cooperative common, the non-
cooperative common, and the private message. Next, each receiver quantizes its
received signal and then generates a binning index so as to capture part of the
other user’s common message (that we call the cooperative common message)
which causes interference to its own message. The receiver will then send back
this binning index to its intended transmitter through the rate-limited feedback
links. With this feedback, each transmitter decodes the other user’s cooperative
common message by exploiting its own message as side information. This way
transmitters will be able to cooperate by means of the feedback links, thereby

enhancing the achievable rates. This result will be described in Section 5.4.

We then study the problem under the linear deterministic model [7] which
captures the key properties of the wireless channel, and thus provides insights

that can lead to an approximate capacity of Gaussian networks [7, 11, 12, 46, 50].
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We show that our inner-bounds and outer-bounds match under this linear de-
terministic model, thus establishing the capacity region. While this model is a
special case of the El Gamal-Costa model, it has a significant role to play in mo-
tivating a generic achievable scheme for the El Gamal-Costa model. Moreover,
the explicit achievable scheme in this model provides a concrete guideline to the

Gaussian case. We will explain this result in Section 5.5.

Inspired by the results in the deterministic models, we develop an achievable
scheme and also derive new outer-bounds for the Gaussian channel. In order to
translate the main ideas in our achievability strategy for the deterministic mod-
els into the Gaussian case, we employ lattice coding which enables receivers
to decode superposition of codewords. Specifically at each transmitter, we em-
ploy lattice codes for cooperative messages. By appropriate power assignment
of the codewords, we make the desired lattice codes arrive at the same power
level, hence, receivers being able to decode the superposition of codewords.
Each receiver will then decode the index of the lattice code corresponding to
the superposition and sends it back to its corresponding transmitter where the
cooperative common message of the other user will be decoded. For symmetric
channel gains, we show that the gap between the achievable sum-rate and the
outer-bounds can be bounded by a constant, independent of the channel gains.

This will be explained in Section 5.6.

5.2 Problem Formulation and Network Model

We consider a two-user interference channel (IC) where a noiseless rate-limited

feedback link is available from each receiver to its corresponding transmitter.
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See Figure 5.1. The feedback link from receiver k to transmitter k is assumed to

have a capacity of Crgi, k = 1,2. on.

Interference
Channel

XN YN A
2 2
W, Tx 2 Rx 2 W,
£ I
L - - — — — / ______ J
Crp2

Figure 5.1: Two-user interference channel with rate-limited feedback.

Transmitters 1 and 2 wish to reliably communicate independent and uni-
formly distributed messages W, € {1,2,...,2"} and W, € {1,2,...,2"%} to re-
ceivers 1 and 2 respectively, during N uses of the channel. The transmitted
signal of transmitter k, k = 1,2, at time i, 1 < i < N, and the received signal of
receiver k, k = 1,2, at time i, 1 <i < N, are respectively denoted by X;; and Y.
There are two feedback encoders at the receivers that create the feedback signals

from the received signals:
Yii=&i(Yirs. ... Y1) = 5k,i(Y,§i_])), k=1,2. (5.1)
where we use shorthand notation to indicate the sequence up to i — 1.

Due to the presence of feedback, the encoded signal X;; of user k at time i is
a function of both its own message and previous outputs of the corresponding
feedback encoder:

Xei = ee(We, VD), k=1,2. (5.2)

Each receiver k, k = 1,2, uses a decoding function d; y to get the estimate W,

from the channel outputs {¥;; : i = 1,..., N}. An error occurs whenever Wi # W,.
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The average probability of error is given by
Ay = E[P(W, = Wpl,  k=1,2, (5.3)

where the expectation is taken with respect to the random choice of the trans-

mitted messages W, and W,.

We say that a rate pair (R, R,) is achievable, if there exists a block encoder
at each transmitter, a block encoder at each receiver that creates the feedback
signals, and a block decoder at each receiver as described above, such that the
average error probability of decoding the desired message at each receiver goes
to zero as the block length N goes to infinity. The capacity region C is the closure

of the set of the achievable rate pairs.

We will consider the following three channel models to investigate this prob-

lem.

1- El Gamal-Costa Deterministic Interference Channel:

W,

W,

Figure 5.2: The El Gamal-Costa deterministic IC with rate-limited feed-
back.

Figure 5.2 illustrates the El Gamal-Costa deterministic IC [16] with rate-

limited feedback. In this model the outputs ¥, and Y, and the interferences
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Vi and V; are (deterministic) functions of inputs X; and X, [16]:

Yl,i = fl(Xl,i, Vz,i),

Yz,i = fz(Xz,i, Vl,i),

(5.4)
Vii = g1(X1,)),
Vai = 82(X5,),
where fi(.,.) and f5(.,.) are such that
H(\VY1;, X)) =0,
(5.5)

H(V, Y2, X5;) = 0.

Here V, is a part of X; (k = 1,2), visible to the unintended receiver. This
implies that in any system where each decoder can decode its message with ar-
bitrary small error probability, V, and V, are completely determined at receivers

2 and 1, respectively, i.e., these are common signals.
2- Linear Deterministic Interference Channel:

This model, which was introduced in [7], captures the effect of broadcast
and superposition in wireless networks. We study this model to bridge from
general deterministic networks into Gaussian networks. In this model, there
is a non-negative integer n;; representing channel gain from transmitter k to
receiver j, k = 1,2, and j = 1,2. In the linear deterministic IC, we can write
the channel input to the transmitter k at time i as X;; = [X;, X¢,... X ,]" € F},
k = 1,2, such that X ,1 cand XZ’I. represent the most and the least significant bits of
the transmitted signal respectively. Also, g is the maximum of the channel gains

in the network, i.e., g = maxy ; (nk j). At each time i, the received signals are given
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Y, =ST"X,; ST Xy,
(5.6)

Y2,i = Sq_nuX],,‘ @ Sq—nzzxz,i’

where § is the g x g shift matrix and operations are performed in [, (i.e., modulo
two). See Figure 5.3 for an example.

CFRI

- - |

v |

Tx 1 Rx 1 ‘nn
$ 0y

Tx 2 Rx 2 ’11-)2

$H|2

Figure 5.3: An example of a linear deterministic IC with rate-limited feed-
back, where nip =npy = 3, nip = 2, Ny = 1, and q= 3.

It is easy to see that this model also satisfies the conditions of (5.5), hence it

is a special class of the El Gamal-Costa deterministic IC.
3- Gaussian Interference Channel:

In this model, there is a complex number #;; representing the channel from

transmitter k to receiver j, k = 1,2, and j = 1, 2. The received signals are

Yii=huXyi+haXe,+2,,
(5.7)

Yoi=hpX i+ hnXs+ 2y,

where {Z; }¥

., is the additive white complex Gaussian noise process with zero

mean and unit variance at receiver j, j = 1,2. Without loss of generality, we
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assume a power constraint of 1 at all nodes, i.e.,

Iy o
NE(; XaP) <l k=12, (5.8)
where N is the block length. We will use the following notations:

SNR; = |hil>, SNR; = |hxl’,
(5.9)
lNRlZ = |h12|2, INRZ] = |h21|2-

5.3 Motivating Example

We start by analyzing a motivating example. Consider the linear deterministic
IC with rate-limited feedback as depicted in Figure 5.4(a). As we will see in
Section 5.5, the capacity region of this network is given by the region shown
in Figure 5.4(b). Our goal in this section is to demonstrate how feedback can
help increase the capacity. In particular, we describe the achievability strategy
for one of the corner points, i.e., (R;,R,) = (4,1). From this example, we will
make important observations that will later provide insights into the achievable

scheme.

The achievability strategy works as follows. In the first time slot, transmitter
1 sends four bits aj,...,as and transmitter 2 sends only one bit b, at the third
level, see Figure 5.4(a). This way receiver 1 can decode its intended four bits
interference free, while receiver 2 has access to only a; @b, and a,. In the second
time slot, through the feedback link, receiver 2 feeds a, & b, back to transmitter
2 who can remove b, from it to decode a,. Also during the second time slot,
transmitter 1 sends four fresh bits as, ..., as, whereas transmitter 2 sends one
new bit b,. In the third time slot, through the feedback link, receiver 2 feeds

b, ® as back to transmitter 2 who can remove b, from it to decode as. Moreover,
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Crp1 = Crp2 = 1

—-—--  no feedback
Tx 1 Rx 1

———- infinite feedback

Tx 2 Rx 2 e
by by by bi®a| breas | byeay

ag ag a

a; decoded T

(a) (b)

Figure 5.4: (a) A two-user linear deterministic IC with channel gains ny; = ny, =
4, ny, = ny = 2 and feedback rates Crg1 = Cra2 = 1, and (b) its
capacity region.

during the third time slot, transmitter 1 sends four new bits aq,...,a;,, while
transmitter 2 sends one new bit b3 and at the level shown in Figure 5.4(a), sends
the other user’s information bit a; decoded in the second time slot with the help
of feedback. With this strategy receiver 2 has now access to a; and can use it
to decode b;. Note that receiver 1 already knows a; and hence can decode a;5.
This procedure will be repeated over the next time slots. During the last two
time slots, only transmitter 2 sends the other user’s information decoded before,
while transmitter 1 sends nothing. Therefore, after B time slots, we achieve a

rate of (R|,R) = 3772(4, 1), which converges to (4, 1) as B goes to infinity.

Based on this simple capacity-achieving strategy, we can now make several

observations:

e The messages coming from transmitter 1 can be split into three parts: (1)
“cooperative common”: this message is visible to both receivers, while interfer-

ing with the other user’s signals (e.g., a; at transmitter 1 in the first time slot).
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R +R,
R, + R,
R, +R,
Ri+R,
R +R,

2R + R,

2R, + R,

R, + 2R,

R, + 2R,

IAN A CIAN A N IATA

IA IA IA

IN +

IA

IN +

I(U, V2, X153 11) (5.10a)

I(Xy; Y1|U, Uy, V2) + min((Uy; Y2|U, X3), Cegz — 62) (5.10b)
(U, Vi, X5, Y5) (5.10¢)
I[(Xa; Yo|U, Uz, V1) + min(I(Uy; Y1|U, X1), Ceg1 — 61) (5.10d)
IX; UV, Vo) + I(U,V,, X5 Y5) (5.10e)
1(X5; Y5|U, Vi, Vo) + I(U, V,, X1; Y1) (5.10f1)
min(/(Uy; Y1|U, X1), Cegt — 61) + min(/(Uy; Y2|U, X3), Ceg2 — 62)

+1(X,, Vo, Y1|U, Uy, Uy) + I(Xs; Y5|U, Vi, V) (5.10g)
min(/(Uy; Y1|U, X1), Cegt — 61) + min(/(Uy; Y5|U, X3), Crg2 — 62)

+1(X,, Vi; LU, Uy, Uy) + I(Xy; Y1|U, Vi, Vo) (5.10h)
min(/(Us; Y1|U, X1), Cegy — 61) + min(I(Uy; Y2|U, X5), Crg2 — 62)

+1(X1, Vo, Y1|U, Vi, Uy) + I(X,, Vi, Ya|U, Vy, Up) (5.10i)

I(U, Vo, X153 Y1) + IX s KU, VL Vo) + 1(X, Vi YU, UL V) (6.105)
min(/(Uy; Y2|U, X3), Ceg2 — 62)

2min(I(Uy; Y2|U, X3), Ceg2 — 62) (5.10Kk)
+min(/(Us; Y1|U, X1), Cra1 — 61)

+I(X, Vos Y1|U, Uy, Uy) + I(Xy; Y41 |U, Vi, Vo) + 1(Xo, Vi YalU, Uy, V)
I(U, Vi, X5;Ys) + I(Xo; VLU, Vo, Vi) + (X1, Vo Y4|U, Uy, Vi) (5.101)
min(/(Us; Y1|U, X1), Ceg1 — 61)

2min(I/(U,; Y1|U, X;), Ceg1 — 61) (5.10m)
+min(/(Uy; Y2|U, X3), Cr2 — 62)

+I(Xa, Vi; YolU, Uy, Ud) + 1(X; Ya|U, Vi, Vo) + 1(Xy, Vo Yi|U, Uy, Vi)

over all joint distributions

p(u) pQui ) p(us|u) p(vilu, uy) p(valu, uz) p(xilu, uy, vi) p(xalu, uz, v2) p(ily1) p(daly),

where

61 = I(Y,; Y1|U, Uy, X)),
8, = I(Yy; V|U, Uy, X5).

This should be fed back to the transmitter so that it can be used later in refin-

ing the desired signals corrupted by the interfering signal; (2) “non-cooperative

common”: this message is visible to both receivers, however it does not cause
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any interference (e.g., a, at transmitter 1 in the first time slot); (3) “private”: this
message is visible only to the intended receiver (e.g., a3 and a4 at transmitter 1
in the first time sot). Denote these messages by wy.., Wine, and wy,, respectively,

where k = 1, 2 is the transmitter index.

o To refine the desired signal corrupted by the cooperative common signal of
transmitter 1 (i.e., a;), receiver 2 utilizes the feedback link to send the interfered
signal (i.e., a; ® b;) back to transmitter 2. Transmitter 2 then employs a partial
decode-and-forward to help receiver 1 decode its messages, i.e., the cooperative
message of transmitter 1 is decoded at transmitter 2 and it will be forwarded to

receiver 2 during another time slot.

e As we can see in this example, encoding operations at each time slot de-
pend on previous operations, thereby motivating us to employ block Markov
encoding. As for the decoding, we implement backward decoding at receivers.
Each receiver waits until the last time B and we use the last received signal to
decode the message received at time B—2. We then decode the message received

at time B - 3 and all the way down to the message received at time 1.

These observations will form the basis for our achievable schemes in the

following sections.

5.4 Deterministic Interference Channel
In this section, we consider the El Gamal-Costa deterministic IC with rate-

limited feedback, described in Section 4.2. The motivating example in the pre-

vious section leads us to develop a generic achievable scheme based on three
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ideas: (1) Han-Kobayashi message splitting [27]; (2) quantize-and-binning; and
(3) decode-and-forward [14]. As mentioned earlier, we split the message into
three parts: the cooperative common message; non-cooperative common mes-
sage; and private message. We employ quantize-and-binning to feed back part
of the interfered signals through the rate-limited feedback link. With feedback,
each transmitter decodes part of the other user’s common information (coop-
erative common) that interfered with its desired signals. We accomplish this
by using the partial decode-and-forward scheme. We also derive a new outer
bound based on the genie-aided argument [16] and the dependence-balance-

bound technique [28, 53, 74].

5.4.1 Achievable Rate Region

Theorem 5.1 The capacity region of the EI Gamal-Costa deterministic IC with rate-
limited feedback includes the set R of (R, R) satisfying inequalities (5.10a)—(5.10m).

Proof: We first provide an outline of our achievable scheme. We employ block
Markov encoding with a total size B of blocks. In block 1, transmitter 1 splits its
own message into cooperative common, non-cooperative common and private
parts and then sends a codeword superimposing all of these messages. The co-
operative common message is sent via the codeword ujlv’(l). The non-cooperative
common message is added to this, being sent via v}"". The private message is
then superimposed on top of the previous messages, being sent via x}"". Sim-

ilarly, transmitter 2 sends szv ‘D In block 2, receiver 1 quantizes its received

signal )" into """ with the rate of R;. Next it generates a bin index by con-

sidering the capacity of its feedback link and then feeds the bin index back to its
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corresponding transmitter. Similarly, receiver 2 feeds back the corresponding
bin index. In block 3, with feedback, each transmitter decodes the other user’s
cooperative common message (sent in block 1) that interfered with its desired
signals. The following messages are then available at the transmitter: (1) its
own message; and (2) the other user’s cooperative common message decoded
with the help of feedback. Using its own cooperative common message as well
as the other user’s counterpart, each transmitter generates the codeword ™.
This captures the correlation between the two transmitters that might induce
the cooperative gain. Conditioned on these previous cooperative common mes-
sages, each transmitter generates new cooperative common, non-cooperative
common, and private messages. It then sends the corresponding codeword.
This procedure is repeated until block B — 2. In the last two blocks B — 1 and
B, to facilitate backward decoding, each transmitter sends the predetermined

common messages and a new private message. Each receiver waits until total B

blocks have been received and then performs backward decoding.

Codebook Generation: Fix a joint distribution

() p(uy |w) p(ua|u) p(xy|uy, w) p(xaluz, ) p(P1ly1) p(F2ly2).

We will first show that p(x;|u, u;,vy) and p(x,|u, u,, v,) are functions of the above
distributions. To see this, let us write a joint distribution p(u, u;, us, vi, v, X1, X2)
in two different ways:
(U, uy, U, V1, V2, X1, X2)
= p(u)p(u;|w) p(uz|u) p(xi|u, ur) p(xalu, u2)6(vi — g1(x1))
X 6(v2 — g2(x2)) (5.11)
= p(u)p(u;|w) p(uz|u) p(vilu, u) p(valu, uz) p(xr lu, uy, vi)

X p(xalu, uz, v2),
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where 6(-) indicates the Kronecker delta function. Notice that by the El Gamal-
Costa model assumption (5.4), p(vilu, us, x1) = 6(vi — g1(x1)) and p(valu, us, x2) =

5(v2 — g2(x2)). From this, we can easily see that

_ p(xilu, u)o(vy — g1(x1))
p(XI|M, Uy, vl) - )
p(vilu, uy)

p(xalu, u)6(vy — ga2(x1))
p(v2|u9 l/l2) '

p(xolu, uz, vo) = (5.12)

We now generate codewords as follows.  Transmitter 1 generates
ONVRictRee) independent codewords u¥(i,j) according to []Y, p(u;)!, where
i € {1,--- 2"} and j € {1,---,2M%«}  For each codeword u"(i,j), it
generates 2Vfi« independent codewords u!((i, j), k) according to [1Y, p(uiilu;)
where k € {l,---,2VR«} Subsequently, for each pair of codewords
(uN (i, ), ul (G, ). k)), generate 2"f independent codewords v{'((i, j), k, I) accord-
ing to [, p(viilu;, uy;) where [ € {1, ,2NRue}. Lastly, for each triple of code-
words (uN (1, ), ul (i, j), k), VY (i, )), k, l)), generate 2"*» independent codewords
x¥((i, j), k, 1, m) according to Y, p(xiilug, uyi, vi;) where m € {1,---,2VRw}. On the
other hand, receiver 1 generates 2NR, sequences " (g) according to Y, pG1)
where g € {1,---,2V%}. In the feedback strategy (to be described shortly), we
will see how this codebook generation leads to the joint distribution p(9;[y,).

Similarly, receiver 2 generates 3.

As it will be clarified later, for a given block b, indices i and j in 4" (i, j) cor-
respond to the cooperative common message of transmitter 1 and transmitter 2
sent during block (b — 2) respectively. Then 1Y, p(uyu;) is used to create 2VFi
independent codewords corresponding to the cooperative common message of

transmitter 1 in {1,--- ,2VRi«} Similarly, 2¥* independent codewords are cre-

With a slight abuse of notation, we use the same index i to represent time.
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ated according to Hﬁvzl p(viilu;, uy;), corresponding to the non-cooperative com-
mon message of transmitter 1 in {1,---,2VRu}. Finally, [1Y, p(eilui, uis, vi;) is
used to create 2V%» independent codewords corresponding to the private mes-

sage of transmitter 1in {1,--- , 2"},

Notation: Notations are independently used only for this section. The index
k indicates the cooperative common message of user 1 instead of user index.
The index i is used for both purposes: (1) indicating the previous cooperative
common message of user 1; (2) indicating time index. It could be easily differ-

entiated from contexts.

Feedback Strategy (Quantize-and-Binning): Focus on the b-th transmission
block. First receiver 1 quantizes its received signal y}"” into $"**" with the
rate of R. Next it finds an index ¢ such that (j}llv’(b“)(q),yjlv’(b )) e TN, where
g € [1:2"%] and 7" indicates a jointly typical set. The quantization rate R,
is chosen so as to ensure the existence of such an index with probability 1. The

covering lemma in [21] guides us to choose R, such that
Ry > 1(Y; 1), (5.13)

since under the above constraint, the probability that there is no such an index
becomes arbitrarily small as N goes to infinity. Notice that with this choice of

R,, the codebook $(g) according to 1Y, p(31;)) would match the codeword ac-

cording to [T, p(uily1y).

We then partition the set of indices ¢ € [1 : 2NR1Y into the number 2VCre of

equal-size subsets (that we call bins):
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B(r) = [(}’ _ I)ZN(RI_CFBﬂ +1: er(Rl_CFm)] ,

re[l:2NCre.

Now the idea is to feed back the bin index r such that ¢ € B(r). This

helps transmitter 1 to decode the quantized signal 7. Specifically, us-

ing the bin index r, transmitter 1 finds a unique index ¢ € 8B(r) such that
(j/lv’(b“)(q), X ®) uN’(”)) e 7Y, Notice that by the packing lemma in [21], the de-

coding error probability goes to zero if
Rl —C|:B1 SI(?l;Xl,U). (514)

Using (5.13) and (5.14), transmitter 1 can now decode the quantized signal as

long as
1(Y1;Y11X1, U) < Crey, (5.15)
Similarly, transmitter 2 can decode )7]2\’ D g) if

1(Y2; Y21X5, U) < Crea. (5.16)

Encoding: Given 5/11V b= (decoded with the help of feedback), transmitter 1 finds
a unique index W(ZIZ;Z) = k (sent from transmitter 2 in the (b — 2)-th block) such

that
(" O, OO B O R, 3V e T,

where (-) indicates the known messages (w(ﬁ;‘”, W;’Z“ﬁ w(ll,’;z), W(II;_Z)). Notice that

due to the feedback delay, the fed back signal contains information of the (b —-2)-

th block. We assume that W{’_” is correctly decoded from the previous block.
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By the packing lemma [21], the decoding error probability becomes arbitrarily

small (as N goes to infinity) if

RZCC < I(UZ; ?llxl, U)
= I(Y; 1|U, X)) — I(Y; Y |U, Uy, X))

< min(Crpy — 01, [(Uy; Y11Xy, U)), (5.17)

where the last inequality follows from (5.15), §; := I(Y1; Y1|U, Us, X)) and

I(Uy; V11X, U) < I(Uy; Y11Xy, U).

b-2) A (b-2)

Based on (w),~, W,

), transmitter 1 generates a new cooperative-common

(b)

. b
message w,.., a non-cooperatlve-common message W()

1nc

and a private mes-

sage w(llﬁ. It then sends xV. Similarly transmitter 2 decodes W!"_*, generates

b)) . () )
(Wees Wapes W) and then sends xl.

2cc?

Decoding: Each receiver waits until total B blocks have been received and then
does backward decoding. Notice that a block index b starts from the last B and
ends to 1. For block b, receiver 1 finds the unique indices @, J, k, ) such that for

some m € [1 : 2NRe]

lee lee?

(G D (G 7)Y (G DA B, XY (G W

2N NS N A N/t N A N,(b N
D) (G DAY DA m), Y O) e TV,

2cc?

(RN )]

where we assumed that a pair of messages (W, , W,.) was successively decoded

. . A (b=2) A(b-2) ~(B) A(b)
from the future blocks. Similarly receiver 2 decodes (W, _~, W, ~, W, ", Wy,)-

Analysis of Probability of Error: By symmetry, we consider the probability of
error only for block b and for a pair of transmitter 1 and receiver 1. We assume

that (W(IIZZ), w(ﬁ;z), w(li;)c, w(f;)) = (1,1,1,1) was sent through the blocks; and there

(b) A (b)
Lee> W) @r€ Suc-

was no backward decoding error from the future blocks, i.e., (W

cessfully decoded.
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Define an event:

Eijum = (1" G ), ) (G 2D (G ) W K)
V(G ), Wk D (G WD) VY (G ), W, m)

’yllV,(b)) € .7~6(N)} )

Let E7,,

N goes to infinity. Hence, we focus only on the following error event.

Pr U Ejkim
@@, 7.k,D#(1,1,1,1),m

< Z Pr UEijk,m

@@n#(,1) k,l.m

APr(E))

gyl 2]

k#1 k#1,m#1

£Pr(E,) APr(E5)

+ ZPI‘(E11111)+ Z Pr(Ei11m) -

1#1 1#1,m#1

£Pr(Eq) LPr(Es)

Here we have:
Pr(E)) <24
% 2N (Rice+Rocc+Rinc+Rone+R1p—1(U,X1,V2;Y1)+5€)
Pr(E,) <2x INRipe+R1p=I(X13Y1|U,U1,V2)+2€)
Pr(E3) <2 x INRinet+Rone+R1p=1(X1,V23Y1|U U1, U2)+3e€)
Pr(E,) < INR =X Y1|U V1 V) +e)

PI‘(E5) < 2N(R2m+R1p—I(X1,V2;Y1 |U,V1,U2)+2¢€)
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Notice in Pr(E);) that as long as (i, j) # (1, 1), all of the cases (decided depending
on whether ornotk # 1,/ # 1 and m # 1) are dominated by the worst case bound
that occurs when k # 1,1 # 1 and m # 1. Since (i, j) # (1, 1) covers three different
cases and we have eight different cases depending on the values of (k, I, m), we
have 24 cases in total. This number reflects the constant 24 in the above first

inequality. Similarly, we get the other four inequalities as above.

Hence, the probability of error can be made arbitrarily small if

Ryee < min(I(Uy; Y1|U, X;), Crg1 — 61)
Rlp < I(Xl; Y1|Ua Vla VZ)
Rip + Ry < 1(Xy, Vo, Y1|U, Vi, Us)
! (5.19)
Rip + Rine < I(X1; Y1|U, Uy, V2)
Rlp + Rlnc + R2nc < ](Xla V2; YllU, Ula UZ)

Rlp + Rlcc + R2cc + Rlnc + R2nc < I(U, VZ,XI; Yl)a

Rice <min(I(Uy; Y2|U, X5), Crg2 — 62)
Ry, < I(X5; Y»|U, Vi, Va)
Ry, + Ry, < I(X,,Vy; Y5|U, V5, Uy)
2p + R 2 Vi 1 2, Uy (5.20)
R2p + R2nc < I(XZ’ YZlU, UZ’ V])

Rop + Raone + Ripe < (X2, Vy; Ya|U, Uy, Us)

R2p + R2cc + Rlcc + Rlnc + R2nc < I(U’ V15X2; YZ)

Employing Fourier-Motzkin-Elimination, we finally get the bounds of (5.10a)-
(5.10m). |

Remark 5.1 (Connection to Related Work [43, 56]) The three-fold message split-
ting in our achievable scheme is a special case of the more-than-three-fold message split-
ting introduced in [43, 56]. Also our scheme has similarity to the schemes in [43, 56] in

a sense that the three techniques (message-splitting, block Markov encoding and back-
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ward decoding) are jointly employed. However, due to a fundamental difference between

our rate-limited feedback problem and the conferencing encoder problem in [43, 56], a

new scheme is required for feedback strateqy and this is reflected as the quantize-and-

binning scheme in the El Gamal-Costa deterministic model. It turns out this distinction

leads to a new lattice-code-based scheme in the Gaussian case, as will be explained in

Section V1.

5.4.2 Quter-bound

Theorem 5.2 The capacity region of the two-user EI Gamal-Costa deterministic IC

with rate limited feedback (as described in Section 4.2) is included by the set C of (R, R»)

such that

R,

R,

R,

R,
R1 +R2
R+ R,

R] +R2

2R1 + R,

IA

IA

IA

IA

IA

IA

IA

IA

min{H (Y1), H(Y1|V1, V2, Uy)
H(Y2|X,, Uy)}

H(Y1|Xa, Uy) + Ceg2
min{H(Y2), H(Y2|V1, V2, U»)
H(Y1|X1, Uy)}

H(Y1|X1, Uz) + Cesi
HY1|Vy, Vo, Ur) + H(Y2)
H(Y2|Vy, V2, Ua) + H(Y1)
HY1|V)) + H(Y2|V2)

Crg1 + Crp2

H(Y,) + H(Y,|V1, Vo, Uy)

H(Y,|V>) + Crg2
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R, + 2R2 < H(Yz) + H(Y2|V1, Vs, Uz) (5211)

+ HM V) + Cray,

for joint distributions p(uy, ur)p(xi|uy, u2)p(x2luy, us). As depicted in Figure 5.2, Crgy

and Crgy indicate the capacity of each feedback link.

Remark 5.2 In the non-feedback case, i.e., Crg1 = Crgo = 0, by setting U, = U, = 0,
we recover the outer-bounds of Theorem 1 in [16]. Note that in this case, H(Y;|X,) =
H(Y1|V,) and H(Y,1X,) = H(Y»2|Vy). In fact, our achievable region of Theorem 5.1
matches the outer-bound under this model, thereby achieving the non-feedback capacity

region.

Remark 5.3 (Feedback gain under symmetric feedback cost) Notice from (5.21g)
that the sum-rate capacity can be at most increased by the rate of available feedback, i.e.,
one bit of feedback provides a capacity increase of at most one bit. Therefore, if the cost of
using the feedback link is the same as that of using the forward link, there is no feedback
gain under the feedback cost. However, it turns out that there is indeed feedback gain
when the costs are asymmetric. This will be discussed in more details in Remark 5.5 of

Section 5.5.

Proof: By symmetry, it suffices to prove the bounds of (5.21a), (5.21b), (5.21e),
(5.21g), and (5.21h). The bounds of (5.21a) and (5.21b) are nothing but the cut-
set bounds (see Appendix D.1 for details). Also (5.21e) is the bound when the
feedback link has infinite capacity [50]. Hence, proving the bounds of (5.21g)
and (5.21h) is the main focus of the proof. We will present the proof of (5.21g)
here and for completeness, the proof for all other bounds is provided in Ap-

pendix D.1.
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Proof of (5.21g):

NR; + Ry — ey) < I(W; YY) + I(Wa; YY)
= H(YY) - HY'|W)) + H(Y)) = HYY|W,)
2 HYY) - HVY W) + H(YY) = HOVS W)
= H(YY) = [H(VY) = I(VY's Wo)l + H(Y3)
= [H(V)) = I(Vs W]
< VY, W) + (VY W) + HYY, VY)Y = H(VY)
+HYY, VY)Y = HVY)
= I(VY; Wo) + I(VY s Wy) + HYYIVY) + H(YYIVY)
21w, YV Wa) + I(VY, Wa, Y W)
+ HYYIVY) + HYY|IVY)
S WL T W) + LW, P W) + HO VYY)
+ HYY|VY)
= 1YY, WalW)) + 1Y) Wi W) + H(Y V) +
H(Y} V)
= H(Y)|W)) + HYY|W,) + HYIVY) + HYY VYY)
(g N(Ceg1 + Crg2) + ) HYulViy) + Z H(Y|V2),
where (a) follows from H(YY|W,) = H(VY|W) and H(Y)|W>) = H(VN|W,) (see
Claim 5.1 below); (b) follows from providing V» and V2 to receiver 1 and 2, re-
spectively; (c) follows from the fact that adding information increases mutual
information; (d) follows from the fact that V,?’ is a function of (W, Y,f’ ~1; (e) fol-

lows from the fact that H (Y,ﬁv |W)) < NCrgx and conditioning reduces entropy.
Claim 5.1 H(YN|Wy) = H(VY|Wy) and H(YY|W,) = H(VV|W,).
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Proof: By symmetry, it suffices to prove the first one.

HYYIWy) = >° HOlY]™, wh)
2 HWHIY, W)
2 HvYT Wi X3 Vi
2 T HW WL VI = HOV W),
where (a) follows from the fact that Y, is a function of (Xj;, V,;) and Xj; is a func-
tion of (Wy, Yi™!); (b) follows from the fact that X! is a function of (Wy, Yi™!) and

Vi-lis a function of (Y{™!, XI™); (c) follows from the fact that Y{™! is a function of

(Xi=1, Vi-y and X! is a function of (W, Vi™') (see Claim 5.2 below). [

Claim 5.2 For i > 1, X} is a function of (W, Vi™"). Similarly, X} is a function of

(Wa, Vi7h).

Proof: By symmetry, it is enough to prove the first one. Since the channel is
deterministic, X§ is a function of (W;, W,). In Figure 5.2, we see that information
of W, to the first link pair must pass through V,;. Also note that X;; depends on

the past output sequences until i — 1. Therefore, X! is a function of (W, V;™!). B

5.5 Linear Deterministic Interference Channel
In this section, we consider the linear deterministic IC with rate-limited feed-

back described in Section 4.2. Since this model is a special case of the El Gamal-

Costa model, our inner and outer bounds derived in the previous section also
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apply to this model. We show that the inner-bound and the outer bound de-

rived in Theorem 5.1 and 5.2 respectively, coincide under this linear determin-

istic model, thus establishing the capacity region.

Theorem 5.3 The capacity region of the linear deterministic IC with rate-limited feed-

back is the set of non-negative (R;, R,) satisfying

Ry
Ry
R,
Ry
Ri+R,
Ri+R,

R1 +R2

2R+ R,

R, + 2R2

<

IA

IA

IA

IA

IA

IA

IA

IA

min {max(ny, ny1), max(n, n12)}
ni + Crgz

min {max(ny, n12), max(na, n21)}
n» + Crgy

(ny1 = )" + max(ny, nyy)

(N2 — nay)" + max(nyy, nay)

max {nzl, (n1 — n12)+}

max {n, (n, — n21)"} + Cra1 + Crae
(n11 = np)" + max(nyy, nay)

max {12, (ny; — n21)"} + Crga
(N — ny1)" + max(na, ny2)

max {nyy, (n1; — n12)"} + Crg1.

(5.22a)
(5.22b)
(5.22¢)
(5.22d)
(5.22¢)
(5.22f)

(5.22g)

(5.22h)

(5.22i)

Remark 5.4 In the non-feedback case, i.e., Crg1 = Crgz = 0, this theorem recovers the

result of [12, 16]. In the infinite feedback case, i.e., Crgy = Crp2 = oo, this recovers

the result of [50, 51]. Considering the sum-rate capacity under symmetric setting, i.e.,

Ny = Ny = n, nyp = nyy = m, Cegy = Ceay, this recovers the result of [57].

Proof: The converse proof is trivial due to Theorem 5.2. For achievability, we

will use the result in Theorem 5.1. By choosing the following input distribution,
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we will show the tightness of the outer bound. Vk € {1,2} and j # k, we choose

U=0,
Ui = U & Xices
Vi = Up ® X (5.23)
X = Vi ® X,

?k = LS Bmin(nkj,CFBj)(Yk) ’

where for any column vector A, LSB,(A) takes the bottom n (n < |A]) entries
of A while returning zeros for the remaining part; and Xy, Xix. and Xi, are

independent random vectors of size max{ny, n,}, such that

e The random vector X;, consists of (ny — ng;)* ii.d. Ber(%) random vari-
ables at the bottom, denoted by * in (5.24), corresponding to the number

of private signal levels of transmitter &.

e The random vector X;.. consists of (n—n;)* i.i.d. Ber ( %) random variables
in the middle (above the private signal levels), denoted by * in (5.24), cor-
responding to the number of common signal levels that will be re-sent
cooperatively through the other commuication link with the help of feed-

back.

e The random vector Xj,. consists of (n;; — Cegj)* i.i.d. Ber(%) random vari-
ables at the top, denoted by = in (5.24), corresponding to the number of

non-cooperative common signal levels.

As we show in Appendix D.2, with this choice of random variables, the achiev-

able region of Theorem 5.1 matches the outer-bounds in Theorem 5.2.
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0 0 *
0 0 *
0 * 0
Xe=| @ :|® |, k=12
k : : : (5.24)
0 * 0
* 0 0
* 0 0
—— v ——
ka Xiee Xine
[

It is worth utilizing Theorem 5.3 to illustrate the impact of feedback on the
sum-rate capacity of the linear deterministic IC. Consider a symmetric case
where n; = ny, = n, nip = ny; = an, and Crg1 = Crgz = fn. Using Theorem 5.3, we

can derive the sum-rate capacity of this network (normalized by n)

min(2 — 2a + 28,2 —a) for a € [0,0.5]
min2a + 28,2 — @) for @ € 0.5, 3]
e fora e (2,1] (5.25)
o’ for @ € [1,2 + 28]
2+28 for a € [2 + 28, )

Figure 5.5 illustrates the (normalized) sum-rate capacity as a function of «,
for different values of 8 = 0 (i.e., no feedback), 8 = « (i.e., infinite feedback), and

B = 0.125. We note the following cases:

e Casel (a e [O, %]): In this regime the sum-rate capacity is increased by the

191



total amount of feedback rates and saturates at 2 — @ once the rate of each

feedback link is larger than %'.

o Case2 (a e [%, %]): In this regime the sum-rate capacity is increased by the
total amount of feedback rates and saturates at 2a once the rate of each

feedback link is larger than 222",

o Case3 (a e [%, 2]): In this regime feedback does not increase the capacity.

e Case 4 (a € [2 + 2B, )): In this regime the sum-rate capacity is increased

by at most the total amount of feedback rates.

Remark 5.5 (Feedback gain under asymmetric feedback cost) As it can be seen
in (5.25) the sum-rate capacity is increased by at most the total amount of feedback rates.
Let the cost be the amount of resources (e.g., time, frequency) paid for sending one bit.
With this cost in mind, let us consider the effective gain of using feedback which counts
the cost. Notice that by Case 1,2, and 4, there are many channel parameter scenarios
where one bit of feedback can provide a capacity increase of exactly one bit. This implies
that the effective feedback gain depends on the cost difference between feedback and for-
ward links. So if the feedback cost is cheaper than that of using forward link, then there
is indeed feedback gain. The cellular network may be this case. Suppose that downlink
is used for feedback purpose, while uplink is used as a forward link. Then, this is the
scenario where the feedback cost is cheaper than the cost of using the forward link, as
downlink power is typically larger than uplink power, thus inducing cheaper feedback

cost.
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Figure 5.5: Normalized sum-rate capacity for 8 =0, 8 = 0.125 and 8 = .

5.6 Gaussian Interference Channel

In this section, we consider the Gaussian IC with rate-limited feedback, de-
scribed in Section 4.2. We first derive an outer-bound on the capacity region
of this network. We then develop an achievability strategy based on the tech-
niques discussed in the previous sections and then show that for symmetric

channel gains it achieves a sum-rate within a constant gap to the optimality.

5.6.1 Outer-bound

Theorem 5.4 The capacity region of the Gaussian IC with rate-limited feedback is in-
cluded in the closure of the set C of (R, R,) satisfying inequalities (5.26a)-(5.26k) over

0<p<L

Proof: By symmetry, it suffices to prove the bounds of (5.26a), (5.26b), (5.26c),
(5.26g), (5.26h) and (5.26j). The bounds of (5.26a), (5.26b) and (5.26¢) are nothing
but cutset bounds. The bound of (5.26h) corresponds to the case of infinite feed-

back rate and was derived in [50]. Hence, proving the bounds of (5.26g) and
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R,

IA

1+ SNR; + INRy; +2p v/SNR; - INRy,)
(1 —Pz)SNRl
1+ (1 —pz)lNRlz

(
o
(1+(1-p)SNR;) + Crso
(
|
(

IA

1+

g

R,

IA

g
g
R2 g

IA

1+SNR, + INR;z + 20 VSNR; - INR),)
(1 —Pz)SNRz
1+ (1 - p»)INRy;
log (1 + (1 = p)SNR, ) + Cra;
(1 - p*)SNR;
1+(1 —pZ)INRlz)
(1 - p»)SNR,
1+(1 —pZ)INRm)

lo
lo
lo
1

lo

IA

R, g1+

R,

IA

Ri+R,

IA

log(l + (1 - pH)INRy; +

+log(1 + (1 - p?)INRy, +

+ Crg1 + Crg2

(1 - p*)SNR;
log(l T+ -p»)INR,

+log (1 +SNR, + INR;> + 20 v/SNR, - INR))

(1 - p)SNR,
log(l T T+ -p)INRy,

+log (1 + SNR; + INRy + 20 v/SNR; - INRy)
log (1 + SNR; + INRy; + 20 v/SNR; - INRy,)

(1 - p*)SNR;
1+(1 —pz)lNRlz

R1+R2

IA

Ri+R,

IA

2R + R,

IA

+log(1+

(1 - p>)SNR,
1+ (1 —pz)INRzl

log (1 + SNR, + INRy; + 20 VSNR; - INR), )

(1 -p*)SNR;
log (1
* Og( T T+ -p)INRy,

+10g(1 +(1-p»)INRy, +

R, + 2R,

IA

(1 - p")SNR,
1+ (1 —pz)INRlz

+10g(1 +(1 - p»)INRy; +

)+ log (1 + (1 - p")INRy,)

)+log(1 +(1-p")INRy)

(5.26a)
(5.26b)

(5.26¢)
(5.26d)

(5.26€)

(5.26f)

(5.26g)

(5.26h)

(5.261)

(5.26))

) + Cra1 + Crp2

(5.26k)

) + Crgy + Crp2

(5.26j) is the main focus of this proof. We will present the proof of (5.26g) here,

and defer the proof for remaining bounds to Appendix D.3.
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Proof of (5.26g): The proof idea mostly follows the deterministic case proof
of 5.21g. The only difference in the Gaussian case is that we define a noisy
version of i1, XY corresponding to V}' in the deterministic case: S := hip XY +ZV).

Similarly we define S¥' := h,,X) + Z to mimic V). With this, we can now get:

N R +Ry— ) < 1(Wis v¥) + 1 (Ws: 12)
L n(rY)+h(r) = h(SYIW2) - h(S31W)
=1(SYs W) +1(SY:wy) = n(SYIYY) - n(SY17Y)

+h(YNSY) + n(¥21sY)

T
Eyan I(SY, 7Y, Wis Wa) + 1(S3, 72, Wy W)
—h(SYIYY, Wy, 7Y) = h(SY 1YY, W, 7))
ST+ 1(PYWalWy) +1(SY: Walw,, 77)

+ (73 Wi W) + (S5 Wi (W, 7))
—h(ZYSY, W0, 73) = n (2315, Wy, 7Y)

QT —h(2)) - n(Z))+1 (7 Wolw,)

T’

P 1(TYWiWR) + 1(2: 851w, 7))

(
(
Fh(ZY) = h (2, Wa, )+ B (22)

L (7Y walwy) + 1(72s Wi ws)

+1(Z) SYIWo, T ) = h (2) Wy, W, 7))

+ (20 SYWy, 7Y )+ 1(Z): S Wa, 7))
+1(Z) 7Y \Wy, Wa) + 1 (2 7Y\ Wy, W)
=T+ IV W, ZY|Wh) + 1 (V) W1, 2| W)

(2083w TY) 4 1 (20w 7))
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=T+ (VY WalWy, 23) + 1 (T Wi W, Z))

+ (7Y, 8525 \Wh) + 1 (72, SV 2\ W)
(i)T’+1(Y{V;W2|W1,Z§’)+1(Y§V;W1|W2,Zf’)
+ (207 W, 7 ZY (W)
+1(Z): 7y, Wy, 7Y, Z) W)

DT 1(TY WalWi, 2) + 172 Wi Wa, ZY)
+ 1(7) Z) Wy, W, Z)) + 1 (T Z0\Wy, Wi, Z))
S VATAN R VAR A

R AVATAN R VAR A

ST+ 1T WalW1, Z0) + 173 Wi Wi, ZY)
+ (725 20 \Wh, W, Z)) + 1 (VY ZY (W, W, 22
=h(YNISY) = h(zY)+h(YY1SY) - n(Z))

(7Y Wa, 2 W1, Z3) +1(Y§V,W1,ZN|W2,ZN)

+
~N

N
< > T (YilS 1) = h(Zi)] + Z [ (YiS 23) = h (Zay)]
=1 i=1

+

H(~N|W1,ZN) + H(YN|W2,ZN)

Mz

[h (Y11|S ll) —h (th) + Z [h (Y21|S21) —h (ZZZ)]

1 i=1

+

M-

Il
—_

N
H(Y]ilxh') + Z H(YZilxli)v
i=1

1
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(5.27)

where (a) follows from Fano’s inequality; (b) follows from the fact that
h(YYIWy) = h(SYIWy) and h(Y)|W,) = h(SY|W,) (see Claim 5.3 below); (c) follows
from the non-negativity of mutual information and the fact that conditioning
reduces entropy; (d) follows from the fact that X} is a function of (W, Y i -1, and
the fact that W, and W, are independent; (e) follows from the fact that X,i\’ is a

function of (Wy, Y¥™"); (f) follows from the fact that Z" is independent of W, and



W,; (g) holds since S7 is a function of (W, Y N1, ZY ); (h) holds since Wy, W, ZV,

and Z}’ are mutually independent; (i) holds since

AR TR )
N
= I(Yli;zglwl,WZaZ{v’Yév’Yi_])
i=1

M=

I(Y1i§ZéV|W1, Wy, ZY, ¥, Yi_l,Xév,Xi)
T

M=

[(Ts 2wy, W, Z), 73, ¥ X0, XL 1)
1

(712 Z)\Wh, W, 20, 7Y 71, XY, X4, V)

M-

Il
—_

I
S

(5.28)
Claim 5.3 h(SN|W,) = h(YY|W,).

Proof:

Y IWa) = D h(YalYS Wa)
2 hS ulYE, W)
2 WS YS! W, X5, ST
2 hS W, ST = h(STIWa),
where (a) follows from the fact that Y,; is a function of (X5;,S;) and X5, is a

function of (W,, Y;™"); (b) follows from the fact that X} is a function of (W, Y;™")

and S is a function of (Y;™', X51); (c) follows from Claim 5.4 (see below). N

Claim 5.4 Foralli > 1, X} is a function of (Wy,S5") and X}, is a function of (W,,S|™).
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Proof: By symmetry, it is enough to prove only one. Notice that X} is a func-
tion of (W,, Y,™!) and Y} is a function of (X;™!,S*™"). Hence, X} is a function of
(Wo, X571, S'°1). Tterating the same argument, we conclude that X} is a function of

(W1, X501, S ’i‘l). Since X, depends only on W,, we complete the proof. [ |

From the above, we get

Ry + Ry < h(Y)|S1) — h(Z)) + W(Y1|S2) — h(Z,)
(5.29)
+ Crg1 + Crao.

where we have used the fact that H(Y;;|X) < Crac and conditioning reduces

entropy.

Finally note that for p = E[X;X;], we have?

2 (1-p*)SNR;
K(Y1IS 1) < log 27e |1+ (1= p)INRy; + - TNRS ) (5.30)
Using (5.30), we get the desired upper bound in (5.26g). |
If we consider the symmetric channel gains, i.e.,

/| = |haa| = |hal,
(5.31)

ol = |hat| = |hel,

and
SNR; = SNR; = SNR = |i,/*,

(5.32)

INR;, = INR,; = INR = |A.%,

we get the following outer-bound result.

Corollary 5.5 The sum-rate capacity of the symmetric Gaussian IC with rate-limited

feedback is included by the set Csym 0f Ry + Ry satisfying

Ri+R, < 210g(1 + SNR) + Crg1 + Crgo (533&)

2p captures the power gain that can be achieved by making the transmit signals correlated.
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SNR
< .
R +R, < lOg(l + 1+ |NR) (5 33b)
+ log(1+SNR+INR+2VSNR-INR)
SNR
R +R, < 210g(1 + INR + Ta INR) (5.33¢)

+ Crpy + Crao.

Proof: The proof is straight forward and is a direct consequence of the bounds in
(5.26¢), (5.26f), (5.26g), and (5.26h). For instance, (5.33a) is derived by combining
(5.26¢) and (5.26f) for p = 0. Note that p = 0 maximizes (5.26¢) and (5.26f). [ |

5.6.2 Acievability Strategy

We first provide a brief outline of the achievability. Our achievable scheme is
based on block Markov encoding with backward decoding where the scheme is
implemented over B blocks. In each block (with the exception of the last two),
new messages are transmitted. At the end of a block, each receiver creates a
feedback signal and sends it back to its corresponding transmitter. This will
provide each transmitter with part of the other user’s information that caused
interference. Each transmitter encodes this interfering message and transmit
it to its receiver during a different block. Through this part of the transmitted
signal, receivers will be able to complete the decoding of the previously received
messages. During the last two blocks, no new messages will be transmitted and
each transmitter provides its receiver with the interfering message coming from

the other transmitter. Later, we let B go to infinity to get our desired result.

As we have seen in Section 5.3, each receiver may need to decode the super-

position of the two codewords (corresponding to the other user’s cooperative
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common message and part of its own private message). In order to accomplish

this in the Gaussian case, we employ lattice codes.

Lattice Coding Preliminaries

We briefly go over some preliminaries on lattice coding and summerize the re-
sults that will be used later. A lattice is a discrete additive subgroup of R". The
fundamental volume V/(A) of a lattice A is the reciprocal of the number of lattice

points per unit volume.

Given integer p, denote the set of integers modulo p by Z,. Let Z" — Zj :
v = ¥ be the componentwise modulo p operation over integer vectors. Also, let

C be a linear (n, k) code over Z,. The lattice A¢ defined as
Ac={veZ":veC}, (5.34)

is generated with respect to the linear code C (see [34] for details). In [34], it has
been shown that there exists good lattice codes for point-to-point communica-
tion channels, i.e., codes that achieve a rate close to the capacity of the channel

with arbitrary small decoding error probability. We summarize the result here.

Consider a point-to-point communication scenario over an additive noise
channel

Y=X+2 (5.35)

where X is the transmitted signal with power constraint P, Y is the received

signal and Z is the additive noise process with zero mean and variance o2,

A set B of linear codes over Z, is called balanced if every nonzero element
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of 7, is contained in the same number of codes in B. Define Lg as

Ls={Ac:CeB (5.36)

Lemma 5.1 ([34]) Consider a point-to-point additive noise channel described in (5.35).
Let B be a balanced set of linear (n, k) codes over Z,. Averaged over all lattices from the
set Lg defined in (5.36), each scaled by y > 0 and with a fundamental volume V, we
have that for any § > O, the average probability of decoding error is bounded by

ni log (27re0'2)

P, <(1+9) v ,

(5.37)

for sufficiently large p and small y such that y"p"™* = V.

See [34] for the proof. The next lemma describes the existence of a good

lattice code for a point-to-point AWGN channel.

Lemma 5.2 ([34]) Consider a point-to-point additive noise channel described in (5.35)
such that the transmitter satisfies a power constraint of P. Then, we can choose a lattice
A generated using construction A, a shift s> and a shaping region S* such that the

codebook (A + s) NS achieves a rate R with arbitrarily small probability of error if
P
R<~ 1og(—2). (5.38)
o
In other words, Lemma 5.2 describes the existence of a lattice code with suf-

ticient codewords. See [34] for the proof. For a more comprehensive review of

lattice codes see [18, 34, 42].

3Shift s is a vector in R” and it is required in order to prove of existence of good lattice codes,
see [34] for more details.

“We need to consider the intersection of a lattice with some shaping region S c R” to satisfy
the power constraint.

201



Remark 5.6 In this paper, we consider complex AWGN channels.  Similar to
Lemma 5.2, one can show that using lattice codes, a rate of log (U%) is achievable in

the complex channel setting.

Acievability Strategy for Crgs = Crg and Crgp = 0

We describe our strategy for the extreme case where Crgy = Crg and Crgz = 0
(interchanging user IDs, one can get similar results for Crg, = Crg and Crgq = 0).
Our strategy for any other feedback configuration will be based on a combina-

tion of the strategies for these extreme cases.

Codebook Generation and Encoding: The communication strategy consists
of B blocks, each of length N channel uses. In block b, b = 1,2,...,B -2,
transmitter 1 has four messages Wfl’b), Wl(z’h), Wf’b) and Wl(4’h), where W?’h) €
{1,2,... ,2NR(1i)}. Out of these four messages, Wfl’b), Wiz’b) and Wf4’b) are new mes-
sages and in particular Wfl’b) and sz’b) form the private message of transmitter
1 while W!*” is the non-cooperative message (as it will be clarified shortly for
the feedback strategy, the reason for splitting the private message of transmitter
1 into two parts is that in order to be able to use lattice codes, we would like the
codeword corresponding to the cooperative common message of transmitter 2
to be received at the same power level as part of the codeword corresponding to
the parivate message of transmitter 1). We will describe W” when we explain
the feedback strategy. On the other hand, transmitter 2 has three new indepen-
dent messages Wél’b ), Wf’b ) and Wf ’b), the private, the cooperative common, and

the non-cooperative common message of transmitter 2 respectively.

At transmitter k, message W\"” is mapped to a Gaussian codeword X\"”
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picked from a codebook of size 2R and any element of this codebook is drawn
iid. from CN(O, P,(f)), (k,i) € {(1,1),(1,3),(1,4),(2,1),(2,3)}. For notational sim-

plicity, we have removed the superscript N.

Message W\*” is mapped to X” encoded by lattice A" with shift s©” and
spherical shaping region S,(f’b ). This gives a codebook of size VR with power

constraint of P,(f), k = 1,2. Denote this codebook by (A,(f’b) + sf’b)) NS Zz’b).

Transmitter k£ will superimpose all of its transmitted signals to create X,(cb),
its transmitted signal during block b, i.e.,, X\” = X{"” + X" 4+ X% 4 x** and

(b) _ y(1,b) (2,b) (3.b)
X2 —X2 +X2 +X2 .

The power assignments should be such that they are non-negative and sat-
isfy the power constraint at each transmitter:
P =PV +PP+PY+PY <1,

(5.39)
P, =PV + PP+ P <1.

Feedback Strategy: Our feedback strategy is inspired by the motivating ex-
ample in Section 5.3. Remember that in this example, receiver 2 had to feed
back the superposition of the two codewords (corresponding to transmitter 1’s
cooperative common message and part of its private message). To realize this
in the Gaussian case, we incorporate lattice coding with appropriate power as-

signment as part of our strategy.

We set SNRP'” = INRP{”, so that X{*” and X{*” arrive at the same power
level at receiver 1 and therefore thiz’b )+ théz’b ) is a lattice point. We refer to this

lattice index as If\bl)z. Receiver 1 then feeds (IX’I)2 mod 2V CFB) back to transmitter 1.

Given (I/(\bl)2 mod ZNCFB), transmitter 1 removes thiz’b) and decodes the mes-
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sage index of W{*”. This can be done as long as the total number of lattice points
for either of the two aligned messages is less than 2NCrs e, R(z’b),R(z’b) < Crp

Since the feedback transmission itself lasts a block, we set W(g b+2) W(2 b)

Decoding: For notational simplicity, we ignore the block index and from
our description it is clear whether the two signals belong to the same block or

different ones. We also use the following shorthand notation:

P =PV + PP+ + PV k=1,2. (5.40)

Our achievable scheme employs different decoding orders depending on the
channel gains. In other words, based on the channel gains the number of re-
quired messages to achieve the desired sum-rate might vary. In fact based on
the channel gains, it might be sufficient to consider fewer messages than sug-
gested above. In such cases, we assume the unnecessary messages to be deter-
ministic (i.e., the corresponding rate to be zero). In particular, we have three

different cases.

Case (a) log (INR) < %log (SNR):

@ _ RG)

In this case, we set R} 0. In other words, W(4) and W(3) are determin-

istic messages. We then get

Yy =he (X" + X7+ XD) + h (X + X)) + 2, (5.41)

At the end of each block, receiver 1 first decodes X\ by treating all other
codewords as noise. X\ can be decoded with small error probability if

SNRPYY
1+ INRP, + SNRP{"? )’

RY <log|1+ (5.42)
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It then removes /X from the received signal and decodes X!" by treating
other codewords as noise. X" is decodable at receiver 1 with arbitrary small
error probability if

SNRP"

RY < log|1+ .
‘ 1+ INRP, + SNRP”

(5.43)

After removing thil), receiver 1 has access to thgz) + théz) + hCXS) +Z;. Since
we have set SN RP(IZ) = INRP(ZZ), thiz) + théz) is a lattice point with some index
If\hl),z. Receiver 1 decodes IX’I)VZ by treating other codewords as noise, and sends
back (IX’ZZ mod 2" CFB) to transmitter 1. From Lemma 5.2, decoding with arbitrary
small error probability is feasible if

o | ( SNRPP [
R} < |log —
1 +INRP" |
. (5.44)

' INRPY )|
RY < [log| ———=—1| .
? : 1+ INRP ]

Here [-]* = max({-, 0}.

The decoding at receiver 2 proceeds as follows. At the end of each block,
receiver 2 removes X\ from its received signal. Note that X" is in fact a func-
tion of Wi’ and thus it is known to receiver 2 (assuming successful decoding

in the previous blocks). Therefore, after removing hCX?), we get

Yy =hy (X" + X)) + he (X + XP) + 2. (5.45)

Receiver 2 now decodes X\’ and X\" by treating other codewords as noise.
This can be done with arbitrary small error probability if

SNRPY”
log 1 1:2
1 +SNRPY” + INRP!"*?

+

(2)
RY <

b

(5.46)

SNRP)"
R(zl) < log(l + 2 .

1+ INRP(?
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The decoding strategy presented above describes a set of constraints on the
rates, which is summarized as follows:

M
1 SNRP;
< 2
k)" <log (1 * 1+INRP,+SNRP'Y

. sNRP? \*
R? Smm{lo (—‘) ,CFB}
1 & 1+INRP{”

3) SNRP(IS)
< _— .
R < log (1 * 1+INRP,+SNRP!"? (5.47)
SNRP" )

1+INRP{"?)
INRPY \]*

g(l INR;’“) ,Crs
+ 2

Therefore, we can achieve a sum-rate

R(zl) < log(l +

R(ZZ) < min{ lo

R(a)

_ p ) (1) )
SUM_R1 +R1 +R2 +R2,

arbitrary close to’

SNRP!"
1 +INRP, + SNRP

SNRP? |
+min{[log[1—l(l)) ,CFB}
+ INRP}
SNRP{" )
INRP? |
+min { |log —2)
{[ [1+|NRP§)

1 +INRP{"?
Case (b) 1 log (SNR) < log (INR) < % log (SNR): In this case, we have

Rg’&M = log(l +

+log(1 +

,c;B}. (5.48)

— ) 2 3 )
Y =he (X" + X7 + X7+ X1

+he (X + X2 + X)) + 2. (5.49)

*Note that Xf’b) is a function of the cooperative common message of transmitter 2, i.e.,

2,b-2 . . X . s . .
Wé ), hence, it does not contain any new information and it is not considered in the sum-
rate.
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At the end of each block, receiver 1 first decodes X§4) by treating all other code-
words as noise, and removes thYD from the received signal. This can be de-

coded with small error probability if

(5.50)

SNRPY
R(14) < log[l + ! .

1 +INRP, + SNRP
Next, it decodes X\ by treating other codewords as noise and removes /,X\”

from the received signal. This can be decoded with arbitrary small error proba-

bility if

(5.51)

SNRPY
R(IS) < log[l + . .

1 +INRP, + SNRP{""?
We proceed by decoding the non-cooperative common message of transmit-
ter 2, i.e., X\’ by treating other codewords as noise. This can be decoded with

arbitrary small error probability if

(5.52)

INRPY”
R(;) < log[l + 2 ]

1+ INRP? + SNRP{"*

It then removes /2.X}” from the received signal, having now access to /,,X\” +
hCXéz) + thil) + hCXél) + Z;. We decode the lattice index of th?) + hCXf), ie.,
IX’ZZ, by treating other codewords as noise. It then sends back (Iff’l)’z mod 2"V CFB) to
transmitter 1. From Lemma 5.2, decoding with arbitrary small error probability

is feasible if

RY <

SNRP
log ; ;
1 +INRP) + SNRP!"

INRPY”
log : :
1+ INRPS” + SNRP|"

. (5.53)

(2)
RY <

After decoding and removing ;X iz) + thf), receiver 1 decodes X 51). This can

be done with arbitrary small error probability if
SNRP" ]

—L 5.54
1 +INRP" 659

Rgl) < log[l +
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Similar to the previous case, receiver 2 removes X\ from its received sig-
nal. The decoding at receiver 2 proceeds as follows. Receiver 2 decodes X\’ by
treating other codewords as noise and removes ;X5 from the received signal.
Next, X;z), the non-cooperative common message of transmitter 1, will be de-
coded while treating other codewords as noise. Receiver 2 removes ;X" from
the received signal and then, decodes X\" by treating other codewords as noise.
After removing th§4), we now decode the private message of transmitter 2, i.e.,

X;l). This can be done with arbitrary small error probability if
SNRPYY
1+SNRP)? + INR(P, - P") )’

SNRPY :
RY < log 2
2o 1+ SNRP" + INR(P, — P\
(4)
INRP!
1+INRP'? + SNRP" |’
(1)
SNRPS
1 +INRP{"?

R <tog 1

(5.55)

R(14) < log[l +
R(Zl) < log(l +

The decoding strategy presented above describes a set of constraints on the

rates, which is summarized as follows:

R Slog(”%)
+INRP, > +
RY < min{ log ()| - Crof
(3)
R(l3> glog( %:lmf’ﬁ”))
R <log(1 1+|NRIL?253JEZNRP(2”) o
R glog( %)
.
RY Smin{log(%)] o
R < o1+ )

Therefore, we can achieve a sum-rate

R®

_ p 2) “4) (1) ) A3)
SUM_Rl +R1 +R1 +R2 +R2 +R2,
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arbitrary close to®

SNRP"
(5.57)

Ry =log|1+ ————
SUM g[ 1 +INRPY

N
,CFB}

, SNRP”
+ min < (log 5 D
1 +INRP)” + SNRP!
INRP'Y
1 +INRP"? + SNRP{"
SNRPY
1 +INRP"?

+log(1 +

+log(1+

N
,CFB}

_ INRPY?
+ min}{ |log D D
1 +INRP,” + SNRP,
INRPS”
1 +INRP)'? + SNRP{"? )

+ log[l +

Case (c) 21og (SNR) < log (INR):

In this case, there is no need to decode the superposition of the two mes-

sages. So set R\, R"” and R!" equal to zero. We then get

Yy =he (X7 + X{0) + b (X2 + X3) + 2, (5.58)
Yy =he (X7 + X0) + he (X0 + X{V) + 2. (5.59)

As for the feedback strategy, receiver 1 decodes X\ by treating other code-
words as noise, and sends the lattice index of Wéz) back to transmitter 1 dur-
ing the following block. Transmitter 1 later encodes this message as X\ and
transmits it. It is worth mentioning that in this case, it is in fact receiver 2 who
wants to exploit the feedback link of user 1 to get part of its message. In other

words, we have two paths for information flow from transmitter 2 to receiver 2;

®Note that X?’b) is a function of the cooperative common message of transmitter 2, i.e.,
Wéz’h_z), hence it is not considered in the sum-rate.
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one through the direct link between them and the other one through receiver 1,

teedback link and transmitter 1. The decoding works very similar to what we

described above and we get the following set of constraints to guarantee small

error probability at the decoders.

3) INRP
R < log(l * T7SNRP,
SNRPY
RY < log(l ; —'U)
(2) + ( .
R(z) < . 1 INRP; C
2 =My 08| TsRmp, )| - CFB
3) SNRP<23)
< [
Ry <log (1 * 1+SNRP

As before X' f’b ) is a function of Wf’b 2 Therefore, we can achieve a sum-rate

arbitrary close to

R(C)

_ p® (2) (3)
sum = R+ R+ Ry,

SNRP"
+ min {[log (%)
1 + SNRP,
SNRPY”
1+ SNRP;2>)'

R(schM = log(l +

.
,CFB}

+ log[l + (5.61)

Case (d) £ log (SNR) < log (INR) < 21log (SNR):

As we will show in Appendix D.4, in this regime feedback can at most in-

crease the sum-rate capacity by 4 bits/sec/Hz. Hence, we ignore the feedback

and use the non-feedback transmission strategy in [19] (i.e., having only one

private and one common message at each transmitter and jointly decoding at

receivers).
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General Feedback Assignment

We now describe our achievable scheme for general feedback capacity assign-
ment based on a combination of the achievability schemes for the extreme cases.

Let Crg1 = ACrg and Crgp = (1 — 2)Crg, such that 0 < A < 1. We call the achievable

sum-rate of the extreme case Crg1 = Crg and Crgx = 0 by Rgfﬁ\fo, and similarly,

we refer to the achievable sum-rate of the other extreme case by Rg[f,\‘,l:o. We split

Feedback Transmission
for the previous block

Block b N Block b+1 N

Figure 5.6: Achievability strategy for Crgy = ACrg and Crgz = (1 — A)Crs.

any block b, b = 1,2,...,B -2, of length N into two sub-blocks: b, of length AN
and b, of length (1 — A)N. See Figure 5.6 for a depiction. During block b;, we im-
plement the transmission strategy of the extreme case Crgi = Crg and Crgz = 0,
with a block length of AN; and during block b,, the achievability scheme of the

extreme case Crg1 = 0 and Crg, = Crg, with a block length of (1 — ) N.

At the end of each sub-block, receivers decode the messages as described
before and create the feedback messages. During block b + 1 the feedback mes-
sages of sub-blocks b, and b, will be sent back to corresponding transmitters,
as shown in Figure 5.6. Note that we use Crgy during the entire length of block
b + 1, hence the effective feedback rate of user 1 (total feedback use divided by

number of transmission time slots), would be

coft NCrgi _ ANCrs
FBI AN AN

= Crs. (5.62)

Hence, we can implement the achievability strategy corresponding to the
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extreme case Crgy = Crg and Crgz = 0. Similar argument is valid for the other
extreme case. With this achievability scheme, as N goes to infinity, we achieve a

Cre2=0 Crp1=0
sum-rate of ARg; + (1 — )R-

Power Splitting

We have yet to specify the values of the powers associated with the codewords
at the transmitters (i.e., P,(Ci): k € {1,2},1€ {1,2,3,4}). In general, one can solve
an optimization problem to find the optimal choice of power level assignments
that maximizes the achievable sum-rate. We have performed numerical analysis
for this optimization problem. Figure 5.7 shows the gap between our proposed
achievable scheme and the outer-bounds in Corollary 5.5 at (a) SNR = 20dB, (b)
SNR = 40dB, and (c) SNR = 60dB, for Crp = 10 bits. In fact through our numeri-
cal analysis, we can see that the gap is at most 4, 5, and 5.5 bits/sec/Hz for the
given values of SNR, respectively. Note that sharp points in Figure 5.7 are due
to the change of achievability scheme for different values of INR as described

before.

In Appendix D.4, we present an explicit choice of power assignments such
that the gap between the achievability scheme and the outer-bounds does not

scale with SNR. As a result, we get the following Theorem.

Theorem 5.6 The sum-rate capacity of the Gaussian IC with rate-limited feedback is

within at most 14.8 bits/sec/Hz of the maximum R, + R, satisfying

O<R +R, < 210g(1+SNR)+CFB1+CFBZ (56361)
SNR

< < logl|l .

O<R +R, < Og( +1+|NR) (5.63b)
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SNR = 40dB|

o o

SNR = 20dB

©

gap (bits/sec/Hz)

gap (bits/sec/Hz)

P
T

INR (dB)
(a) (b)

INR (dB)

gap (bits/sec/Hz)

%
INR (dB)

(©

Figure 5.7: Numerical analysis: gap between achievable scheme and the
outer-bounds in Corollary 5.5 at (a) SNR = 20dB, (b) SNR =
40dB, and (c) SNR = 60dB for Crp = 10 bits.

+

log (1 +SNR + INR + 2 VSNR - INR)

SNR
1 +INR

A

O<R +R, < 210g(1 + INR + (5.63¢)

+

Crg1 + Crao.

Remark 5.7 Note that the given choice of power assignment in Appendix D.4 is not
necessarily optimal, and our analysis is pessimistic in the sense that we consider the

worst case scenario, and we calculate the gap for the worst case.

As a corollary, we characterize the symmetric capacity of the two-user Gaus-
sian IC with rate-limited feedback, as defined below, to within a constant num-

ber of bits.
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Definition 5.1 The symmetric capacity is defined by
Csym = sup{R : (R,R) € C}, (5.64)

where C is the capacity region.

Corollary 5.7 For the symmetric Gaussian IC with equal feedback link capacities,
i.e., Crg1 = Cray, the presented achievability strategy achieves to within at most 7.4

bits/sec/Hz/user to the symmetric capacity Csym defined in (5.64), for all channel gains.

Proof: Theorem 5.6 says that we can achieve to within at most 14.8 bits/sec/Hz
of the outerbounds in Corollary 5.5 for any feedback assignment. Therefore,
in symmetric IC with equal feedback link capacities Crgi = Crgz = %CFB“
the gap between the achievability and the symmetric capacity is at most 7.4

bits/sec/Hz/user. [ |

5.7 Concluding Remarks

We have addressed the two-user interference channel with rate-limited feed-
back under three different models: the El Gamal-Costa deterministic model [16],
the linear deterministic model [7], and the Gaussian model. We developed
new achievable schemes and new outer-bounds for all of the three models. We
showed the optimality of our scheme under the linear deterministic model. Un-
der the Gaussian model, we established new outer-bounds on the capacity re-
gion with rate-limited feedback, and we proposed a transmission strategy em-
ploying lattice codes and the ideas developed in the first two models. Further-

more, we proved that the gap between the achievable sum-rate of the proposed
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scheme and the outer-bound is bounded by a constant number of bits, indepen-

dent of the channel gains.

One of the future directions would be to extend this result to the capacity
region of the asymmetric two-user Gaussian interference channel with rate-
limited feedback. The same achievability scheme can be applied there, however,
the gap analysis will be cumbersome. Therefore, one interesting direction is to
find out new techniques to bound the gap between the achievable region and
the outer-bounds on the capacity region of the asymmetric two-user Gaussian

interference channel with rate-limited feedback.
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APPENDIX A
CHAPTER 1 OF APPENDIX

A.1 Achievability Proof of Theorem 2.1 [Instantaneous-CSIT]

In this appendix, we provide the achievability proof of Theorem 2.1. Below, we
have stated the capacity region of the two-user BFIC with Instantaneous-CSIT

(and no OFB).

O0<R; <p, i=1,2,
CICSIT — (Al)

R +R, <1-¢*+pq.

Remark A.1 For 0 < p < 0.5, the capacity region is given by
C'T = (R|,R, eR* s.t. Ri < p, i =1,2}. (A.2)

while for 0.5 < p < 1, the outer-bound on R, + R, is also active, see Figure A.1.

With Instantaneous-CSIT, each transmitter knows what channel realization
occurs at the time of transmission. Transmitters can take advantage of such
knowledge and by pairing different realizations, the optimal rate region as
given in Theorem 2.1 can be achieved. We will first describe the achievabil-
ity strategy for 0 < p < 0.5, since it is easier to follow. We then complete the

proof by describing the achievability strategy for 0.5 < p < 1.

A.1.1 Achievabiliy Strategy for 0 < p < 0.5

Note that the result for p = 0 is trivial, so we assume 0 < p < 0.5. Below, we

describe the possible pairing opportunities that are useful in this regime and
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R; 1 R, Ri+Rs =1-¢* + pq

- (7) P 2 ()

(a) (b)

Figure A.1: Capacity region of the two-user BFIC with Instantaneous-CSIT and
for(@)0<p<0.5,and(b)05<p<1.

then, we describe the achievability scheme. The possible pairing opportunities

are as follows.

e Type A [Cases 1 and 15]: In Case 15, only the corss links are equal to 1,
therefore, by pairing bits in Case 1 with bits in Case 15, we can cancel out
interference in Case 1, see Figure A.2. In other words by pairing the two

cases, we can communicate 2 bits interference free.

Tx; Rx; Tx; Rx;
a a®b a b
b a®b b a

TX2 RXQ TXQ RX2

Figure A.2: Pairing opportunity Type A: By pairing Cases 1 and 15, we can
communicate two bits interference-free. For instance, receiver
one has access to bits a ® b and b and as a result, it can decode
its desired bit.

o Type B [Cases 2 and 14]: We can pair up Cases 2 and 14 to cancel out

interference in Case 2 as depicted in Figure A.3.
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Tx; Rx; Tx; Rx;

b a®b o a
TX2 RXQ TX2 RX2

Figure A.3: Pairing opportunity Type B: By pairing Cases 2 and 14, we can
communicate two bits interference-free. For instance, receiver
two has access to bits a ® b and a and as a result, it can decode
its desired bit.

e Type C [Cases 3 and 13]: Similar to Type B with swapping user IDs.

We are now ready to provide the achievability scheme for the Instantaneous-

CSIT model and for 0 < p < 0.5. We first provide an overview of our scheme.

Overview

Our achievability strategy is carried on over b + 1 communication blocks, each

block with n time instants. We describe the achievability strategy for rate tuple

(R1,Ry) = (p,p). (A.3)

Transmitters communicate fresh data bits in the first b blocks and the final

block is to help the receivers decode their corresponding bits. At the end, using

b

our scheme, we achieve rate tuple ;75

(p, p) as n — oo. Finally, letting b — oo, we
achieve the desired rate tuple. In our scheme the messages transmitted in block

J,j=12,...,b,will be decoded at the end of block j + 1.
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Achievability strategy

Let W{ be the message of transmitter i in block j, i = 1,2, j = 1,2,...,b. More-
over, let W{ = a'{ , aé, .. ,ail, and Wé = b'{ , bé, e, bﬂl, where a'l.i ‘sand b{ 's are picked
uniformly and independently from {0,1},i=1,2,...,m, j=1,2,...,b, and some

positive integer m. We set

n=m/p+ (2/p4) m*3. (A.4)

Achievability strategy for block 1: In the first communication block, at each
time instant ¢, Tx; sends a new data bit (from its initial m bits) if G;[f] = 1,
i = 1,2. In other words, Tx, sends a new data bit either of the following chan-
nel realizations occurs (see Table 2.2): Cases 1,2,3,4,5,6,7, and 8; while Tx,
sends a new data bit if either of the following channel realizations occurs: Cases

1,2,3,4,9,10,11, and 12.

If not specified, the transmitters remain silent. Tx; transfers its transmitted
bits in Cases 1 and 2 to queues Q, , and Q| , respectively; and Tx, transfers its

transmitted bits in Cases 1 and 3 to queues Q) ;, and Q; , respectively.
If at the end of block 1, there exists a bit at either of the transmitters that has

not yet been transmitted, we consider it as error type-I and halt the transmission.

Remark A.2 Note that the transmitted bits in Cases 4,5,6,7,8,9,10, 11, and 12 are
available at their corresponding receivers without any interference. In other words, they

are communicated successfully and no retransmission is required.

Assuming that the transmission is not halted, let random variable N/ de-

note the number of bits in 0, , (i, £) = (1, 1),(1,2),(2, 1), (2, 3). Since transition of
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a bit to this queue is distributed as independent Bernoulli RV, upon completion

of block 1, we have

_ Pr (Case ¢) "
1= Yig10...16 Pr(Case i)

1
E[N¢,] = Pr (Case €) m. (A.5)
If the event [Nil,c,; > E[Nil,cf] + m%] occurs, we consider it as error type-II and
we halt the transmission. At the end of block 1, we add 0’s (if necessary) to
Q}’C[ so that the total number of bits is equal to E[Nil,cf] +m3. Furthermore, using

Chernoff-Hoeffding bound, we can show that the probability of errors of types

I and II decreases exponentially with m.

Achievability strategy for block j, j = 2,3,...,b: In communication block j,
j=2,3,...,b, at each time instant ¢, Tx; sends a new data bit (from its initial m
bits) if G;[t] = 1, i = 1,2. Transmitter one transfers its transmitted bit in Cases

and Q’

1 and 2 to queues Q! {,oz

! o respectively; and Tx, transfers its transmitted

bit in Cases 1 and 3 to queues é o and Qé,cs respectively. Note that so far the

transmission scheme is similar to the first communication block.

Now if at a given time instant Case 15 occurs, Tx; sends a bit from queue Ql’ 511
and removes it from the this queue. If at time instant r Case 15 occurs and Ql’ 611
is empty, then Tx; remains silent. This way, similar to pairing Type A described
previously, the transmitted bits in Case 1 of the previous block can be decoded

at the corresponding receiver.

Furthermore, if at a given time instant Case 14 (13) occurs, Tx; (Tx,) sends
a bit from queue Q{’_Clz Qé,_cls) and removes it from the this queue. This is moti-

vated by pairing Type B (C) described previously.

If at the end of block j, there exists a bit at either of the transmitters that has
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Jj—1

not yet been transmitted, or any of the queues Q{’_Cll, Q{jclz, Qz,o.'

L
or Qé’% is not

empty, we consider this event as error type-I and we halt the transmission.

Assuming that the transmission is not halted, let random variable N,j c de-
note the number of bits in Q{;C(, G, 60 =(,1),(1,2),(2,1),(2,3). Since transition of
a bit to this state is distributed as independent Bernoulli RV, upon completion

of block j, we have

; Pr (Case ¢)
]E[NZC[] =

1
= —m = — Pr(Case ) m. A6
1- Zi:9,10 ..... 16 Pr(Case 1) P ( )

If the event [Ni{cf > E[Ngcf] + m%] occurs, we consider it as error type-II and
we halt the transmission. At the end of block 1, we add 0’s (if necessary) to
Qlj c, SO that the total number of bits is equal to E[Ni{ cl+ m3. Using Chernoff-

Hoeftding bound, we can show that the probability of errors of types I and II

decreases exponentially with m.

Achievability strategy for block » + 1: In the final communication block,

transmitters do not communicate any new data bit.

If at time instant  Case 15 occurs, Tx; sends a bit from queue Qf’m and re-
moves it from the this queue. If at time instant r Case 15 occurs and Q7 is
empty, then Tx; remains silent. If at time instant t Case 14 (13) occurs, Tx; (Tx)

sends a bit from queue 07 ., (0} ;) and removes it from the this queue.

If at the end of block b + 1, any of the states Qlf,clf ’1”02, l27,C1’ or Q’i% is not

empty, we consider this event as error type-I and we halt the transmission.

Note that if the transmission is not halted, any bit is either available at its
intended receiver interference-free, or the interfering bit is provided to the re-

ceiver in the following block. The probability that the transmission strategy
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halts at the end of each block can be bounded by the summation of error prob-
abilities of types I and II. Using Chernoff-Hoeffding bound, we can show that
the probability that the transmission strategy halts at any point approaches zero

asm — 090,

Now, since each block has n = m/p + (2/ p4) m?’3 time instants and the prob-
ability that the transmission strategy halts at any point approaches zero as

m — oo, we achieve a rate tuple

b
m (p,p), (A7)

as m — oo. Finally letting b — oo, we achieve the desired rate tuple.

A.1.2 Achievabiliy Strategy for 0.5 < p <1

For p = 1, the capacity region is the same with no, delayed, or instantaneous
CSIT. So in this section, we assume 0.5 < p < 1. By symmetry, it suffices to de-
scribe the strategy for point A = (p,2pq). In this regime, we will take advantage

of another pairing opportunity as described below.

e Type D [Cases 2,3, and 12]: This type of pairing is different from what we
have described so far. In all previous types, we paired up cases that had zero
capacity to cancel out interference in other cases. However, here all three cases
have capacity 1. By pairing all three cases together, we can communicate 4 bits

as depicted in Figure A 4.

Remark A.3 This coding opportunity can be applicable to DoF analysis of wireless
networks with linear schemes in the context of 2 x 2 x 2 layered networks (Section I1I.A

of [30]).
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Txy Rxy Tx, Rxy Tx; Rx;
a a®b c C c b

b b d ced b ceb
TX2 RX2 TXQ RX2 TXQ RX2

Figure A.4: Pairing opportunity Type D: Cases 2,3, and 12. Tx; uses c to
recover b and then it decodes a, similar argument holds for
Tx,. All three cases have capacity 1, and by pairing them, we
can communicate 4 bits.

Overview

The achievability is again carried on over b+1 communication blocks, each block

with n time instants. We describe the achievability strategy for rate tuple

(R1,Ry) = (p,2pq), (A.8)
see Figure A.1(b).

Transmitters communicate fresh data bits in the first b blocks and the final

block is to help receivers decode their corresponding bits. At the end, using our

b

scheme, we achieve rate tuple ;75

(p,2pq) as n — oo. Finally, letting b — oo, we
achieve the desired corner point. In our scheme, the transmitted bits in block j,

j=12,...,b,will be decoded by the end of block j + 1.

Achievability strategy

Let Wf be the message of transmitter i in block j. We assume W{ = a{, aé, e ,a{,l,
and Wé = b{,bé, .. .,bﬁ;z for j = 1,2,...,b, where a{’s and b{’s are picked uni-

formly and independently from {0, 1}, for some positive value of m and m, = 2gm
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(note that 2¢g < 1). We set

n=m/p+ (2/q4) m*. (A9)

Achievability strategy for block 1: In the first communication block, at each
time instant ¢, transmitter one sends a new data bit if G;[t] = 1 except Case
1. In other words, Tx; sends a new data bit if either of the following channel
realizations occurs (see Table 2.2): Cases 2,3,4,5,6,7, and 8. Transmitter two
sends a new data bit if G»[f] = 1 except Cases 1 and 12. In other words, Tx,
sends a new data bit if either of the following channel realizations occurs: Cases

2,3,4,9,10, and 11.

If at time instant t where 1 < Iqj—zn, Case 1 occurs, then each transmitter sends
out a new data bit. Then, Tx; transfers its transmitted bit in Case 1 to queue
3,01 fort < Z—in. Ifr > Z—zn and Case 1 occurs, then Tx; sends out a new data
bit while Tx, remains silent, see Figure A.5. Note that these bits are delivered to

Rx; interference-free.

Communication block 1
n time instants

A
\ 4

A
A\
A
\4

2 2
q—zn (1- q—z) n
p p
both transmitters only transmitter one
communicate communicates

[N

Figure A.5: If Case 1 occurs during communication block 1, then if 7 <

each transmitter sends out a new data bit. However, if ¢ >
then Tx; sends out a new data bit while Tx, remains silent.

\“'N|’QN “cN|Q

Ifr < Z—in, and Case 12 occurs, then Tx, sends out a new data bit while Tx;

remains silent. Note that these bits are delivered to Rx, interference-free.
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If not specified, the transmitters remain silent. Note that Tx; sends a bit if
Glf] = 1 (i.e. with probability p). On the other hand, Tx, sends a bit with
probability

2
Z Pr(Case j) + 1% Z Pr(Case j) = 2pq. (A.10)

j=2,3.49,10,11 j=1,12

Transmitter one transfers its transmitted bit in Case 2 to queue Q, .,; and Tx,

r .
1,627
transfers its transmitted bit in Case 3 to queue Q, .,. If at the end of block 1,
there exists a bit at either of the transmitters that has not yet been transmitted,

we consider it as error type-I and halt the transmission.

Remark A.4 Note that the transmitted bits in Cases 4,5,6,7,8,9, 10, and 11 are avail-

able at their corresponding receivers without any interference.

Assuming that the transmission is not halted, let random variable N/ de-
note the number of bits in Q},C[, (1,0 =(1,1),(1,2),(2,1),(2,3). Since transition of
a bit to this state is distributed as independent Bernoulli RV, upon completion

of block 1, we have

(¢*/p*)Pr (Case 1)

E[N!o = = pam

[Nic,] 1 =3 -010,.16 Pr (Casej)m e

Pr (Case 2)

E[N! ] = =piam

Nig,] =12 Y i—o.10...16 Pr (Casej) D"

1 (4%/p?)Pr Case 1 :
]E[NZ,CI] = . q* . qu = pgm.
2j=2349.1011 Pr(Case j) + 5 31 1o Pr(Case j)
Pr (Case 3)

BN | - 2gm = p*qm.  (A.11)

. 2 .
Y j=2349.1011 Pr(Case j) + 37 2 j-1.12 Pr(Case j)

If the event [N}C[ > IE[N}C[] + m%] occurs, we consider it as error type-II and

we halt the transmission. At the end of block 1, we add 0’s (if necessary) to
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0O;¢, so that the total number of bits is equal to E[N/¢, ] + m3. Using Chernoff-
Hoeftding bound, we can show that the probability of errors of types I and II

decreases exponentially with m.

Achievability strategy for block j, j = 2,3,...,b: In communication block
j, j =2,3,...,b, at each time instant ¢, transmitter one sends a new data bit if
G11[1] = 1 except Case 1, while transmitter two sends a new data bit if Gy,[f] = 1

except Cases 1 and 12.

Ifr < Z—in and Case 1 occurs, then each transmitter sends out a new data bit.
Then Tx; transfers its transmitted bit in Case 1 to queue Q{ o fore < Z—in. Ifr > Z—in
and Case 1 occurs, then Tx; sends out a new data bit while Tx, remains silent.

Note that these bits are delivered to Rx; interference-free.

Ifr < Z—zn and Case 12 occurs, then Tx, sends out a new data bit while Tx;
remains silent. We will exploit channel realization 12 for ¢t > Z—zn, to perform

pairing Type D.

Transmitter one transfers its transmitted bit in Case 2 to queue Q/ oo and

transmitter two transfers its transmitted bit in Case 3 to queue Q’, .,. Note that

J
2,C3°

so far the transmission scheme is similar to the first communication block.

Now, if at time instant # Case 15 occurs, Tx; sends a bit from queue Q{ _Cl1 and
removes it from the this queue. If at time instant r Case 15 occurs and Q{E;11 is
empty, then Tx; remains silent. This way, similar to pairing Type A described

previously, the transmitted bits in Case 1 of the previous block can be decoded

at the corresponding receiver.

Furthermore, if at time instant r Case 14 (13) occurs, Tx; (Tx,) sends a bit
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from queue Q1 02 (Q2 03) and removes it from the this queue. This is motivated

by pairing Type B (C) described previously.

Finally, if ¢ > qzn and Case 12 occurs, Tx; sends a bit from queue Q1 02 and
Tx, sends a bit from queue Q2 c3- Bach transmitter removes the transmitted bit
from the corresponding queue. This is motivated by pairing Type D described

above.

If at the end of block j, there exists a bit at either of the transmitters that has
not yet been transmitted, or any of the states Q] 01' Q1 02, Q2 c1r Or Q2 ca s not

empty, we consider it as error type-I and halt the transmission.

Assuming that the transmission is not halted, let random variable N,j c de-
note the number of bits in Q{;C(, G0 =(,1),(1,2),(2,1),(2,3). Since transition of
a bit to this state is distributed as independent Bernoulli RV, upon completion

of block j, we have

- (qz/pz) Pr(Case 1)
G 1 =3 910,16 Pr(Case j)
= Pr(Case 2)
LG 1 =3 200,16 Pr(Case j)

(4*/ p2) Pr (Case 1 .
E[ 201]— 2qm:pq m,

E[N/ m = pg’m,

E[N’ m = p*qm,

995T5 7,

Pr (Case 3
E[ 203] = ( ) 2gm = p*gm. (A.12)

~ 7 :
Y j=2349.1011 Pr(Case j) + % 2 j=1.12 Pr(Case j)

If the event [NI'.{C[ > E[Ni{Cg] + m%] occurs, we consider it as error type-II and
we halt the transmission. At the end of block 1, we add 0’s (if necessary) to

2
5

Qj ¢, SO that the total number of bits is equal to E[N’ c,] + m3. Using Chernoff-
Hoeffding bound, we can show that the probability of errors of types I and II

decreases exponentially with m.
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Achievability strategy for block b + 1: In the final communication block,

transmitters do not communicate any new data bit.

b

i1 and re-

If at time instant ¢ Case 15 occurs, Tx; sends a bit from queue Q
moves it from the this queue. If at time instant + Case 15 occurs and 07, is
empty, then Tx; remains silent. If at time instant ¢ Case 14 (13) or 12 occurs, Tx;

(Tx;) sends a bit from queue Qlf,oz (05 c3) and removes it from the this queue.

If at the end of block j any of the states Q] ,, O} ¢,, O ¢, Or O} o, is not empty,

we consider it as error type-I and halt the transmission.

Note that if the transmission is not halted, any bit is either available at its
intended receiver interference-free, or the interfering bits is provided to the re-
ceiver in the following block. The probability that the transmission strategy
halts at the end of each block can be bounded by the summation of error prob-
abilities of types I and II. Using Chernoff-Hoeffding bound, we can show that
the probability that the transmission strategy halts at any point approaches zero

for m — oo.

Now, since each block hasn = m/ p+(2 / q“) m* time instants and the probabil-
ity that the transmission strategy halts at any point approaches zero for m — oo,

we achieve a rate tuple

b
= .2 Al
P g (.2pq), (A.13)

as m — oo. Finally letting b — oo, we achieve the desired rate tuple.
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A.2 Converse Proof of Theorem 2.1 [Instantaneous-CSIT]

The derivation of the outer-bound on individual rates is simple, however for the
completeness of the results, we include the proof here. This outer-bound can be

used for other theorems as needed. To derive the outer-bound on R, we have

nR, = HW,) € HW,|G")

2 HWiIX3, G")

(Fano)
< I(W; Y]IX5,G") + ne,

(data proc.)

<  IXY): Y(IX5,G") + ne,
= H(Y!|X3,G") — H(Y!IXY, X5, G") + ne,
= H(G},X{1X5,G") + ne,

< pn + ne,, (A.14)

where €, = 0 as n — oo; (a) holds since message W, is independent of G"; and

(b) holds since given G", W, is independent of X}, see (2.44). Similarly, we have
nR, < pn + ne,. (A.15)

dividing both sides by n and let n — oo, we have

(A.16)

The outer-bound on R; + R, follows from the proof of Theorem 2.4 in Sec-

tion 2.10.
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A.3 Achievability Proof of Theorem 2.2: Sum-rate for 0 < p <
0.5
In this appendix, we provide the achievability proof of Theorem 2.2 with

Delayed-CSIT and for 0 < p < 0.5. We provide the an achievability strategy

for rate tuple

1 — 2

R =R, =minlp —G—9) | (A17)
L+d-g>)'p

Let the messages of transmitters one and two be denoted by W, =

a,a,...,ay, and Wy = by, b, ..., b,, respectively, where a;'s and b,’s are picked

uniformly and independently from {0, 1}, i = 1, ..., m. We show that it is possible

to communicate these bits in

n = max {m/p, (1 - qz) m+ (1 - qz) pm} + 0(m2/3) (A.18)

time instants with vanishing error probability (as m — o). Therefore achieving

the rates given in (A.17) as m — oo.

Phase 1 [uncategorized transmission]: At the beginning of the communication
block, we assume that the bits at Tx; are in queue Q,,;, i = 1,2. At each time
instant, Tx; sends out a bit from Q;_,; and this bit will either stay in the initial
queue or a transition to a new queue will take place. Table A.1 summarizes the
transitions for each channel realization. The arguments are very similar to our
discussion in Section 2.5, and the only difference is the way we handle Cases

7,8,11, and 12. We provide some details about these cases.

For Cases 7 (7‘) and 8 (Xf), in Section 2.5, we updated the status of the trans-

mitted bit of Tx, to Q,_,(12). However, this scheme is suboptimal for 0 < p < 0.5,
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and instead we update the status of the transmitted bit of Tx, to an intermediate
queue Q,;yr. Then in Phase 2, we retransmit these bits and upgrade their status
once more. Similar story holds for Cases 11 and 12. The main reason for doing
this is as follows. As we discussed in Section 2.4, there are many opportunities
to combine bits in order to improve the achievable rates. However, we could
never combine the bits that were transmitted in Cases 7, 8, 11, or 12 with other
bits. This was not an issue for 0.5 < p < 1, however for 0 < p < 0.5, we need to
find a way to combine these bits with other bits in future time instants. To do
so, the only way is to keep them in an intermediate queue and retransmit them

again in Phase 2.
Phase 1 goes on for
(1 - qz)_l m+m? (A.19)

time instants and if at the end of this phase either of the queues Q,,; is not

empty, we declare error type-I and halt the transmission.

Assuming that the transmission is not halted, upon completion of Phase 1,

we have

Pr(Case 1)

FlNio] = 1 = Xiz0.10,13.16 Pr (Case i)m = q2)_1p4m,

BN, 1] = = zijo(,iieé)(crase S = (1= plam,

E[Ni-ip] = 7 —22“941:26(1?:(82)86 sm= (=g pg'm

E[N1nr] = 1 _éj:izli:gfizi)se i)m =(- qz)_IPZQm» (A.20)
similarly, we have

E[Nsg | = Pr(Case 1) — (- qz)‘lp“m

—m
1 = >ic9.10.13.16 Pr(Case 1)
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Pr (Case 3)

E N . — — 1 _ 2 —1 3 s
[Nz~ 1] 1 - Zi:9,10,13,16 Pr (Case i)m ( a)ram
Zj:13 15 Pr(Case j)
E[N>_ ] = . =1 =) pg*m,
[N2-an] 1 = >iz9.10.13.16 Pr(Case i)m (=g pgm
2. =78 Pr(Case j) ~
E[Nynr] = 78 =1- qz) 1192‘]”1» (A.21)

—m
1 = Xic0.10,13,16 Pr (Case 1)

If the event [N > E[N] + m%] for N = Nic,, Nisii, Nisiis Nigvr, @ = 1,2, occurs,
we consider it as error type-II and we halt the transmission strategy. At the end
of Phase 1, we add 0’s (if necessary) in order to make queues Q;c,, Q;;; and
Q;.nr of size equal to E[N,¢, ] + m%, E[N: 7] + m%, and E[N; vr] + m3 respectively,
i = 1,2, and j = i,i. Furthermore, using Chernoff-Hoeffding bound, we can
show that the probability of errors of types I and II decreases exponentially with

m.

Phase 2 [upgrading status of interfering bits in Q; ¢,]: In this phase, we focus on
the bits in Q ;yr and Oy nr. At each time instant, Tx; picks a bit from Q; ;yr and
sends it. This bit will either stay in Q; ;yr or a transition to a new queue will take
place. Table A.2 describes what happens to the status of the bits if either of the
16 possible cases occurs. Due to symmetry, we only describe the transitions for

bits in Ql,INT' Consider bit “a” in QI,INT'

e Cases 1,2,3,4, and 5: The transitions for these cases are consistent with

our previous discussions.

e Cases 9,10, 11,12, 13, and 16: In these cases, it is easy to see that no change

occurs in the status of bit a.

e Case 6: In this case, bit a is delivered to both receivers and hence, no fur-

ther transmission is required. Therefore, it joins Q f.
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e Case 7: Here with slight abuse of, Q) ¢, represents the bits of Tx; that are
received at both receivers with interference but not necessarily in Case 1,
i = 1,2. For instance if at a given time, Tx, sends a bit from Q, ,yr and
Case 7 occurs, then this bit joins Q; ¢, since now both receivers have re-

ceived this bit with interference.

e Case 8: In this case, bit a is available at Rx, but it is interfered at Rx; by bit
b. However, in Case 8 no change occurs for the bits in Q, ;vr. Therefore,
since bit b will be retransmitted until it is provided to Rx;, no retransmis-

sion is required for bit ¢ and it joins Q) r.

e Cases 14 and 15: If either of these cases occur, bit a becomes available at

Rx, and is needed at Rx;. Thus, we update the status of such bits to Q;_, .

Phase 2 goes on for

-1
-1
- > Pr(Casei| (1-¢7) plgm+2m
i=9,10,11,12,13,16

= (1 - [pzq + qz])_l (1 - qz)_l pigm +2m

2
3

2
3

(A.22)

time instants and if at the end of this phase either of the states Q; ;yr is not empty,

we declare error type-I and halt the transmission.

Assuming that the transmission is not halted, upon completion of Phase 2,

the states Q, ;yr and Q, ;7 are empty and we have

2 j=17 Pr (Casej)

sssss

(p*gm +m*?)

similarly, we have

E[Ni ;1= - g "' pPgm +
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=(1-¢)"'pPam+(1-|p’q+ qz])_1 (P’q+ P°¢") (PPqm + m*?), (A.24)

and
2 j=14.5 Pr (Case j)
E[N 5zl =0 - qz)_lpqzm + > : (pzqm " m2/3)
| 1 = Xiz010,11,12,13,16 Pr(Case 1)
-1
= (= pgm+ (1 _ [pzq + qz]) g (pzqm + m2/3), (A.25)

If the event [N > E[N] + m%] for N = Nic,,Niji, Niwi, i = 1,2, occurs, we
consider it as error type-II and we halt the transmission strategy. At the end of
Phase 2, we add 0’s (if necessary) in order to make queues Q;c, and Q,, ;; of size
equal to E[N;¢,] + m%, and E[N,_, ;] + m3 respectively, i = 1,2, and j = i,i. Using
Chernoff-Hoeffding bound, we can show that the probability of errors of types

I and II decreases exponentially with m.

Phase 3 [encoding and retransmission]: In this phase, Tx; communicates the bits
in Q;;; to Rx;, i = 1,2. However, it is possible to create XOR of these bits with
the bits in Q,,;; and the bits in Q;¢, to create bits of common interest. To do
so, we first encode the bits in these states using the results of [17], and then we

create the XOR of the encoded bits.

In other words, given €,6 > 0, Tx; encodes all the bits in Q; ,;; at rate p — ¢
using random coding scheme of [17]. Similarly, Tx; encodes q(]E[N[-_”-ﬁ] + m%)
bits from Q;;; and Q,¢, at rate pg — ¢ (if there are less bits in Q, ,;; and Q;¢,,
then encode all of the bits in these queues). More precisely, first Tx; encodes bits
from Q;_;;, and if the number of bits in Q,_;; is less than ¢ (E[N,-_,,-g] + m%), then

Tx; uses bits in Q;¢,. Tx; will then communicate the XOR of these encoded bits.

Note that since Rx; already knows the bits in Q,_;;, it can remove the corre-

sponding part of the received signal. Then since the channel from Tx; to Rx; can
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be viewed as a binary erasure channel with success probability of pg, from [17],
we know that Rx; can decode Q;¢, with decoding error probability less than or
equal to e. Thus, Rx; can decode the transmitted bits from Q;¢, and use them to
decode the bits in Q;¢,. Then, Rx; removes the contribution of the bits in Q;g,
the received signal. Finally, since the channel from Tx; to Rx; can be viewed as
a binary erasure channel with success probability of p, from [17], we know that

Rx; can decode Q,_;; with decoding error probability less than or equal to e.

If an error occurs in decoding of the encoded bits, we halt the transmission.
Assuming that the transmission is not halted, at the end of Phase 3, O, ,; be-

comes empty and there are
(EIN,—7] + ElNic,] + 2m* — (B[N ] +m?)) (A.26)
bits left in Q;_;; and Q.

If Qi3 and Q;¢, are also empty, the transmission strategy ends here. Oth-
erwise, we merge the remaining bits in Q, ;; (if any) with the bits in Q;¢, as
Type-III (see Section 2.4) and put the XOR of them in Q; ), i = 1,2. Finally,
we need to describe what happens to the remaining bits in Q;¢,. As mentioned
before, a bit in Q;¢, can be viewed as a bit of common interest by itself. For the
remaining bits in Q, ¢,, we put the first half in Q,_,; 5 (suppose m is picked such
that the remaining number of bits is even). Note that if these bits are delivered
to Rx,, then Rx, can decode the first half of the bits in Q,¢,. Therefore, the first

half of the bits in Q, ¢, join Q, f.

Phase 4 [communicating bits of common interest]: During Phase 4, we deliver
the bits in Q{12 and Q,_, 1 ») using the transmission strategy for the two-source

multicast problem. More precisely, the bits in Q,_,(;» will be considered as the
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message of transmitter Tx; and they will be encoded as in the achievability
scheme of Lemma 2.2, i = 1,2. Fix ¢,6 > 0, from Lemma 2.2 we know that
the rate tuple

(Ri,R>) = 5 (1 =g = 6,(1-g") —0)

| =

is achievable with decoding error probability less than or equal to €. Thus, using
Lemma 2.2, we can communicate the remaining bits at rate (1 — ¢*) — § with
decoding error probability less than or equal to €. If an error occurs in decoding

of the encoded bits, we halt the transmission.

Using Chernoff-Hoeffding bound and the results of [17], we can show that
the probability that the transmission strategy halts at any point approaches zero
fore,6 — 0and m — co. Moreover, it is easy to verify that for0 < p < (3 - \/5) /2,
at the end of Phase 3, Q0,3 and Q;¢, are empty and the transmission strategy
ends there. However, for (3 - \/5) /2 < p < 0.5, the transmission strategy contin-
ues to Phase 4. Therefore, we can show that if no error occurs, the transmission

strategy end in

n = max {m/p, (1 - qz)_l m+ (1 - qz) pm} + 0 (m2/3) (A.27)

time instants. Therefore achieving the rates given in (A.17).

A4 Achievability Proof of Theorem 2.2: Corner Point C

In this appendix, we describe the achievability strategy for corner point C de-

picted in Figure 2.17(b), i.e.

(R1,R2) = (pq(1 + ¢q), p). (A.28)
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Let the messages of transmitters one and two be denoted by W, =
ai,ay,...,ay, and W, = by, b,, ..., b, respectively, where data bits g;'s and b;’s
are picked uniformly and independently from {0, 1}, and m; = g(1+¢q)m (suppose
the parameters are such that m,m; € Z). Note that for (3 - \/3) /2 <p <1, we
have g(1 + g) < 1. We show that it is possible to communicate these bits in

n= lm + O (m2/3) (A.29)

p
time instants with vanishing error probability (as m — o). Therefore, achieving
corner point C as m — oo. Our transmission strategy consists of five phases as

described before.

Phase 1 [uncategorized transmission]: This phase is similar to Phase 1 of the
achievability strategy for the optimal sum-rate point A. The main difference is
due to the fact that the transmitters start with unequal number of bits. At the
beginning of the communication block, we assume that the bits a;, as, ..., a,, at

Tx; and the bits by, b,, ..., b,, at Tx, are in queues Q,_,; and Q,_,, respectively.

Remark A.5 Note that Tx, has m initial bits, however, only m, of them are in Q,_,, at

the beginning of the communication block.

At each time instant 7, Tx; sends out a bit from Q,_,;, and this bit will either
stay in the initial queues or a transition will take place. Based on the channel
realizations, a total of 16 possible configurations may occur at any time instant.
Table A.3 summarizes the transition from the initial queue for each channel re-

alization.

In comparison to the achievability strategy of the sum-rate point A, we have

new queues for the bits:
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(a) Qiop denotes the bits that have caused interference at the unintended re-

ceiver and this interference has to get resolved.

(b) Qi vr denotes an intermediate queue of the bits at Tx, that were transmit-

ted when channel realizations 11 or 12 occurred.

(c) Qiinr denotes an intermediate queue of the bits at Tx, that were transmit-

ted when channel realizations 7 or 8 occurred.

Phase 1 goes on for

2
3

A/p-1Dm+m (A.30)

time instants and if at the end of this phase, either of queues Q,_,; is not empty,

we declare error type-I and halt the transmission.

Assuming that the transmission is not halted, let random variable N, ¢,, N;op,
N, and N; ;yr denote the number of bits in Q ¢, Qior, Qiii, and Q; ;nr respec-
tively i = 1,2. The transmission strategy will be halted and an error (that we

refer to as error type-II) will occur, if any of the following events happens.

24
Nic, > E[Nic,1+m3 =ng;

Wit

A

Niop > E[N;opl + m3 =n;op, i=1,2;

2 A .
Nisiji > E[NSgl +m3 =nim, i=1,25

Niint > E[N;nr] + m% = ninr, 1=1,2. (A.31)

From basic probability, and we have

Pr(Case 1) ] 4 3
E N = = 1 _ = ,
[Nic] T = s o131 Pr (Case Hm™ (I =q°) " p'mi = p qgm
Pr(Case 2) 9l 3 5 2
E N = = 1 — = R
[Niorl = 1= S orore Pr(Case )" (I-¢) pgm = pqg'm

238



Pr (Case 3)

EIN — =(1- 2N—1.3 — 2 2 ,
[N2.0p] =S PrCase )™ (I-¢) pgmi =p-qgm
2 j=14.15 Pr (Case )
E[N._ ] = : — (1= 34 2,2 = ¢’m,
[Nisi] l—Zizg,m,m,mPr(Casei)ml (1-4%) (pq pq)m1 qm
2j=11,12 Pr (Case j)
R[N, — > = (1= (pPa + p2d? — pa*m.
[Niinr] [~ o 0nmPr(Case ™" - (r'q pq)m1 pqgm

(A.32)

Furthermore, using Chernoff-Hoeffding bound, we can show that the prob-

ability of errors of types I and II decreases exponentially with m.

At the end of Phase 1, we add 0’s (if necessary) in order to make queues Q, ¢,,
Qiop, Qisii, and Q; vt of size equal to n; ¢, n;op, Ny, and n; vy respectively as
defined in (A.31), i = 1, 2. For the rest of this appendix, we assume that Phase 1

is completed and no error has occurred.

Phase 2 [updating status of the bits in Q;;yr]: In this phase, we focus on the
bits in Q;;nr, i = 1,2. The ultimate goal is to deliver the bits in Q;,;yr to both
receivers. At each time instant, Tx; picks a bit from Q, ;57 and sends it. This bit
will either stay in Q; ;n7 or a transition to a new queue will take place. Table A .4

describes what happens to the status of the bits if either of the 16 cases occurs.

Here, we describe what happens to the status of a bit in QO ;7 if either of the
16 channel realizations occur. The description for a bit in Q, ;yr is very similar
and is summarized in Table A.4. Consider a bit “a” in Q;;yr. At each time

instant, 16 possible cases may occur:

e Cases 9,10,11,12,13, and 16: In these cases, it is easy to see that no change

occurs in the status of bit a.

e Case 6: In this case, bit a is delivered to both receivers and hence, no fur-
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ther transmission is required. Therefore, it joins Q f.

e Case 8: In this case, bit a is available at Rx, but it is interfered at Rx, by bit
b. However, in Case 8 no change occurs for the bits in Q, ;yr. Therefore,
since bit b will be retransmitted until it is provided to Rx;, no retransmis-

sion is required for bit a and it joins Q) r.

e Cases 14 and 15: If either of these cases occur, bit a becomes available at

Rx, and is needed at Rx;. Thus, we update the status of such bits to Q;_.

e Cases 1,2,3/4,5, and 7: If either of these cases occur, we upgrade the status
of bit a to the opportunistic state Q; op, meaning that from now on bit a
has to be provided to either Rx, or both receivers such that it causes no
further interference. For instance, if Case 2 occurs, providing bit a to both

receivers is suffiecient to decode the simultaneously transmitted bits.

Phase 2 goes on for

Wit

(1 - [p3q +2pq° + q4])_1 pgim + 2m (A.33)

time instants, and if at the end of this phase either of the states Q;;yr is not

empty, we declare error type-I and halt the transmission.

Assuming that the transmission is not halted, since transition of a bit to this
state is distributed as independent Bernoulli RV, upon completion of Phase 2,
we have

-1 Pr (Case

,,,,,

2/3)

E[Nc,] = plgm+ (pg°m +m

= pam+(1-[Pq+ 204 +¢']) p(pgm+ ),

-1
ElNvor] = pPq’m+ (1= |[P’a+ 204> + 4'|)* patpa’m + P,

2/3)

b

-1
E[Nyorl = p’g'm+ (1= |p’q + 2pg* + ¢*|) pa(1 + p")(pg®m +m
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E[Ni_;] = gm+ (1 — [p3q +2pq° + q4])_1 g’ (pq2 + m2/3) , i=1,2. (A34)

The transmission strategy will halt and an error (that we refer to as error

type-1I) will occuy, if any of the following events happens.

WIS
>

Nic, > E[Nig, ] +m3 =nc;

WIS
1>

Niop > E[N;op]l + m3 =n;pop, i=1,2;

Nisii > E[N 5] + m% = i =12 (A.35)

Using Chernoff-Hoeffding bound, we can show that the probability of errors

of types I and II decreases exponentially with m.

Again, at the end of Phase 2, we add 0’s (if necessary) in order to make
queues Q;¢,, Qior, and Q,_;; of size equal to n; ¢,, n;op, and n,_,;; respectively as
defined in (A.35), i = 1,2. For the rest of this appendix, we assume that Phase 2

is completed and no error has occurred.

Note that Tx, initially had m fresh data bits but during Phase 1 it only com-
municated m; of them. The rest of those bits will be transmitted during Phase 3

as described below.

Phase 3 [uncategorized transmission vs interference management]: During

Phase 3, Tx; (the secondary user) communicates ﬁ(p — ¢*)m bits from states

QOic, and Q; op at a rate such that both receivers can decode them at the end of

Phase 3, regardless of the transmitted signal of Tx,. In fact, at Rx;, we have
Pr[Gi[tf] = 1,Go[f] = 0] = pgq, (A.36)
and at Rx,, we have

Pr[Gxlt] = 0,G»[t] = 1] = pq. (A.37)
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Hence, using the results of [17], we know that given any €,6 > 0, Tx; can use
a random code of rate pg — § to encode ﬁ(p — ¢*)m bits from states Q, ¢, and
Q1.0pr, and transmits them such that both receivers can decode the transmitted
message with error probability less than or equal to € for sufficiently large block
length (Tx; picks bits from Q; ¢, and if this state becomes empty it starts picking
from the bits in Q; pp). Since Rx, can decode the transmitted signal of Tx; in
this phase, we can assume that the encoded bits of Tx;, do not create any new

interference during Phase 3.

We now describe what Tx, does during Phase 3. At the beginning of Phase 3,
we assume that the bits b, +1, by, +2, - - - » b at TX, are in state Q,_,,. At each time
instant, Tx, picks a bit from Q,_,, and sends it. This bit will either stay in Q,_,,

or a transition occurs as described below.

e Cases 1,2,3,4,9,10,11, and 12: In these cases the direct link from Tx, to
Rx, is on. Therefore, since at the end of block (assuming large enough
block length), we can decode and remove the transmitted signal of Tx;,
the transmitted bit of Tx, leaves Q,_,; and joins Q; r.

e Cases 7,8,13, and 15: In these cases (assuming the transmitted signal of
Tx; can be removed), the transmitted bit of Tx, becomes available at Rx;
while it is required at Rx,. Thus, the transmitted bit of Tx, leaves Q,_,, and
joins Qs

e Cases 5,6, 14, and 16: In these cases, no change hanppens in the status of

the transmitted bit from Tx,.

Phase 3 goes on for

— 2 )
211) — ZZ;m +m3 (A.38)
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time instants and if at the end of this phase there is a bit left in Q,_,, or an error
occurs in decoding the transmitted signal of Tx;, we declare error type-I and
halt the transmission. Note that during Phase 3, the number of bits in Q,_p

and Q» op remain unchanged.

Assuming that the transmission is not halted, since transition of a bit to this
state is distributed as independent Bernoulli RV, upon completion of Phase 2,

we have
-1 q +
ElNie = [p3qm +(1-|pa+2p4 +4*|) P’(pg’m+m?) - e qz)m] ,
-1
E[N,orl = p’q'm + (1= P’ +2p4* + ¢*|) " pa(pgm + m*")

+
9 -1
m(p - qZ)m — p3qm - (1 — [qu + 2pq2 + q4]) p3(pq2m + mZ/S)] )

(A.39)

For (3 - \/5) /2 < p < 1, E[N, op] is non-negative. The transmission strategy
will halt and an error (that we refer to as error type-II) will occur, if any of the

following events happens.

(@) Nig, > E[N,c,]+m5;
(b) Niop > E[Ni.or] + m%;

2
3

(€) Noopi > E[Naoop] + m3.
Using Chernoff-Hoeffding bound, we can show that the probability of errors

of types I and II decreases exponentially with m.

Phase 4 [delivering interference-free bits and interference management]: In
Phase 4, Tx; will communicate all the bits in Q,_p. However, it is possible

to create XOR of these bits with bits in Q; pp in order to create bits of common
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interest. To do so, we first encode the bits in these states using the results of [17],
and then we create the XOR of the encoded bits. On the other hand, Tx, will do

the same to part of the bits in Q,_,5;; and Q5 op.

More precisely, for any €, > 0, Tx; encodes all the bits in Q,_,j, at rate p — 6

using random coding scheme of [17]. Similarly, Tx; encodes
-1
¢ +(1-|P’a+2pd’ +4*|) P’¢’ (A.40)

bits from Q) op at rate pg — 6. Then Tx; will communicate the XOR of these

encoded bits.

During Phase 3, Tx, encodes same number of the bits as in Q;_,;, from Q5

at rate p — 6 and

g +(1-[pg+ 20 +¢'])" Pq’

bits from Q, op at rate pg — ¢ using random coding scheme of [17]. Then Tx, will

communicate the XOR of these encoded bits.

Since Rx; already has access to the bits in Q;_,;, and Q ¢p, it can remove their
contribution from the received signals. Then for sufficiently large block length,
Rx, can decode the transmitted bits from Q,; op with decoding error probability
less than or equal to €. After decoding and removing this part, Rx, can decode
the encoded bits from Q,_,,; with decoding error probability less than or equal

to e.

On the other hand, since Rx; already has access to the bits in Q,_,,; and
Q1.0p, it can remove their contribution from the received signals. Then for suf-
ticiently large block length, Rx; can decode the transmitted bits from Q, op with

decoding error probability less than or equal to e. Finally, after decoding and
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removing this part, Rx; can decode the encoded bits from Q,_,;, with decoding

error probability less than or equal to e.

Phase 4 goes on for

[(fm +(1=[Pq+2p4 + ")) pe (b +m* g)] /(p—0) (A.41)

time instants. If an error occurs in decoding any of the encoded signals in Phase

4, we consider it as error and we halt the transmission strategy.
At the end of Phase 4, Q|1 becomes empty. Define
B =(pqg—9) [cfm +(1-[Pa+ 204 +4*])" pd (pg? +m?” 3)] [(p-0). (A42)
note that as €,6 — 0, 5 agrees with the expression given in (A.40).

Upon completion of Phase 4, we have

-1
E[No] = pg'm+ (1 = |P’a +2p4" +4*|)  patpg’m +m*")

+
9 -1
1+q(p_q2)m—p3qm_(1 _ [p3q+2pq2 +q4]) p3(pq2m+m2/3)
L SR N
T+ g P~ 4Im=A

-1
ElNyor] = p’g’m+ (1 = | P’ + 2pq” + ¢*]) pa(l + p")(pg’m + m*) - B,

pq
E[Nyyi] = a-a (P - 6]2) m. (A.43)

The transmission strategy will halt and an error of type-II will occur, if any

of the following events happens.

(@) Nior > E[N;op] + m3,i=1,2;

(b) Nomopp > E[Nasop] + m

Wiy
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Using Chernoff-Hoeffding bound, we can show that the probability of errors
of type II decreases exponentially with m. Furthermore, the probability that an
error occurs in decoding any of the encoded signals in Phase 4 can be made

arbitrary small as m — oo.

Phase 5 [delivering interference-free bits and interference management]: In
Phase 5, the transmitters will communicate the remaining bits in Q; op, Qic,,
0201, and @, pp. Tx; will communicate all the bits in Q; pop and Q; ¢, such that
for sufficiently large block length, both receivers can decode them with arbitrary
small error. On the other hand, Tx, will communicate the bits in Q,_,,;; and 0, op
similar to Phase 4 with one main difference. Since both receivers can completely
remove the contribution of Tx; at the end of the block, Tx, can send the bits in

0, 0p at a higher rate of p as opposed to pq during Phase 4.

More precisely, for any €,6 > 0, Tx; using random coding scheme of [17],
encodes all the bits in Q) pp and Q, ¢, at rate pg — § and communicates them. On
the other hand, Tx, using random coding, encodes all the bits in Q,_,;; and all

bits in O, op at rate p — 6. Then, Tx, communicates the XOR of its encoded bits.

Since Rx; already has access to the bits in 0,_,5; and Q ¢p, it can remove the
corresponding parts of the transmitted signals. Then for sufficiently large block
length, Rx; can decode the transmitted bits from Q; ¢, and Q, op with decoding

error probability less than or equal to e.

Finally, since Rx, already has access to the bits in Q, op, it can remove the
corresponding part of the transmitted signal. Then for sufficiently large block
length, Rx, can decode the transmitted bits from Q; op and Q, ¢, with decoding

error probability less than or equal to €. After decoding and removing this part,
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Rx, can decode the encoded bits from Q,_,; with decoding error probability

less than or equal to e.

Phase 5 goes on for

[(1 }jqqz) (p - qz) m + 2m2/3] /(p—90) (A.44)
time instants. If an error occurs in decoding any of the encoded signals in Phase
5, we consider it as error and halt the transmission strategy. It is straight forward
to verify that at the end of Phase 5, if the transmission is not halted, all states are

empty and all bits are successfully delivered.

The probability that the transmission strategy halts at any point can be
bounded by the summation of error probabilities of types I-II and the probabil-
ity that an error occurs in decoding the encoded bits. Using Chernoff-Hoeffding
bound and the results of [17], we can show that the probability that the trans-
mission strategy halts at any point approaches zero for €,6 — 0 and m — oo.

Moreover, the total transmission requires
1 2/3
—m + 6m (A.45)
P

time instants. Thus, Tx; achieves a rate of pg(1 + ¢) while Tx; achieves a rate of

p.

This completes the achievability proof of Theorem 2.2.

A.5 Proof of Lemma 2.2

In this appendix, we provide the proof of Lemma 2.2. We first derive the outer-

bound and then we describe the achievability. The outer-bound on R; is the
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same as in Section A.2.

Suppose there are encoders and decoders at the transmitters and receivers
respectively, such that each receiver can decode both messages with arbitrary

small decoding error probability as the block length goes to infinity. We have

l’l(Rl + Rz - En)

~
INS

I(W, Wy YﬁGn)
= H(Y{|G") — H(Y{|W,, W>,G")

© preyricn
= H(Y{IG")

<Y HOIIGY
t=1

<(1-¢)n. (A.46)

where €, —» 0 as n — oo; and (a) follows from the fact that the messages and
G" are mutually independent, Fano’s inequality, and the fact that Rx; should be
able to decode both messages; (b) holds since the received signal Y7 is a deter-
ministic function of W,, W,, and G"; and (c¢) follows from the fact that condi-

tioning reduces entropy. Dividing both sides by n and let n — oo, we get

Ri+R, <1-¢% (A.47)

Below, we provide the achievability proof of Lemma 2.2. Let W; ¢

{1,2,...,2"™} denote the message of user i.

In [17], it has been shown that for a binary erasure channel with success
probability p, and for any €, > 0, as long as the communication rate is less than

or equal to p — 6, we can have decoding error probability less than or equal to e.

Codebook generation is as follows. Transmitter i creates 2% (R, = p -6

and R, = pg — ¢) independent codewords where each entry of the codewords
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is an i.i.d. Bernoulli 0.5 RV. For message index j, transmitter i will send the
j™ codeword. Note that we can view the channel from Tx, to Rx; as a binary
erasure channel with success probability pg (whenever Gy,[f] = 0 and Gy[t] = 1,
we get a clean observation of X;[¢]). Therefore, since R, = pg — 6, Rx; can decode
W, with arbitrary small decoding error probability as n — co and remove X}
from its received signal. After removing X!, we can view the channel from Tx; to
Rx; as a binary erasure channel with success probability p (whenever G,[f] = 1,
we get a clean observation of X;[t]). Therefore, since R, = p — ¢, Rx, can decode
W, with arbitrary small decoding error probability as n — co. Similar argument

holds for Rx,. This completes the achievability proof of corner point

(R1,Ry) = (p,pq) . (A.48)

Similarly, we can achieve corner point

(R1,Ry) = (pq,p). (A.49)

Therefore with time sharing, we can achieve the entire region as described

in Lemma 2.2.

A.6 Achievability Proof of Theorem 2.3: Corner Point (1 - ¢, O)

By symmetry, it suffices to describe the achievability strategy for corner ponit
(Ri,Ry) = (1-¢,0), (A.50)

when transmitters have delayed knowledge of channel state information and
noiseless output feedback links are available from the receivers to the transmit-

ters.
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Our achievability strategy is carried on over b+1 communication blocks each
block with n time instants. Transmitter one communicates fresh data bits in the
tirst b blocks and the final block is to help receiver one decode its corresponding
bits. Transmitter and receiver two act as a relay to facilitate the communication

between transmitter and receiver one. At the end, using our scheme we achieve

b

rate tuple ;35

(1 - ¢, 0) as n — oo. Finally, letting b — oo, we achieve the desired

corner point.

Let W{ be the message of Tx; in block j, j = 1,2,...,b. We assume W{ =

Jo J
ai, a,, . ..,a,. We set

n= (1 - qz)_l m+ m*3. (A51)

Achievability strategy for block 1: At the beginning of the communication
block, we assume that the bits at Tx; are in queue (or state) Q%—u- At each time
instant 7z, Tx; sends out a bit from Q}_} ,» and this bit will leave this queue if at least
one of the outgoing links from Tx; was equal to 1 at the time of transmission. On
the other hand, Tx, remains silent during the first communication block. If at
the end of the communication block, queue Q; , is not empty, we declare error

type-I and halt the transmission.

At the end of first block, using output feedback links, transmitter two has
access to the bits of Tx; communicated in the first block. More precisely, Tx,
has access to the bits of Tx; communicated in Cases 11, 12, 14, and 15 during the
first communication block. Note that the bits communicated in these cases are
available at Rx, and have to be provided to Rx;. Transmitter two transfers these

bits to 0} .-
Assuming that the transmission is not halted, let N, ,,, denote the number
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of bits in queue Q, ,,,. The transmission strategy will be halted and an error

type-Il will occur, if N, |, > IE[NZ‘MIZ] + pgm3. From basic probability, we know

—1)2

that

2j=11,12,14,15 PT (Case j)
1 = Xi=9.1013,16 Pr (Case i)

E[N;,p] = m=(1-q¢*)" pgm. (A.52)
Using Chernoff-Hoeffding bound, we can show that the probability of errors

of types I and II and decreases exponentially with m.

Achievability strategy for block j, j = 2,3,...,b: In the communication

block j, Tx, treats the bits in Qé‘*l

o as its message and it uses a random code

of rate pg — § to transmit them. Note that the channel from Tx, to Rx; can be
modeled as a point-to-point erasure channel (any time Gy[f] = 1 or Gy[t] = 0,
we consider an erasure has taken place). Hence from [17], we know that for any
€,0 > 0 and sufficiently large block length, a rate of pg — ¢ is achievable from Tx,
to Rx; with decoding error probability less than or equal to e. Note that at rate
pq — 6, both receivers will be able to decode and hence remove the transmitted
signal of Tx, at the end of communication block. If an error occurs in decoding
the transmitted signal of Tx,, we consider it as error and halt the transmission

strategy:.

On the other hand, the transmission strategy for Tx; is the same as block
1 for the first b blocks (all but the last block). At the end of communication
block j, using output feedback links, transmitter two has access to the bits of
Tx; communicated in Cases 11, 12, 14, and 15 during the communication block

J

- 1f at the end of the commu-

J. Transmitter two transfers these bits to Q
nication block, queue Q/_, is not empty, we declare error type-I and halt the

transmission.
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Assuming that the transmission is not halted, let Ng—>1|2 denote the number
of bits in queue Q) 1p- The transmission strategy will be halted and an error

> E[N/

opl * pgm’. From basic probability, we know

type-1I will occur, if Né—>1|2

that

Zj:11,12,14,15 Pr (Case j)

E[N]_,,] = -
N 1= 2izo10,13,16 Pr (Case D"

(1= g» ' pgm. (A.53)

Using Chernoff-Hoeffding bound, we can show that the probability of errors

of types I and II and decreases exponentially with m.

Achievability strategy for block b + 1: Finally in block b + 1, no new data bit
is transmitted and Tx, only communicates the bits of Tx; communicated in the

previous block in Cases 11,12, 14, and 15 as described before.

We can show that the probability that the transmission strategy halts at any

point approaches zero as m — 0.

Decoding: At the end of block j + 1, Rx; decodes the transmitted message of
Tx, inblock j+ 1 and removes it from the received signal. Together with the bits
it has obtained during block j, it can decode message W/. Using similar idea,
Rx, uses backward decoding to cancel out interfernce in the previous blocks to

decode all messages.

This completes the achievability proof for corner ponit

(R1,Ry) = (1 - CIZ’O)-
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Table A.1: Summary of Phase 1 for the Achievability Scheme of Corner
Point B. Bit “a” represents a bit in Q,_,; while bit “5” represents
a bit in Qz_,z.

ID ch. at transition ID ch. at transition
time n time n

a o ' a:b a — Q1,01 a'e o a — Q]_,]
1 e 9

b Tx, nna’b b g Q2,01 b Tx, Rx, b g QZ’F

. o a — Ql—>2|l s o a — Ql—)l
2 AN 10 i

b Txy m,‘a'b b - QQ’F b Tx, Rxs b — QQ,F

o ast a— Qi . a— Qunt
3 e 11 i

(4 oA b— Q2_)1|2 " o b— Q2,F

e . a— Oir « o . a— QN
4 12 i

b Tx; R.:Q b b — QZ’F b Tx, Rxla’ b - QZ’F

u Txy R.x, Y a H QI’F B T.x\ Rx; a H Ql_)1

4 b b— Qz_,z (4 o b— Q2_>2|1

oo o a a — Q],F oo s a — Q1_>1|2
6 . 14 \

- s b— Q2_>2 "o B b— Q2_>2

a Txy Rx; asb a ﬁ Ql’F . Txy Rx; a ﬁ Ql_)ll2
7 ~ 15 ><

b Txy 131 b - QZ’]NT b Tx, Rxs b — Q2_>2|]

uTxl Rx’ady a — Ql,F aTo Rox‘ a — Q1—>1
8 ; 16

i & b — Oynt ' o b— Qs
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Table A.2: Summary of Phase 2 for the Achievability Scheme of Corner
Point B. Bit “a” represents a bit in Q; ;57 while bit “b” represents
a bitin QZ’INT.

ID ch. at transition ID ch. at transition
time n time n

« ve a:b a— Qic, ae . a— Qunr
1 Poe 9

b T b— QZ,CI b o b— Q2_>1|2

o o a — Q1—>2|1 s o b a — QI,INT
2 10

bTxJ nxla‘b b — QQ’F b’T‘x: Rxz b b — Q27F

oo ' a:b a — QI,F o e a — QI,INT
3 i 11 :

bTx,, R.x) b b 4 QZ_)1|2 b Tx, R b — QZ’C1

e a— Qi « o . a— Qunt
4 12 i

b ~ b— Qz_,1|2 b Rt b— Q2’F

e o a— Q1o . . a— Qunt
5 13

-4 i b— QQJNT 4 o b— Q2_>2|1

« e a— Qir .o . a— Qisip
6 : 14 \

" b b — Qs nr g R b — Qs nr

oo o a:b a — Ql,Cl o o b a — Q1_>1|2
7 ~ 15 ><

(4 b b— Q2,INT (4 o b— Q2_>2|1

oo ' a:b a — QI,F s e a — QI,INT
8 ; 16

i R b — Qs nr g i b — Qo nr
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Table A.3: Summary of Phase 1 for the Achievability Scheme of Corner
Point C. Bit “a” represents a bit in Q,_,; while bit “5” represents
a bitin Qz_,z.

ID ch. at transition ID ch. at transition
time n time n
o ' ab a — Q1,01 s o a — Q]—>l
1 P 9
Tx, Rxgu‘b b g QZ’F b Tx, n.x2 b b - Q2’F
Tx, Rx; B a ﬁ QI’OP “ 'l'.m Rx; b a H Ql_>l
2 AN 10 i
Tx: m,a'b b — QZ’F b Txs Rxz b b — QZ’F
o ac a— Qi .o . a— Qunt
3 e 11
Txa Rxz b b — QZ,OP b Txa Rxa ' b Ed Q2’F
Tx, Rx; B a H QI’F u Txy Rx; b a H Ql’INT
4 12 E
Tx: Rxz b b — QZ’F b Tx, Rx; * b — QZ’F
Txy Rx; B a H QI’F " T.x, Rx; b a H Ql_)l
o o b— Qz_,z 4 b b— Q2_>2|1
Tx Rx, B a % Q] ’F B Txy R.x‘ a H Ql %] |2
6 N 14 \
o B b— Q2_>2 -4 A b— Qz_)z
Tx, Rx; ab a ﬁ Ql’F u Txy Rx; b a H Ql_)ll2
7 ~ 15 ><
Txs 1&, b i QZ’]NT b Tx, Rx; N b g Q242|]
o Rx‘ad; a — Ql,F uTox’ Rox’ a — Q1_>1
8 ; 16
k4 e, b — Qynt ve, e, b— 0
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Table A.4: Summary of Phase 2 for the Achievability Scheme of Corner
Point B. Bit “a” represents a bit in Q; ;57 while bit “b” represents
a bitin QZ’INT.

ID ch. at transition ID ch. at transition
time n time n

oo o' a:b a — Ql,Cl s o a — Ql,INT
1 Poe 9

b Tx: Rx,a'b b — QZ,F b Txz Rxz b b — QZ’OP

« . a— Qiop a e . a— Qunr
2 10

(s A b— Qz,op b oA b— Q2’F

oo ' o a — Q1,01 « o o a — Ql,INT
3 i 11 :

b Tx, Rx; b b — Q2’0P b Tx, nx,,a?b b — QZ’OP

B Txy Rxy B a ﬁ QI’OP " Txy Rx; b a H QI’INT
4 12 i

b Tx, Rxy b b - QZ,OP b Txy m,‘u‘b b - QZ’F

e a— Qiop ae . a— Qi Nt
5 13

" * b — Oyint ' . b— 0y 0

“ Txs Rxy . a — QLF " Tx, R.x, a — Q14)1|2
6 : 14 \

K R b — Qs nr g R b — Qo nr

«e o a.b a — QI,OP oo o b a — Ql_,1|2
7 15

4 b b— QZ,INT - R b— QQ_,2|1

o o ' a:b a — QI,F e e a — QI,INT
8 ; 16

' ! b — Qs nr g i b — Qs nr
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APPENDIX B
CHAPTER 2 OF APPENDIX

B.1 Lattice Quantizer

We will incorporate lattice quantization in our transmission stratgey. Here, we
provide the basic concepts and the result we need. For an elaborated discussion

see [76, 77].

An n-dimensional lattice A is defined by a set of n basis column vectors
81,82 -..,8, in R". The lattice A is composed of all integral combinations of

the basis vectors, i.e.
A={t=Gi: iecZ" (B.1)
where the n X n generator matrix G is given by G = [gilgal . . . 1gx]-

A quantizer is defined by a set of code points and a partition which is as-
sociated with it. The code points of an n-dimensional lattice quantizer form an

n-dimensional lattice A = {{}}, i.e.
&' S Rn, f() =0, f,' + fj eN Vi, ] (BZ)
The partition # = {P;} associated with the lattice quantizer is a collection of
disjoint regions (whose union covers R") which satisfy
P,~z€,-+P0:{x”:x”—€,-€P0} (B3)

i.e. the ith cell is a shift of the basic cell P, by the ith point of the lattice. The

lattice quantizer Q, = {A, P} : R” — R" maps every vector x" € R" into the lattice
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point that is associated with the cell containing x", i.e.

0,(x") = ¢, if X" € P;. (B.4)

The quantization noise is defined as Zj, = Q,(x" + u) - (x” + g), where u is the

dither for dithered quantization.

In [76], authors have shown that the optimal lattice quantizer is white and

the autocorrelation of its quantization noise is
Az =GPV, (B.5)

where V is the volume of the basic cell and I is the identity matrix. Furthermore,

asn — oo, G, — 1/2ne (i.e. that there exist good lattice quantizers). Due to the

dither, the distortion in this procedure is independent of the source signal.

B.2 Determining D such that Ry(D)/Cay; <1

As mentioned in Section 3.6, we are interested in P > 2. Using Jensen’s inequal-

ity, we have

Ry(D)=E [log2 (1 + % (||g||§ + Hh”%))]

P 2P
< togs 11+ 5751 + I0E]) = toga 1+ 37 (B.6)

Moreover, from [54], we have

Cou1 = f log, (1 + PA/2) de™*dA
0

1 00
= f log, (1 + PA/2) de™*dA + f log, (1 + P1/2) e *dA
0

1
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—-m

iy 21-m 2

- Z f log, (1 + PA/2) Ae™dA + f log, (1 + PA/2) Ae™dA
m=1 1
45

00

2+.1)
+ Z f log, (1 + PA/2) de*dA + f log, (1 + PA/2) Ae~*dA
2 5

]:1 +l(j—l) 6.

zl—m

2
e~ *dA+1log, (1 + P/2) f de~'dA
1

@ ! -
> log, (1 + P/2) f Aetda- Y m f
0 po 2

—-m

<0.4

6.5 45 . 2+.1j
_ 1+Q2+.1(j-1)P/2 f J

+1 1+ P/2 Ae dA + E 1
o / )fz ¢ ‘= o5 1+ P/2 )

Ae tda

+1(-1)

>0.4

00

+ f log, (1 + P1/2) Ae™*dA > log, (1 + P/2) f de*dA =1log,(1+P/2). (B.7)
6.5 0

where (a) holds since

%) 21—m
> f log, (1 + PA/2) Ae™dA
m=1+27"

—m

00 21—m
> f log, (1 +27"P/2) AedA (B.8)
m=1

) 217m
> Z f [log, (1 + P/2) —log, (2™)] de~'dA
m=1 "

2]—m

1 o]
= log, (1 + P/2) f Ae—ﬂdﬂ—zm f Ade™da,
0 m=1

—-m

21—m .
and ¥, m [, Ae~'dd converges since

(o)

21—m
{m f /le_ﬂd/l} , (B.9)
2—)71

m=1

is a Cauchy sequence. Thus, we have Ry(4)/Cax; < 1.
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APPENDIX C
CHAPTER 3 OF APPENDIX

C.1 Converse Proof for Case (2) of Theorem 4.2

Converse proof for case (2): If a destination is only connected to relay A, assign
channel gain of 0 to the link from A, to such destination. Set all the other channel
gains equal to & € C. We claim that in such network, a destination connected
to both relays should be able to decode all messages (note that with our choice
of channel gains, there is no message for destinations that are only connected to

relay A).

Destinations that are connected to both relays receive same signals with dif-
ferent noise terms. Therefore, since each one of them is able to decode its mes-
sage, then it should be able to decode the rest of the messages intended for
destinations that are connected to both relays. They decode and remove such
messages from the received signal. The remaining signal is the same (up to
noise terms) as that of destinations that are only connected to relay A,. There-
fore, those messages are also decodable at a destination that is connected to both

relays.

We assume local view at the sources, therefore to achieve a normalized sum-
rate of @, each source should transmit at a rate greater than or equal to log(1 +
|h[*) — 7, since from each source’s point of view, it is possible that the other S-D

pairs have capacity 0. We get

dow(A(@log(1 + 1) = 7) < log(1 + dow(A1) X |, (C.1)
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or equivalently
(dow(ADa = 1) log(1 + |A]*) < log(dow(A1)) + dow(A))T. (C.2)

Since this has to hold for all values of /, and a and 1 are independent of &, we

1
doul(Al) ’

geta <

C.2 Proof of Lemma 4.1

First note that by increasing noise variances and decreasing power constraint,
we only decrease the capacity. Thus, we get C(ko?, P/x) < C(c%, P). To prove the

other inequality, we use the results in [9]. The cut-set bound C is defined as

C(e?, P)= max minI(Yq; XolXa), (C.3)
PUXjlv ev) Q€AD

where Ap = {Q : S € Q,D € Q°} is the set of all S-D cuts. ' Also C;; (0?2, P) =
mingea, log | + O%GQGB' is the cut-set bound evaluated for i.i.d. N(0, P) input
distributions and Ggq is the transfer matrix associated with the cut Q, i.e. the
matrix relating the vector of all the inputs at the nodes in Q, denoted by X, to
the vector of all the outputs in Q¢, denoted by Yq, as in Yq: = GoXq +Zg: where

Z: is the noise vector. In [9], it has been shown that
Cii1a(07, P) = 15]V] < C(07, P) < Cyia(0?, P) + 2V, (C.4)
where |V] is the total number of nodes in the network. Similarly, we have

C;ia(ko?, P/k) — 15|V| < C(ko?, P/k)

C(ko?, P/k) < Cija(ka?, P[k) + 2|V. (C.5)

1A cut Qis a subset of Vsuchthat Se Q,D ¢ Q, and Q° =V \ Q.
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Now, we will show that
C(c?, P) — C(ka?, P/k) < |'V|(2logk + 17). (C.6)

For any S-D cut Q € Ap, %GQGB is a positive semi-definite matrix. Hence, there
exists a unitary matrix U such that UG, U* = (%GQGz2 where G4, is a diagonal

matrix. Refer to the non-zero elements in G4, as g;;'s. We then have
log|I + GQGgl —log|IL + GQG |
= log [T + UGy, U"| = log [T + ZUGdiagU*l
=1log |[UU" + UG;,,U’| — log [UU" + %UGd,-agU*l
= log ([UIT + Gy IU") ~ log (|U||I . Gd,ag||U*|)
=108 1+ G ~ oz I+ =G

= trlog (I + Gd,-ug) trlog (I + deg)

= Zlog(l +8i) — Zlog(l + Egii)

:Zlog( 1+1‘gii )

1+ 58
(a)
lim log
23 imtos 55
= Z log ¥ < 2/V|log, (C.7)
1+g“

where (a) follows from the fact that is monotonically increasing in g;;.

/<2 8ii

Now suppose that minges, log |l + 25 GoGy| = log|l + &G Gy, |. Hence,

from (C.7), we have

gr)n}\n log|I + GQGQ| - mm log |1 + GQG |
€Ap

= min log |I + —GQGgl —log|I + GQ/G A
QGAD
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p . P .
< log |I + ;GQ’GQJ - log |I + mGQ/Gg;l
(a)
< 2|V|logk, (C.8)
where (a) follows from (C.7). Hence, from (C.4) and (C.5) we have
C(0?, P) — C(ka?, P/k) < min log |I + £G G}
’ ’ - QeAp g 0'2 Qo
P (@)
— min log [l + ——=GaGg| + 17|V| < |V (2logk +17), (C.9)
QeAp Ko

where (a) follows from (C.8). Therefore, we get
C(c?, P) -1 < C(ko?, P/k) < C(c?, P), (C.10)

where 7 = [V|(2logk + 17) is a constant independent of channel gains.

C.3 Proof of Lemma 4.2

Consider a 3 x 3 x 3 network where there exists a path from S; to D;, for some
i # j, without loss of generality suppose i = 2 and j = 1. Then, one of the graphs
in Fig. C.1 is a subgraph of the network connectivity graph G. First, suppose the
graph in Fig. C.1(a) is a subgraph of G. Assign channel gain of & € C to the links
of the subgraph, and channel gain of 0 to the links that are not in the graph of
Fig. C.1(a).

With this assignment of the channel gains, it is straightforward to see that
H(WiYy,Ln,S) < ne,  i=12. (C.11)

Basically, relay A; has all the information that destinations D, and D, require in

order to decode their messages. We conclude that

n(Ry +R, - &) < h(Yj |La,.SI), (C.12)
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(a) (b)

Figure C.1: If a path exists from S; to D, for some i # j, then the network con-
nectivity graph has the graph in (a) or (b) as subgraph.

where g, » 0 asn — .
The MAC capacity at relay A, gives us
2(alog(1 + |A*) — 1) < log(1 + 2 x |h]*), (C.13)

which results in

Qa — 1) log(1 + |h[*) < log(2) + 2. (C.14)

Since this has to hold for all values of 4, and @ and t are independent of 4, we

get @ < 1. The proof for the graph in Fig. C.1(b) is very similar and omitted.
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APPENDIX D
CHAPTER 4 OF APPENDIX

D.1 Proof of Theorem 5.2

Proof of (5.21a) (cutset bound): Starting with Fano’s inequality, we get

NRi — ey) < I(Wi; YY) < 3 H(Yyy),

where the second inequality follows from the fact that conditioning reduces en-
tropy. If (Ri,R,) is achievable, then ey — 0 as N — oo. Thus we obtain the left
term of the bound. Notice that this is a cutset bound, as the bound is obtained

assuming that the two transmitters fully collaborate.

To obtain the right term, we consider
NR, —ey) < I(Wy; Y, YY, Wa)

2 H, YailWa, YL YL XD

= D HMW, Y, 13, X))

+ > HYWy, YL Y5 X))

2 Z H(Y W, Y{7, Yai, Xoi, Usy)

+ Z H(Y2Wa, Y71, Xo1, Uyy)
(g H(Y1i|X2ia YZi’ Uli) + ZH(Y2i|X2ia Uli)

(2 Z H(Y1ilVii, Vai, Uyp) + Z H(Y|Xo:, Ury),

where (a) follows from the fact that W, is independent from W,, and Xé is a
function of (W,, Yi"); (b) follows from the fact that Uy, := (X5, ¥i"')and Vi ' is a
function of Y;!; (c) follows from the fact that conditioning reduces entropy; (d)

follows from the fact that (Vy; is a function of (Xy;, Y»;), Y»; is a function of (X»;, Vy;)
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and V»; is a function of X,;. Thus we get the right term of the bound. Notice that
this is a cutset bound, as the bound is obtained assuming that the two receivers

fully collaborate.

Proof of (5.21b) (cutset bound): Starting with Fano’s inequality, we get:
NR, — &) < I(Wi3 Y, 75, W))
N HY VW, YL T X
3w 17
+ ) H(ToilWo, Y, 77! X)
(é) Z H(Y i1 X0, Uy + Z H(Y2|Y1i, Xa:)
< > HlXa, Ui + NCraa,
where (a) follows from the fact that W, is independent from W,, and X} is a

function of (W,, ¥i™1); (b) follows from the fact that conditioning reduces entropy;

(d) follows from H(Y,;|Y1;, X»;) < Crgo. Therefore, we get the desired bound.

Proof of (5.21e): Starting with Fano’s inequality, we get

NQRy + Ry = ey) < I(Wi3 Y] |Wa) + I(W2; Y3)
= H(YY|Wy) + I(W2; Y))
= H(Y'|W>) + H(Y}))
—(HEY, v \Wo) — HY VY, W)
= HY|YY, W) — HYY|YY, Wo) + H(Y))
2 D HW WL YL VY X5, Vi) + HOYY)
< S TV Vi U + HP)T,

where (a) follows from the fact that Xé is a function of (W,, Yé‘l) and V}; is a

function of (X»;, Y2); (b) follows from the fact that Uy; is a function of (X5, Yi ™)

and conditioning reduces entropy.
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Proof of (5.21h):

NQ2R, + R, — €y)

< IWi YY) + IW YT W) + L(Wa3 Yy

< HYY) - HOY W)

WYY, VWD) + [H(YY) = H(YY IWa)

2 (H(Y]) - HVIIWD] + HVY|W))
+ HY|W,, V) + [H(YY) = H(V|W,)]
= HY)) + HY|Wa, V)
+ H(Y)) - [H(V}) - I(Wy; V])]
< I(Wy V)Y + HYY) + H(YY|Wa, V)
+ H(YY,Vy) — H(VY)
< row; VY Wa, 1) + H(YY)
+ H(Y|Wa, V) + HYY V)
2 1(W; P W) + H(YY)
+ HYY|Wo, VY, XY, 7)) + HYS [VY)
(2 NCeg2 + ) H(Yy)+ Z H(Y5i|V2)

+ ) HYylVii, Vai, U,

where (a) follows from the fact that adding information increases mutual infor-
mation; (b) follows from Claim 5.1; (c) follows from providing V) to receiver
2; (d) follows from the fact that adding information increases mutual informa-
tion; follows from the fact that V¥ is a function of (W, ¥)'™"); (e) follows from
the fact that X} is a function of (W,, VV™") (by Claim 5.2) and ¥ is a function
of (XYY, VN); (f) follows from the fact that Uy; := (X', Vi), Uy := (X7 YY),

H (Yé\’ |[W,) < NCrg and conditioning reduces entropy.
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To complete the proof, we will show that given U; := (Uy;, Uy), Xi; and Xy,

are conditionally independent. Remember that our input distribution is of the

form of p(uy, ur) p(xiluy, uz) p(x2luy, uz).

Claim D.1 Given U; := (Uy;, Uy) = (X5, Y7L XL YY), Xy, and Xy are condition-

ally independent.

Proof: The proof is based on the dependence-balance-bound technique [28, 74].
For completeness we describe details. We first show that I(W;; W,|U,) = 0, im-
plying that W, and W, are independent given U;. We will then show that X;; and

X»; are conditionally independent given U;.

Consider

a)
0 < I(Wi; WL U @ I(Wy; WhlU;) = I(Wy; Wa)

© _H(W,) - HW») — H(U,) + H(W,, W,)
+ HW,,U;))+ HW,,U;) - HW,W,, U,)

C —HU) + HUIW,) + HU|Wy)

= [—H(XU,ijIX{_l,X{_I)

+H(X,;, Xo;|W, X{_l , Xé_l)

+H(X1j, X5|Wa, X{_l , Xé_l)]

2 [-H&X XX x5

+HXo) Wi, X1, X3 + HX I Wa, X X))

1
|-HGIX] X3 + HO,IWa, X X9)
1

J=

. . . . f)
—H(X,1X7, X371 + HX,| W1, X1, X57H] < 0,
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where (a) follows from I(W,; W,) = 0; (b) follows from the chain rule; (c¢) fol-
lows from the chain rule and H(U;|W;, W,) = 0; (d) follows from the fact that
(¥1;,Y,)) is a function of (X;;, X,;); (e) follows from the fact that X;; is a function
of (Wk,X{_l,Xé_l); (f) follows from the fact that conditioning reduces entropy.
Therefore, I(W;; W|U;) = 0, which shows the independence of W, and W, given
U,.

Notice that X}, is a function of (W, X{™!, XJ™"). Hence, it easily follows that
I(X15; X21Uy) = I(X155 Xoil X', X571 = 0. This proves the independence of X;; and

Xz,‘ given U,'. [ ]

D.2 Achievability Proof of Theorem 5.3

With the choice of distribution given in (5.23), we have

61 = IY; Y|U, Uy, X)) = 0, (D.1a)
6 = 1(Y2; Y2|U, Uy, X5) = 0, (D.1b)
I(U,V,, X1; Y1) = max(nyy, nyy), (D.1c)
I(U, V1, X5; Y») = max(nap, npn), (D.1d)
I[(Xy; 111U, Vi, Vo) = (n11 — npo)™, (D.1e)
1[(X2; YU, Vi, Vo) = (np — npp)™, (D.1f)
I(Uy; Y1|U, X)) = min(ny;, Crgy), (D.1g)
I(Uy; Y»|U, X3) = min(n;3, Crg2), (D.1h)

I(X;; YU, Uy, Vo) = (0 — n12)+
+ min {I’l]], (I’l]z — CF52)+} s (Dll)

I[(Xa; Yo|U, Uz, V1) = (nap — noy)*
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+ min {ny,, (ny; — Cra1)*}, (D.1j)
(X, Vs (U, Vi, Up) = (D.1k)
(1 — Ceat)* + [(n1y = n12)* —nyy |

+min {(n1, — n12)", min(ny;, Crsy)}
I[(Xa, Vi; YolU, Vo, Uy) = (D.11)
(n12 = Cre2)" + [(n22 — n21)* = npa]”

+min {(ny; — ny1)", min(n2, Crgp)}
(X, Vs W|U, Uy, Us) = (D.1m)
(n11 = np)* +min {nyy, (n12 — Cre2)"}

+ [ny1 — max {ny;, min(ny1, Cra1)}]"

+ [min {7121, [111 = (12 = CF82)+]+}
—max {min(ny;, Cg1), (n11 — n12)+}]+ ,
(X2, Vi; Yo|U, Uy, Un) = (D.1n)
(ny — nap)* + min {ng, (121 — Cra)*}

+[n13 — max {ny, min(n2, Craz)}1"

+ [min {nlz, [n22 — (21 — CFB1)+]+}

— max {min(n;,, Crgy), (122 — 121)"}]".

Using this computation, one can show that the inequalities of (5.10g) and (5.10h)
are implied by (5.10b), (5.10d), (5.10e) and (5.10f); the inequality (5.10k) is im-
plied by (5.10b), (5.10d) and (5.10j); and the inequality (5.10m) is implied by
(5.10b), (5.10d) and (5.101). We omit the tedious calculation. With further com-

putation, we get:

R] < max(m 1 I’l21) (DZa)

R,

IA

(11 — npp)" + min {nyy, (n, — Cra2) "}
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+ min(ny, Crg2) (D.2b)

R,

IA

maX(l’lzz, I’l]z) (DZC)

R, < (nyp —ny)" +min{ny, (o — Ces1)'}

+ min(ny1, Crgy) (D.2d)
R +Ry < (ny —nip)" + max(ny,ni) (D.2e)
R +Ry < (nyn—ny)" +max(n,ny) (D.2f)
Ry + Ry, < max{(n; —np)", ny} (D.2g)
+ max {(ny — ny1)", npa}
+ min {(n;; — n12)", 21, Crai}
+ min {(ny, — n21)", 12, Craz}
2Ry + R, < (ny —np)™ + max(ngq, ny) (D.2h)
+ max {(ny — n21)", 12}
+ min {(ny, — n21)", 112, Craz}
Ry +2R, < (nan —nap)' + max(ny, nis) (D.2i)

+ max {(n; —ni)", no}

+ min{(ny; —np)*, no1, Crei} -

We will show that the inequalities developed above are equivalent to the

capacity region in Theorem 5.3. Note that (D.2b) can be written as

R ni + Craa, ni + Crge < 1y,
1

IA

max(n;,n2), otherwise.

This shows that this inequality is implied by (5.22a) and (5.22b). Similarly,
(D.2d) is implied by (5.22c) and (5.22d). Next consider (D.2g),
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o if Crgy < min{(ny, — npp)*, ny},

Crg2 < min {(ny — ny1)*, nppk:

Ry + Ry < max {(n;; —ni2)",ny}

+max {(ny — n21)", niz} + Crgy + Crao,

o if Crgy > min{(n;; — ni)*, nat},

Crg2 > min {(nyn — na1)", npk:
Ry + R, < max(n;,ny2) + max(nai, n2y),

o if Crgy < min{(ny, — npp)*, ny1},

Crg2 > min {(nyn — ny1)*, nppk:

Ry + R, < max {(ny; —nin)*,na} + Cegt + ni2

+ (nn — ny)",

e and finally, if C|:B1 > min {(I/lll — I’l12)+, I/lzl},

Crg2 < min {(ny — ny)*, nppk:

Ry + Ry < max {(nyp — na1)", nip} + Cegz + 1oy

+ (ny —np)'.

(D.3)

(D.4)

(D.5)

(D.6)

Note that the first case is implied by (5.22¢g); and the second case is implied

by (5.22a) and (5.22c). Also notice that the third case is implied by (5.22c) and

(5.22i); and the last case is implied by (5.22a) and (5.22h). Lastly, we consider
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(D.2h):

(m1 — nip)" + max(ny, nap)
+ max {(ny — n21)*, nin} + Crgo,

if Crgo < min {(nyn — n21)*, npn};
2R1 +R, <

max(ny,n12) + max(ny, ny;)

+(nyp —nyy)",

if Crgo > min {(n2n — n21)*, ny2}.

Note that the first case is implied by (5.22h); and the second case is implied
by (5.22a) and (5.22f). Similarly, it can be shown that (D.2i) is implied by (5.22i),
(5.22c) and (5.22e). Therefore, the inequalities of (D.2a)-(D.2i) are equivalent to
those of (5.22a)-(5.22i), thus proving the achievablity of Theorem 5.3.

D.3 Proof of Theorem 5.4

Proof of (5.26a) and (5.26b): Starting with Fano’s inequality, we get

N(R; — &) < I(Wy; YY)
< > Ih(Yi) = (YW, Y X))
= > [h(Yi) = h(Z)],
where the second inequality follows from the fact that conditioning reduces en-
tropy and X; is a function of (Wy, Y{™"); and the third equality follows from the
memoryless property of the channel. If (R, R;) is achievable, then ey — 0 as

N — oco. Assume that X; and X, have covariance p, i.e., p = E[X,X;]. We can then

obtain (5.26a).
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To obtain (5.26b), consider

NR, - ey) < I(Wi; Y, Y2 |W,)

= > AV Yol Wa, Y7L V5 = h(YY, Y3 Wi, Wa)

N (Y1 Yol W, Y Y5 Xa)

= > (Z) + hZa)

N haWa YL Y X))

+ > MY Wa, Y5, X1, S10) = ) [h(Zs) + h(Zay)]

<> h(¥alXa) — hZa)]

+ D [h(NilXa;, $10) = H(Zi)T,
where (a) follows from the fact that X} is a function of (W,,Y;') and
WYY, YY|Wi, W) = Y[h(Zy;) + h(Zy)] (see Claim D.2 below); (b) follows from the

fact that §' := h;pX| + Z! is a function of (Y}, X}); (c) follows from the fact that

conditioning reduces entropy. Hence, we get

Ry < h(Ys|X5) — h(Z,) + h(Y11X5, 8 1) — h(Zy)

(@)
< log(1+ (1 -1pP)INRy,)

(1 - |p>)SNR;
1+(1-[pP)INR;2)’

+10g(1+

where (a) follows from the fact that

h(Y|X,) < log2re (1 + (1= [pP)INRyy), (D.7)

(1 = |o)SNR;
L+ (1= |oP)INRy, /0

h(Y1|X5,S 1) < log 2me (1 + (D.8)

The inequality of (D.8) is obtained as follows. Given (X», S ), the variance of Y;

is upper-bounded by

-1 *
Var [Y|X5, 5] < Ky, — KYl(Xz,S1)K(X2,S1)KY](X2,S1)’

274



where
Ky, = E[IV\’]
=1+ SNR; + INRy, + ph} hy + p*hi 5,
Kyxs) = E[N[X3,81]]
= [ph11 + hor, hijyhay + p*hay ki, ],

(D.9)

X1 XoS)
Kx,s,)=E ,
X381 18]

1 phi,

phn 1+ |NR12 ]

By further calculation, we can get (D.8).
Claim D.2 A(YY, Y |Wi, Wy) = h(YY, SYIWy, W) = X [(Zy) + h(Z)].

Proof:

h(YY, YéV|W1’ W) = Z h(Y1;, Yol Wi, Wa, Yf_l, Yé_l)
2 (Y Yail Wi, Wa, Y7 YE X, Xon)
2 W(Zii, ZailWr, Wa, Y7 VI, X, Xon)
2> h(Zi) + hZa),
where (a) follows from the fact that Xj; is a function of (W;,Y;™") and X; is a
function of (W,, Yé‘l); (b) follows from the fact that Yy, = hp Xy + hy Xo; + Zy;
and S y; := h2 X1 + Zo;; (¢) follows from the memoryless property of the channel

and the independence assumption of Z;; and Z,;. Similarly, one can show that

h(Yy, S]1V|W1, Wa) = Y[h(Zy) + h(Zy)). u
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Proof of (5.26¢): Starting with Fano’s inequality, we get

N(R, — ey) < I(Wy; YV, VY |Wy)

= > (Y, Pl Wo, YT = R, PY W1, W)

S i Tl W, YT ) = S hZ0)

= > HTilWa, ¥ 77, Xa)

+ D (YW, Y 7, Xa) = D h(Z)

< NCraz + 3 (h(¥iXa) — hZy),
where (a) follows from the fact that A(YY, Y)W, W2) > 3 h(Z;;) (see Claim D.3
below) and X,; is a function of (W, Yé‘l); (c) follows from the fact that H(Y»;) <
Crg2 and conditioning reduces entropy. So we get

Ry < h(Y1l1X>) — W(Zy) + Cra2

<log (1 +(1- |p|2)SNR1) + Crgo.

Claim D.3 A(YYN, VYW, Wa) > 3 h(Zy)).

Proof:

WYY, YWy, Wy) = HYY|W,, Wy)
+ h(Y{V|W1’ WZ’ Yé\/)

(@) . .
> (Y Wy, Wa, YEL Y0 X, X))

= Z WZy Wy, Wa, YL VY X, Xoy)

2> Wz,

where (a) follows from the fact that entropy is nonnegative and X; is a function
of (W, Y{“) and X,; is a function of (W,, 175“); (b) follows from the memoryless

property of the channel. |
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Proof of (5.26h):

N(R, + Ry — ey) < I(Wy; YY) + I(Wy; YY)

(@)
< I(Wis YD, ST, Wo) + I(Way YY)

b
D nrN, SNW,) — WYY, SNIWy, W) + I(Wa; YY)

© (YN, SN W) — Z [A(Z1) + W(Zoi)] + I(Wp: Y3')

S ISy, Wa) = > h(Z) + h(YS) = " h(Zay)

S RIS, W, X3) = > Wz + (YY) = 3 h(Za)

N
[A(Y1ilS 14, X2i) — h(Zy;) + W(Y2) — W(Zy)] ,

i=1

)]
<

where (a) follows from the fact that adding information increases mutual infor-
mation (providing a genie); (b) follows from the independence of W, and W,;
(c) follows from h(YY, S¥|Wy, W,) = Y [W(Z1;) + h(Z»;)] (see Claim D.2); (d) follows
from A(SY|W,) = h(Y)|W,) (see Claim 5.3); (e) follows from the fact that X} is a
function of (W,, $¥~1) (see Claim 5.4); (f) follows from the fact that conditioning

reduces entropy. Hence, we get
Ry + R, < h(Y1|S1,X2) — W(Z)) + W(Y>2) — h(Z).
Note that
h(Y») < log 2rte (1 + SNR, + INR + 2|o| /SNR; - INRy,). (D.10)
From (D.8) and (D.10), we get the desired upper bound.
Proof of (5.26j):

N(2R1 +R, — EN) < I(W],Y{V)
+ I(W; Y Wo) + I(Wa3 Y5)

(@)
< [h(YY) = h(YYIWD] + I(W Y, S Y IW))
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+ [(YY) — h(YY|W)]

2 (YY) = hYMIW)] + h(YY, SYIW))

- Z[h(Zli) + h(Zo)] + [h(YY) = h(YY|W2)]

©Q Th(YY) = h(SYIWD] + h(YY) + h(YV W), SN
= D [h(Zi) + h(Zy)

= h(¥Y)) = ) [h(Zi) + h(Za)) + h(Y}IWa, S)

+ I(Wy;85) — h(SY) + h(Y))

= h(Yy) - Z[h(Zu) + h(Zo)] + (Y W, ST)
+ I(Wy; SYY + IS Y5 Yy + h(YY|SY)
—ISY, YY) = h(SYIYY)

(d)
< YY) = hZY) = hZY) + (Y'Y [Wa, SY) + h(YYISY)
T

+I(SY, 7 Wor i) = (SYIrY, W, 7))

=T + (V) WiIW,) + 1(S5; Wi Wa, 7))
—h(S5vy, Wy, 77)
=T+ 1(7Y: WiWs) + (2 WalW, 77)
—~ h(Z)ISY, Wa, 7Y

=T - h(Z)) + (7)'; Wi[W2) + h(Z})
|
T/

— h(ZY Wy, Wa, 73) + 1(ZY; S Y Wa, FY)
QT 12 S, 1Y) + 1 (VY Wi, Z) | W)
=T+ 1(Z):SY, VW) + (73 Wi | W, Z))
<1 + (7Y Wi W, ZY)

+ 1(ZV, Y, Wy, YN, ZY | Wa)

278



L1 1(7 Wi, Z))

+1(Z}; 171N|Wl, Wz,Zév)

()

= h(Y) = h(Z)) + h(Y;'|SY) = h(Z})

+ h(Y|Wa, ST, X)) = h(Z})

+ (79 Wi W, ZY)

+ I(?N’Zi\llwla W29Zév)

@)

< NCro1 + NCraa + ) [h(Yy)) = h(Zy))]
+ D (YIS 1 Xai) = h(Z1)]

+ D [h(YailS20) = h(Z)], (D.11)

where (a) follows from the non-negativity of mutual information; (b) follows
from A(YY,SVIW,Wo) = YI[WZy,) + h(Zy)] (by Claim D.2); (c) follows from
Claim 5.3; (d) follows from the non-negativity of mutual information and
the fact that conditioning reduces entropy; (e) is true since Z, W;, and W,
are mutually independent; (f) follows from the fact that S is a function of
(W1, f/f’ ,ZY); (g) can be obtained by taking similar steps as in (5.28); (h) follows
from Claim 5.4; (i) follows from the fact that H(f’,ﬁV ) < NCrg« and conditioning

reduces entropy.

Also note that

(D.12)

1 - |o*)SNR
h(Y1|Xz,Sl)§10g2ne(1+ (1-1oP)S 1).

1+ (1 - |pP)INRy,

Therefore, we get the desired bound.
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D.4 Gap Analysis of Theorem 5.6

We show that our proposed achievability strategy in Section 5.6.2 results in a
sum-rate to within at most 14.8 bits/sec/Hz of the outerbounds in Corollary 5.5.
It is sufficient to prove this for the extreme case of feedback capacity assign-
ment, i.e., where Crgy = Crg and Crg, = 0 (or symmetrically Crgy = 0 and
Crg2 = Crg). The reason is as follows. Consider our achievability strategy for
the general feedback strategy described previously, and let Crgy = ACrg and
Crg2 = (1 = )Crg, such that 0 < A < 1. Under these assumptions, for any value
of A, the outerbounds on sum-rate in (5.33a),(5.33b), and (5.33c) would be the
same, call the minimum of them C*. Assuming that we can achieve to within
14.8 bits/sec/Hz of this outer-bound in the extreme cases, then, with the de-

scribed achievability scheme for general feedback assignment, we can achieve

Rsum = ARS®™ + (1 - HRGE™ (D.13)

>AC -148)+(1 -)(C"-14.8) = (C" - 14.8).

We now prove our claim for the extreme cases. By symmetry, we only need
to analyze the gap in one case, say Crgy = Crg and Crgz = 0. We assume that
INR > 1, since for the case when INR < 1, by ignoring the feedback and treating

interference as noise, we can achieve a sum-rate of

(D.14)

SNR
21°g(1 Ty INR)’

which is at most within 2.6 bits of outerbound (5.33b) in Corollary 5.5:

log(l o IER) +1log(1+SNR+INR + 2 VSNR - INR)
SNR
- 210g(l + " INR)
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(INR<1)

< "log(1+SNR+INR+2VSNR-INR)

SNR
—log(1+—

(INR<1)
< log(2 +3SNR) - log(1 + SNR) + 1

oo [2F3SNR)
~ %%l TFSNR

<log(3)+1<26. (D.15)

We consider five different subcases.
Case (a) log (INR) < 1 log (SNR):

For this case, we pick the following set of power levels':

1o - i )

PP = g min{2, INR - 1)

P = &= min{2°s, INR - 1} (D.16)
P =

P(zz) = W min{2¢%, INR — 1}

Note that the power levels are non-negative, and at transmitter 1, we have
p =P+ PP+ P
1 1 "
— —— min{2°"8, INR - 1
(INR SN it })

1 CrB 1 CrB
+SNRm1n{2 ,INR — 1}+INRm1n{2 ,INR — 1}

o 1 1
( ) m - SN—RmII’l{ZCFB INR — 1}
1 CrB 1 CrB
+ SNR min{2-", INR - 1} + INR min{2*", INR - 1}
1 1
= NR mmm{ZCFB INR - 1}

'Remember that starting the beginning of Section 5.6.2, we have assumed that INR > 1.
Hence, we are not encountering division by zero in power assignments of (D.16).
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< 1 +INR—1<1
~ INR INR — 7

where (a) follows from the fact that

1 INR — 1 (INR’<SNR) |
—— min{2°78, INR — 1} <

SNR *SNR - INR

At transmitter 2,

— p (2)
P, =P + P

_ 1 1 : CrB
_INR+2|NRmm{2 ,INR -1}

< 1 +INR—I<1
~ INR INR ~—

(D.17)

(D.18)

(D.19)

By plugging the given values of power levels into our achievable sum-rate

R(SaL)JM defined in (5.48), we get
0 1ot SNRP"
=log| 1+
s = O T T INRPUD 4 SNRPD)
| SNRP?Y' oot SNRPY"
+ log > +log| 1 + >
INRP? '
+ log —21
1+ INRP)”

2 +INRPY + SNRP(I“Z))
= log

2+ INRPY + SNRPY

| SNRP?)’ oof1 . SNR
+ 10g ) + 10g + JINR

@ \*
INRP;
1 +INRPY

+ log

@  [2+INRPY + SNRP{? 1+ SNRP?
> log > X
2(1+SNRPY) 4

a1+ SNRY INRP? )
TR T 2NR) TR (1 INRPD

. SNR
= log (2 + INRP{” + SNRP{"?) + log (1 * JINR
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in{2¢78 INR — 1}\"
+log(mm{ ;l }) -3

. SNR
> log (2 + INRP{” + SNRP{?) + log(l + W)

+ min{Cpg, log INR-1)"} - 6

SNR
INR

> log (2 + INRPY” + SNRP{"?) + log(l +

+ min{Cgg, log (1 + INR)} —log (3) — 6, (D.20)

where (a) follows from the assumption SNR > INR > 1, and the last inequality

holds since

log(INR=1)" >log(1+INR)-3 VINR > 1. (D.21)

o If Crg < log(1 + INR): Considering the outerbound in (5.33c), in this case we

can write

SNR
1 +INR

R1+R2§210g(1+INR+ )+CFB

SNR
< 210g(1 + INR + m) + Crp

INR? + SNR

= 210g(1 + INR

)+CFB

(INR?<SNR) 2
< 2log|1+

INR )+CFB

<2log (1 + %) + Ceg + 2. (D.22)

The gap between the achievable sum-rate of (D.20) and the outerbound in
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(D.22), is upper bounded by

SNR
8 +log(3) + 210g(1 + m) + Crp

—log (2 + INRPY + SNRP{'?)

SNR
- IOg(l + m) - CFB

SNR SNR
< 8+log(3)+log(1 + m)—log(2+ m)

<8+log(3).

o If Crg > log (1 + INR): Considering the outerbound in (5.33b), in this case we

can write

SNR
<
R +R, < log(l + s INR)

+1log(1+SNR +INR + 2 VSNR - INR)

< log1+ SNR
=8 TINR
+1log(1+SNR+INR +2VSNR-INR). (D.23)

The gap between the achievable sum-rate of (D.20) and the outerbound in
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(D.23), is upper bounded by

SNR
6 +1log(3) + log(l + m)

+1log(1+SNR +INR + 2 VSNR - INR)

SNR SNR
—log(l +m)—10g(2+ m)

—log (1 + INR)

INR

SNR + 2 VSNR - INR
+log| 1 + INR

S6+log(3)—log(2+%)

SNR
< | -1 24+ —
<6+1log(3) og( + INR)
+1 1+3SNR

08 INR

<6+2log(3).

Hence, we conclude that the gap between the inner-bound and the outer-

bound is at most 8 + log (3) < 9.6 bits/sec/Hz.
Case (b) 1 log (SNR) < log (INR) < 2log (SNR):

For this case, we pick the following set of power levels*:

P = (- i g - 1)

P = g min{2¢Fe, SN _ 1)

P = i min{2re, SNEC _ 1

PO (1- P 24
P =

P = 5= min{2Crs, SNEY _ )

PO = (1-P2)

2INR > 1.
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All the power levels are non-negative. Also, we have

(1) (2) (3)
P1 +Pl +P1
1 1 SNR? "
=— — ——min{2¢e. 2" 1
INR ~ SNR M2 e T
1 SNR? 1 SNR?
——— min{2°™ — 1} + — min{2°®, —— — 1
+ SNR min{ N }+ INR min{ N }
2
NR:
SNR? 1 SNR?
——— min{2°F® — 1} + —— min{2¢™® -1
+ SNR min{ N }+ INR min{ N }
1 1 SNR?
= — 4+ — min{2CFe -1
INR T INR 2T e T
- SNR? (@smm VSNR <1
- INR? - INR ~
where (a) follows from the fact that
1 SNR? 1 1
N 2Cre -1 <
sNR M2 ey T U S TR SRR

(D.25)

(D.26)

Since P = (1 - P(11:3))+, we conclude that P, < 1. Similarly, we can show that

By plugging the given values of power levels into our achievable sum-rate

R®

SUM defined in (5.57), we have

RO _ (1+INRP(2”+SNRP(11:2>)
SUM 1+ INRPY"
2INR + SNR + INR? - 2INR
2INR + SNR )
SR
2INR
2INR + SNR + INR? - 3/2INR
2INR + SNR )

+ log

+ log|(1

+ log

SNR? \"
+ min{Cg, lo -1]1-3
{Crs g( INR? ) }
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(2+SNRP9”]
> log| —————

2
SNR INR?

log (1 21og | ——
'*Og('*mNR)+ (%(3SNR)

SNR?  \"
+ min{Cgg, 1 -1]1}1-3
min{Crg Og(INR3 )}

SNR INR?
> 2log|1 21
= ‘%( +2WR)+ ngBNR)
NR? \
S S —1)}—3
INR?
1+ SNR
2INR

+ min{Cgg, log (

> 2log

)+2ngNRﬁ—2mg68Nm

INR?
= 2log (1 + SNR) — 21log (INR)

NR? \"
+ min{CFB,log(S - 1) }—-3

+ 4log (INR) — 2log (3SNR)

SNR? \"
+ min{Cg, lo -1]1-3
{ FB g( INR3 ) }

> 2log (1 + INR)

NR?  \"
+ min{C,:B,log(?NR3 - 1) }—5-2log(3). (D.27)

We first simplify the outerbounds in (5.33b) and (5.33c). Considering the

outerbound in (5.33¢), for this case we can write

SNR
1 +INR

R1+R23210g(1+INR+ )+CFB

SNR
< 210g(1 + INR + m) + CFB

(SNR<INR?)
< 2log (1 + INR + INR) + Cgp
= 210g(1 + 2|NR) + Crp

< 2log (1 + INR) + Cg + 2, (D.28)
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and for the outerbound in (5.33b), we have

SNR
1 +INR

R +R, < log(l +

+1log(1+SNR+INR + 2 VSNR - INR)

(INR<SNR)
< log(1l +INR + SNR) —log (1 + INR)

+log (1 + 4SNR)

(INR<SNR)
< 2log(1+ SNR)—-log(1+INR) + 3.

We consider two possible scenarios based on Ceg,

+
(1) Ceg < log(?,\’]g - 1) :

With this assumption, we have

RY >2log(1+INR) + Crg — 5 - 2log (3),

note that, in this case

SNR? i SNR?
Ces <lo —1] <log|l+
e g( INR? ) g( INR? )

(VSNR<INR)
< log (1 + INR),

therefore, from (D.28) we get

Ry + Ry <2log(1 +INR) + Cgg + 2.

(D.29)

(D.30)

(D.31)

(D.32)

Hence, the gap between the achievable sum-rate of (D.30) and the outer-

bound in (D.32) is at most 7 + 2log (3) < 10.2 bits/sec/Hz.

¥
(2) CFB > lOg(?'zﬁj - 1) :

We have

2

SUM =

NR?\"
RY >210g(1+INR)+10g(1+?NR3) —5-3log(3)
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> 2log (1 + INR) + 21log (SNR)

—3log(INR) — 5 -3log(3) (D.33)
> 2log (1 +INR) + 2log (1 + SNR)

—3log(1 +INR) -7 —-1log(3)

= 2log (1 + SNR) — log (1 + INR) — 7 — 31og (3).

Hence, the gap between the achievable sum-rate of (D.33) and the outer-
bound in (D.29) is at most 10 + 31og (3) < 14.8 bits/sec/Hz. As a result, the gap
between the inner-bound and the minimum of the outer-bounds in (5.33b) and

(5.33¢) is at most 14.8 bits/sec/Hz.
Case (c) 21og (SNR) < log (INR):

o If SNR < 1, pick

1
@ _p® _ L . oC
P =P = INRmm{Z ,INR},

and set all other power levels equal to zero. By plugging the given values of

power levels into our achievable sum-rate R(SCEJM defined in (5.61), we get

. min{2¢7e, INR}
RESGM = log (—2 )

= min{Cgg, log (INR)} — 1

> min{Crg, log (1 + INR)} — 2. (D.34)

Consider the outerbounds in (5.33a) and (5.33b), under the assumptions of

case (c) and SNR < 1, we have

Ry + R, < min{2log (1 + SNR) + Cgg,

SNR
1 +INR

log(l +
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+log(1+SNR + INR + 2 VSNR - INR)}
< min{2log (2) + Crg, log (2) + log (2 + 3INR)}
< min{2 + Cgg, 1 +1log (3) + log (1 + INR)}

< min{Crg, log (1 + INR)} + 2.6. (D.35)

Therefore, with the given choice of power levels the achievable sum-rate of
(D.34) is within 2.6 bits/sec/Hz of the minimum of the outerbounds in (5.33a)

and (5.33b).
o If SNR > 1, pick

Pick the following set of power levels:

(1)
P] =0
(2)
P1 =0
1 7 INR > SNR?
P<14> -1- P?) (D.36)
(1)
P2 =0
2 _ 1 - (~C INR
Py = NR min{2°F8, —SNRZ}
3) _ (2)
P2 =1- P2

It is straight forward to check that the power levels are non-negative and
they satisfy the power constraint at the transmitters. By plugging the given

values of power levels into our achievable sum-rate R defined in (5.61), we

SUM
get
SNR(1 — =i2)
(c) SNR
SNR(1 — == min{2¢re, JNR )}
+log(1 +—(2 SNR)]+log[ 7 SNR®
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INR
> 21og (1 + SNR) + min{Ckg, lo -3
g( ) {Crs g(SNRZ)}

= min{2log (1 + SNR) + Cgg,

INR
2log (1 + SNR) +1 -3
og ( ) og(SNRZ)}

> min{2log (1 + SNR) + Cgg, log (1 + INR)} — 4. (D.37)

Consider the outerbounds in (5.33a) and (5.33b), under the assumptions of

case (c), we have

Ry + R, < min{2log (1 + SNR) + Cg,

SNR
1 +INR

log(l +
+1log(1+SNR + INR + 2 VSNR - INR)}

< min{2log (1 + SNR) + Ces,

log (2) + log (1 + 4INR)}

< min{2log (1 + SNR) + Crg, 3 + log (1 + INR)}

< min{2log (1 + SNR) + Crs, log (1 + INR)} + 3. (D.38)

Therefore, with the given choice of power levels the achievable sum-rate of
(5.61) is within 7 bits /sec/Hz of the minimum of the outerbounds in (5.33a) and
(5.33b).

Case (d) 2 1og (SNR) < log (INR) < log (SNR):

In this case feedback is not needed. The achievability scheme of [19] for

Gaussian IC without feedback, results in a sum-rate to within 1 bit/sec/Hz of

log (1 +SNR)+log(1 + SNR )

1 +INR (D-39)
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For the outerbound in (5.33b), in this case we have

R +R, slog(l +

SNR
1 +INR

+1log(1+SNR +INR + 2 VSNR - INR)

I/\

) + log (1 + 4SNR)

SNR
1 +INR

I/\

1+

(
(1+1+INR
o

) +log (1 + SNR) + 2. (D.40)

Therefore, the achievable sum-rate of [19] is within 3 bits/sec/Hz of the out-
erbound in (5.33b).

Case (e) log (SNR) < log (INR) < 21og (SNR):

In this case feedback is not needed. The achievability scheme of [19] for

Gaussian IC without feedback, results in a sum-rate to within 1 bit/sec/Hz of

log (1 + SNR + INR). (D.41)

For the outerbound in (5.33b), in this case we have

SNR
<
Ri+R, < log(l + " INR)

+1log(1+SNR +INR + 2 VSNR - INR)
(SNR<INR)
< log(2)+log (1 +4INR)

<log(1 +INR) + 3. (D.42)

Therefore, the achievable sum-rate of [19] is within 4 bits/sec/Hz of the out-

erbound in (5.33b).
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